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PREFACE 


The fundamental purpose of the revised version remains the 
same as that of the original edition published in 1933, namely, to 
serve as the basis of an intermediate course in mechanics for 
college students who have taken a substantial course in elementary 
general physics and college mathematics through calculus and 
introductory differential equations. The aim is still to stress the 
fundamental concepts and principles of mechanics and their use 
in all branches of physics. Certain additions, e.g., in atomic 
theory, relaxation phenomena, motion in resisting media, kinetic 
theory, oscillations, etc., reflect an increased concern with the 
applications. 

An outstanding change has been made in the treatment of rigid 
bodies by the consolidation of the original two chapters on the 
statics and dynamics of rigid bodies, respectively, into a single 
chapter in which the dynamical approach is kept paramount and 
statics is brought in as a special case. This reorganization is not 
only a more logical carrying out of the original plan of the book 
but serves to de-emphasize somewhat the statics part which is not 
so important for physicists. In the development greater use has 
been made of vector notation, though as before the author has 
refrained from a detailed presentation of vector differential opera¬ 
tors. The approach to rigid bodies is also made smoother and 
more logical by introducing earlier the chapter on the mechanics 
of collections of particles of which rigid bodies form a special case. 
The first part of this chapter has been largely rewritten with 
greater emphasis on the two-particle problem. 

The fundamental concepts of impulse, momentum, work and 
energy are now introduced in Chapter I from an elementary point 
of view, thus remedying what several have considered a weakness 
in the first edition in which the idea of energy is first introduced 
in Chapter IV. Collision phenomena have been taken out of 
Chapter XI and introduced where they more naturally belong in 
Chapter VI. The material on advanced mechanics and wave me¬ 
chanics has been placed in a separate chapter at the end of the 
book. 


V 



VI 


PREFACE 


The problem lists have been revised and more carefully graded. 
Numerous additions have been made, and answers to many prob¬ 
lems are provided. 

Occasion has been taken to correct the obvious errors and in¬ 
felicities which occurred in the first edition, many of which have 
been brought to the attention of the author by those who have 
used the book. Several demonstrations have been materially 
simplified by putting more emphasis on the physical content than 
on algebraic manipulation. 

The author wishes to express here his deep appreciation to all 
who have taken an interest in the book by forwarding criticisms 
and suggestions. He is particularly grateful to his wife for assist¬ 
ance with the proof. 

R. B. Lindsat 

Providence, R. I. 

Fdmuiry, 1960 
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CHAPTER I 


THE ELEMENTAL CONCEPTS OF MECHANICS 

1*1. What is Mechanics? Mechanics is the science of motion. 
Since motion is probably the most obvious of all physical phe¬ 
nomena, it is not surprising that the field of physics dealing with 
it has received careful attention by physicists from the very earliest 
times. The evolution of mechanics as we know it today has been 
a long protracted process involving the introduction and discarding 
of many different notions. The ideas of Galileo, Huygens and 
Newton, developed mainly during the seventeenth century, proved 
so successful in the description of the observed large-scale motions 
of bodies that it became only natural to attempt the explanation of 
other physical phenomena like heat and light in terms of mechanical 
principles. This has further enhanced the importance of me¬ 
chanics in the evolution of physics. 

It should be made clear at the beginning that mechanics is not 
an explanation of why bodies move. It seeks the simplest possible 
description of how bodies move. It is true that this description 
does not content itself with ordinary, common-sense observation 
expressed in terms of everyday language. Rather, it involves the 
construction of what has come to be called a physical theory of 
motion, a logical structure in Avhich certain general but plausible 
principles are postulated without proof. From these principles 
physicists can deduce mathematically all the possible motions of 
bodies. The latter can then be compared with actually observed 
motions, and the extent of the agreement between the theoretically 
predicted results and those observed is treated as a measure of the 
success of the theory.^ In particular if the theory is able to predict 
a result which has not previously been observed and subsequent 
test leads to agreement with the prediction, confidence in the mo 
cess of the theory is considerably enhanced. From this standpoint, 
theoretical mechanics has proved to be a highly successful physical 
theory and it is therefore hardly surprising that up to very recent 

^ For a discxission of the nature of a physical theory cf. Lindsay and Mar-* 
genau: ** Foundations of Physics ” (Wiley, 1936), Chap. I. 
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times it has been the endeavor of physicists to cast all physical 
theories into mechanical form, that is, to reduce the description of 
all natural phenomena in the last analysis to the motions of 
particles or continuous media of appropriate properties. This 
procedure has been attended with considerable success, though 
the satisfactory application of it to certain modern problems like 
the structure of atoms has demanded modifications in the funda¬ 
mental postulates leading to the generalization of classical me¬ 
chanics which is called quantum mechanics. 

It is the aim of the present volume to set forth the fundamental 
principles of classical mechanics and to illustrate them with many 
applications to concrete physical problems of all kinds, not only 
large-scale observed motions but also phenomena described in 
terms of the motion of hypothetical particles like molecules, atoms 
and electrons. In this way, it is hoped that the reader will secure 
a proper perspective on the value of mechanics as a tool in general 
physical description. 

1‘2. Fundamental Definitions. Since mechanics is the science 
of motion, the question at once arises: what moves^ and what are 
the simplest elements in terms of which its motion may be described? 
A careful analysis of the first question indicates that a logically 
consistent answer is really very hard to find; the usual statement 
that it is matter which moves is not very helpful, since we do not 
know precisely what matter is, though we are now well acquainted 
with many of its properties. However, in order to avoid too much ' 
of a philosophical discussion, in this book we shall adopt the simple 
assumption (recognizing, of course, its shortcomings) that the 
fundamental entity in mechanics is the material particle and that 
all gross bodies whose changes in position with respect to their 
surroundings we denominate by the term motioUy are aggregates 
of such particles. At the present stage the simplest and most 
profitable view which the student can take of such a particle is 
that it is a geometrical point with the important addled non- 
geometrical property of inertia^ the quantitative measure of which 
we shall later define as its mass. We shall also assume that par¬ 
ticles may have certain relations with respect to each other, e.g., 
gravitation, electrical attraction or repulsion, etc. 

We shall therefore begin our study of mechanics with a discus¬ 
sion of the motion of a single particle. Now the elements in terms 



FUNDAMENTAL DEFINITIONS 


3 


of which we describe motion are first of aU 'position in space and 
time. The thoughtful student will undoubtedly wish to examine 
closely these fundamental concepts.^ All that we can well say 
here is that space and time are strictly modes of perception^ ways 
in which we as human beings distinguish objects and events. 
Each individual thus possesses his own space and time. But for 
practical purposes there has been devised a kind of public space 
in which we all agree to conceive the objects of perception to be 



placed, and a public time in which events take place. This 
public space, which is likewise that used in elementary mechanics, 
is Euclidean and three dimensional. There is one very important 
fact concerning the position of an object, such as a particle, in this 
space: we can never know more than its position with respect to 
other particles, which, of course, may include ourselves as observers. 
When we speak of the position of a particle, what we really imply 
is a method of reaching that particle, starting from some given 
position. Hence position is wholly relative, and implies an arbi¬ 
trary set of particles or bodies as a reference system. In mechanics 
this reference system will vary. For many problems it will consist 
of a point or points on the surface of the earth; for others it will be 
the sun; while the most general system of this kind is provided by 
the so-called fixed ” stars. This latter system is known as the 
primary inertial system. 

There are many ways of representing mathematically the posi- 

^See H. Poincar^, Foundations of Science^' (trans. by G. B. Halsted), 
a work which should be in the library of every student of physics. Cf. also 
Foundations of Physics,Chap. II. . 
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tion of a particle. The two most common ways are (1) by means 
of rectangular coordinates and ( 2 ) by a vector. Consulting Fig. 1*1, 
the point P may have its position referred to a set of three mutu¬ 
ally perpendicular planes intersecting at the point 0 and in the 
lines OXf Oy and Oz (the so-called coordinate axes) respectively, 
by means of the three perpendicular distances from P to the yz, 
xz and xy planes respectively. These three distances, usually 
denoted by x^ y and z for convenience, are called the rectangular 
coordinates of the point P in the reference system 0~xyz; and 
the three values are in themselves sufficient to determine the 
position of the point.^ 

But it is clear that the point P is also completely specified by 
its distance r from the point 0 and the direction of this line with 
respect to the three coordinate axes, the latter being given by the 
angles a, p, y which the line OP makes with these axes. Such a 
line OP with definite length and in a specified direction is called 
a vector, for it is a physical quantity which has both magnitude 
(i.e., as given by its length) and direction (as given by the three 
angles). We may say that the vector OP completely determines 
the position of the point P and the particle located there in the 
given reference system. We shall call OP = r the position vector 
corresponding to the position P.^ It might at first be thought 
that the specification of P by means of a vector involves the use 
of four independent quantities, viz., r and the angles a, jS and 7; 
whereas the rectangular coordinates are but three in number. 
However the student will at once recall that a , jS, 7 are not inde¬ 
pendent but are connected by the relation 

cos^ a + cos^ + cos^ 7 = 1 . ( 1 ‘ 2 ~ 1 ) 

As a matter of fact it follows from an examination of the figure 
that the following connection holds between the rectangular co¬ 
ordinates and the angles, viz.: 

X = r cos a, y = r cos 0 , z — r cos 7 , ( 1 * 2 - 2 ) 

1 The axes indicated in Fig. 1*1 form what is called a righirhanded set in the 
sense that the positive direction of the z axis is fixed by the direction of advance 
of a right-handed screw rotated in the xy plane frond the positive direction of 
the X axis to that of the y axis through the angle between them. Interchange 
of the y and z axes leads to a left-handed set, useful for some purposes. We 
shall use right-handed axes in this book. 

* Note the use of bold face t 3 rpe for the designation of vector quantities. 
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whence; since + 2 /^ + 2 ^ = the identity (1*2-1) follows im¬ 
mediately. The rectangular projection of a vector on a given line 
is termed the rectangular component (usually more simply com-- 
ponent) of the vector along the given line and is equal in magnitude 
to the product of the magnitude of the vector by the cosine of the 
angle between the positive directions of the vector and the line. 
Thus it develops that the rectangular coordinates of P are the 
components of the vector OP along the three coordinate axes re¬ 
spectively. (See Sec. 1*3.) We shall find that both methods of 
locating P are useful, both when P may be considered as lying in 
a plane and also when three dimensions are essential. The meth¬ 
ods of specifying position known as spherical and cylindrical co¬ 
ordinates will be dealt with later. 

Specification of position by distance^ of course, demands the 
introduction of a unit of length. In the metric system this is the 
meterf which is the distance between two marks on a bar of plati¬ 
num carefully preserved at the International Bureau of Metric 
Standards, St. Cloud, near Paris. The common unit is the 
centimeter (cm.) which is 1/100 of a meter. The British unit is 
the foot, which is 1/3 of the Standard Yard,^^ the latter being 
the distance between two marks on a metal bar preserved in 
London. 

We must next consider the element of time. All physical events, 
including the motion of particles and bodies, are said to take place 
in time. The time to which mechanical motions are referred is 
the public time, which is arbitrarily related to the observed motions 
of the heavenly bodies, and it has been agreed in mechanics to take 
as a unit of this time 1/86,400 of a mean solar day. The mean 
solar day is the time (averaged over one year) between two 
successive transits of the sun across a given meridian. The unit 
of time thus defined is called the mean solar second.^ Actually 
when in theoretical mechanics it is stated, for example, that the 
position of a particle is a function of the time, this really means 
that the position can be most conveniently represented as depend¬ 
ent on an independent variable which can take on an aggregate of 
values capable of being put into one-to-one correspondence with 
the real number continuum or, if we like, the points on a line. 
From this standpoint an interval of time is represented simply as 

1 Astronomers use also the mean*sidereal second, which is 1/86,400 of the 
mean sidereal day or 365.25/366.25 of the mean solar second. 
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the interval between two real numbers or two points on a line. 
However, in actual practice these two values are made to corre¬ 
spond with two readings on a clock which registers public time. 
This is the modern point of view which replaces Newton^s definition 
of absolute time as ^‘flowing uniformly.For the latter 
definition is clearly circular. Nevertheless it is also evident that 
Newton felt the necessity for the continuity of the abstract time of 
physics as opposed to the discreteness of the time of perception. 

Time like space is relative, and Einstein has shown that it is 
necessary to modify the common notion regarding the simul¬ 
taneity of two events. The Einstein modifications are of practical 
importance only for particles moving with very high velocities 
(e.g., close to that of light). 

The development of physical concepts suitable for physical 
description, e.g., for use in building a theory like mechanics, 
affords a problem of great interest in what may be called the 
foundations of physics. Already much thought has been given to 
this question. One of the most striking points of view is that of 
P. W. Bridgman,^ who stresses what may be called the operational 
standpoint. According to this every physical concept possesses 
meaning only in so far as there exists a laboratory operation or set 

Q of operations by which a 
number may be attached to 
the symbol representing the 
concept, 

1*3. Displacement and 
Velocity. When a particle 
changes its position, it is said 
to undergo a displacement. 
Since this may be treated as 
a change in the position vector of the particle, it is essential that 
we introduce some considerations on the properties of vectors. 
Let us consider the two vectors OA and OB in the above figure 
(Fig. 1-2). Through B draw the line parallel to and in the same 
direction as OA; through A draw the line parallel to and in the 

1P, W. Bridgman, ** The Logic of Modern Physios ” (Macmillan Co., New 
York, 1927). This has much material which will prove very fascinating for 
the mature student. Cf. also R. B. Lindsay, Philosophy of Science,” 4, 
466, 1937, for a critique of operationaUsm. 
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same direction as OB. Let these two lines intersect at C. Then 
the vector OC will be defined as the sum or resultant of the two 
vectors OA and OB. Thus we have the vector equation 

OA + OB = OC. (1-3-1) 

The sum of the two vectors may be looked upon as that diagonal of 
the parallelogram with OA and OB as adjacent sides which is 
included by these two sides. We may also consider the resultant 
as the third side of the triangle formed by OB and BC, where BC is 
equal in magnitude to OA 
and parallel thereto. This 
point of view is particularly 
valuable when we desire to 
find the sum of several vec¬ 
tors: we merely lay off at 
the end of the first vector a 
line equal in magnitude to 
and in the same direction as 
the second vector. We re¬ 
peat in turn for all the vec¬ 
tors, and the resultant will 
be the vector from the origin 
to the end of the line last drawn, thus completing a polygon. 
(Consult the figure — Fig. 1-3 — where OD' is the sum of OA, 
OB, OC and OD, the four vectors being taken for convenience in 
the same plane, although this is not necessary for the application 
of the method.) 

Reverting to the simpler case of two vectors, we must be careful 
to note that eq. (1*3-1) is not an algebraic but a vector equation. 
The magnitude of the resultant OC is given by the cosine law, i.e., 

|OC|2 = |OA|2 + 10B|2 + 210A| • |OB| cos 6, (1*3-2) 

where the bars indicate absolute value or magnitude. 

We are now in a position to discuss the subtraction of two 
vectors. Consulting Fig. 1*2 once more, we are led to define the 
vector BA as the difference between OA and OB, for it is the 
vector which when added to OB (by the preceding rule) yields 
OA. We thus have the vector equation 


C' 



OA - OB = BA. 


(L3-3) 
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The magnitude of the difference vector will again be obtained 
from the cosine law, i.e., 

1AB|2 = |OA|2 + |OB|2 -- 2|OA| • |OBl cos6>. (1-3-4) 

A very important illustration of the addition of vectors is 
afforded by the resolution of the position vector r corresponding to 
a given point (Sec. 1-2) into its components along three mutually 
perpendicular lines, i.e., the rectangular components x, y, z. If 
we consult again Fig. 1*1, the law of vector addition gives us at 
once the vector equation 

OP = OA + AB + BP, (1-3-5) 

where OP = r, while |OA| = rr, 1BP| = y and |AB| = z. If now 
we denote by i, j, k vectors of unit magnitude along the y and z 
directions respectively, we may write 

OA = i.T, BP == jy, AB = ks;, 

whence (1-3-5) becomes 

r = ix + jt/ + k-c;. (1-3-6) 

This mode of representing vectors in terms of their rectangular 

components is of considerable 
utility. 

It is now in order to discuss 
the displacement of a particle. 
Consulting Fig. 1-4 we note 
that the particle is conceived 
at first to be at the point Pi 
and at a short time interval 
At later to be at the point P 2 . 
If the displacement has taken 
place along the line P 1 P 2 it is 
best represented by the vector 
element P 1 P 2 which is equal to 
the difference between the vectors giving the respective positions 
P 2 and Pi, i.e., we have 

P1P2 = OP2 - OPi = 12- ri, ( 1 - 3 - 7 ) 

where ri and r 2 are the position vectors corresponding to the 
positions Pi and P 2 respectively. We shall then write 

P1P2 — At 



( 1 - 3 - 8 ) 
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as a simplified expression for the displacement. We shall now 
Ar 

define — as the average velocity of displacement from P\ to F 2 . 

iXL 

It is the average time rate of change of position of the particle 
from its original position 7^ to its final position It will be 
noted that we have here confined our attention to an elementary 
displacement. But we can easily apply the same method to any 
finite displacement along any path whatever by considering the 
path to be made up of a great number of such elementaiy displace¬ 
ments. 

The instantaneous velocity of the particle at the position Pi is 
then defined as follows: 


Ar dr 

lim — = — 
At=0 dt 


(L3-9) 


which, of course, assumes that the derivative actually exists. 
This will be the case in all the problems in mechanics which we 
shall study. It is clear that velocity like displacement is a vector 
quantity; its magnitude is often referred to as the speed and will be 
denoted simply by v. In the metric system it will commonly be 
expressed in cm/sec, while in the British system the unit is the 
foot/sec. 

It is often convenient to resolve a velocity into components 
along the x, y and z axes in a coordinate system. We shall denote 
these three components by Vxy Vy and v^ respectively. Let Ax, Ay, 
A 2 : be the components of Ar along the coordinate axes, i.e.. 

Ax = |Arl cos 

Ay = |Ar| cos 77, (1*3~10) 

A 2 ! = |Ar| cos 


where 77 and f are the angles Ar makes with the three axes 
respectively. We then have 


lim 

M =0 


Ax 


dx 

dt 


X = V 




lim ^ ^ ^ = t;., (1-3-11) 

Az dz 
lim — = T 
At*>o At dt 


i = Ve. 
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Attention should be called to the use of the dot to indicate differ¬ 
entiation with respect to the time. Two dots will indicate the 
second derivative, etc. This notation will be used throughout the 
book because of its simplicity. It will be noted that Vx, Vy and 
Vz are no longer vectors, for they are the magnitudes of the com- 
portents of the vector velocity along the coordinate axes. Since 

COS^ $ + COS^ 7 ) + cos^ f = 1, 

we have 

|V|2 = ^^ 2 ^ (1.3-12) 

The representation of a velocity vector in terms of its components 
is termed the resolution of the vector. From another point of view 
we can consider the vector as compounded of three mutually 
perpendicular vectors of magnitudes equal to the components 
Vxy Vy and Vz respectively, by the general method of summation of 
vectors discussed in the first part of this section. For velocity 
vectors follow the same rules for addition and subtraction as posi¬ 
tion and displacement vectors. Thus corresponding to eq. (1*3-6) 
we shall have here 

V = f = + IVy + kvz. (1*3-13) 

In fact the student should realize that the vector formulas we have 
been using in this section are perfectly general in form, i.e., hold 
for vectors in general. Anyone interested in vector analysis as a 
branch of mathematics may turn with profit to a text like that of 
J. G. Coffin, Vector Analysis (Wiley, New York, 2nd ed., 1911).^ 

There is, indeed, one important point to note concerning the 
composition of vector velocities by the parallelogram or polygon 
rule, namely, that in using the latter in this case we are really 
making an assumption of a very fundamental nature, though one 
not often emphasized in elementary texts. The assumption is 
that the velocities are mutually independent, i.e., the fact that a 
particle has the velocity Vi does not influence the imposition of a 
velocity V 2 at the same time. This mutual independence is not 
universal in physics,^ but where the assumption is justified, as in 
the present instance, it introduces marked simplification. The 

1 Cf. also H. B. Phillips, Vector Analysis ” (Wiley, New York, 1933). 

* The student may recall from elementary electrostatics that the mutual in¬ 
fluence of two charged conductors is rtot independent of the presence of a third 
conductor. 
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hypothesis is usually referred to as the principle of superposition. 
We shall meet with other illustrations. 


1‘4. Linear and Angular Motion. The notions of displace¬ 
ment and velocity developed in the preceding sections are quite 
general. But there is a particular method of measuring displace- . 
ment and velocity which is often of such great use that special 
mention must be made of it here preparatory to the more thorough 
discussion of Chapters II and III. Let us consider the special 
case of the motion of a particle in a 
circle. Examining the figure (Fig. 

1*5) we note that the motion of the 
particle from P to Q may be described 
either by the distance As traveled 
along the circumference or by the 
angle A0 through which the line 
joining the position of the particde to 
the center of the circle is displaced. 

In physics the common unit of such 
angular displacement is the radian^ Fig. L5 

which is the angle at the center of a 

circle subtended by an arc equal in length to the radius. It 
follows immediately that the one displacement may be expressed 
in terms of the other by the relation 

As = r A^. (14-1) 



If the displacement from P to Q takes place in an interval of time 
Af, the average angular velocity during the displacement may be 
defined as ^d/M and the instantaneous angular velocity at P will 
then be 


CO 


„ A0 dd 
lim — = ■— 
A<=o dt 


(14-2) 


expressed in radians per second. From (14-1) it follows that the 
corresponding instantaneous velocity along the arc of the circle, 
ds 

viz., ?; = — == s is related to co by the relation 
dt 

V = rco, (14-3) 


where v will be expressed in cm/sec if r is in cm and co in radians 
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per sec. If the angular velocity is expressed, as is sometimes done, 
in revolutions per sec, say n in number, we have 


and therefore 


CO = 27m, 


V = 27rnr, 


(14-4) 

(14-5) 


expressions which the student will have frequent occasion to use. 

It may be noted, of course, that the above relationships are 
strictly scalar in nature. Yet velocity along a curve is a vector, 
as we have seen. Is then angular velocity representable by a vec¬ 
tor? It is, and the representation is usually made by a line drawn 
from the center of the circle 0 perpendicular to the plane of the 
motion directed in such a way that as one looks along the vector 
from 0 the sense of revolution is clockwise. Alternatively one 
may say that the direction of the vector is the direction of advance 
of a right-handed screw the sense of whose revolution is the same 
as that of the given motion. This provides a rule which it is 
particularly simple to remember. The length of the line is pro¬ 
portional to the magnitude of the angular velocity. As a matter of 
fact, finite angular displacements are not compoundable in the same 
way as linear displacement or velocity vectors, and hence we shall 
not consider them as vectors in this book. (See Problem 11 at the 
end of the chapter.) However, finite angular velocities are com¬ 
poundable in the usual sense and as vectors turn out to be of im¬ 
portance in the motion of rigid bodies. 

1*5. Acceleration. The definition of instantaneous velocity 
given in Sec. 1*3 implies that the velocity of a particle may change 
with the time. The time rate of change of velocity is called the 
acceleration of the particle and is one of the fundamental quantities 
of mechanics. Thus, if in the time element M the linear velocity 
of a particle has changed from Vi to V 2 , we have 


fl-av — 


M 


3=0 




Av 

(1-5-1) 

dv . 

== — == V. 

dt 

(1-6-2) 


and similarly 
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Since v, the instantaneous velocity, has been defined in Sec. 1*3 as 

dt 

, we can write 
dt ' 


a = 




(1-5-3) 


thus defining a as the second derivative of the position vector r with 
respect to the time. It is clear that acceleration is a vector since 
the difference between two 
velocities is a vector. It may 
be observed that for this rea¬ 
son, even though the magni¬ 
tude of the velocity of a 
particle may not change, it 
may nevertheless experience 
an acceleration due to change 
in the direction of its velocity. 

The classical illustration of 
this is to be found in uniform 
motion in a circle. We can 
treat this in simple fashion by 
an investigation of the adjacent 

figure (Fig. 1*6). Let the particle move with constant angular 
velocity w radians/second in the circle of radius r with center at 0. 
The position vector of point F on the circular path is (cf. 1-3-6) 

r = ix + ji/ = r(i cos ^ + j sin B). (1-5-4) 



Hence by differentiation with respect to the time, remembering 
that r is constant, the instantaneous velocity becomes 

V = f = r(—i sin 0 -f j cos 6)6, (1-5-5) 

leading to the speed 

V = \y\ = r6 = rw, (1-5-6) 


in agreement with (1-4-3). A second time differentiation yields 
a = V = f == r(-“i cos 0 — j sin 6 ) 6 ^ + r(—i sin ^ -f- j cos 6 ) 6 , 

(1*5-7) 

This is more conveniently written 

a == ri(— cos 6 - 6 ^ — sine * 6 ) -f rj(— sin0 + cos^ • 6 ). 

(1-5-^) 
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In the usual way the magnitude of the acceleration becomes 

a = + e\ it (1-5-9) 

To give a physical interpretation to (1*5-9) let us assume first 
that S = 0. This means that co = 0, i.e., there is no change in the 
magnitude of the angular velocity with the time. We shall say 
that there is no angular acceleratioUj putting 

6 a, (1*5-10) 

for convenience. Then 

a = rS^ — ro)^. (1*5-11) 

Thus even when the angular speed co is constant the particle still 
has an acceleration whose magnitude is given by (1*5-11). It 
remains to be ascertained what the direction of this acceleration is. 
From (1*5-8) (we are still considering $' = 0) we have 

ax = —rd^cosdj ay = —rO^ sin d. (1*5-12) 

But these are precisely the components of a vector of magnitude 
rd^ directed along the radius r toward the center of the circle 0. 
Hence the acceleration a is called the centripetal acceleration, with 
magnitude denoted by ac. 

It then develops that a particle moving in a circle is subject to 
two kinds of acceleration. Whether the angular velocity is con¬ 
stant or not, there always exists the centripetal acceleration with 
magnitude ac. If in addition there is an angular acceleration a, 
there exists another acceleration of magnitude ra. The direction 
of this can be seen from an examination of (1*5-8), since the 
components are, respectively, 

—r sin B ' 6, r cos B • B. 

These are the components of a vector of magnitude ra directed 
tangentially to the circle at P in the direction in which P is moving 
(i.e., increasing B). We therefore write 

at = ra, (T5-13) 

and refer to this acceleration as the tangential acceleration of P. 
It is clear from (T5-9) that if a is the magnitude of the resultant 
acceleration 


a = VHr aA 


(1*5-14) 
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1«6. Concept of Inertia and Definition of Mass. So far we have 
concerned ourselves solely with kinematics, the geometry of 
motion. This treats particles essentially as geometrical points 
and neglects any differences that may exist between them. Actu¬ 
ally two particles that look alike may move quite differently even 
when subjected to what appear to be identical conditions. To 
explain this the concept of inertia has been invented with mass as 
its quantitative measure. This is inextricably related with the 
mutual motion of two or more particles as will be made clear in 
the definition we shall now examine.^ 

Let us suppose that we have two particles A and B which are 
completely isolated from all others in the universe. Under their 
mutual action they will suffer accelerations which with reference 
to the primary inertial system we may denote by b.ab and blba 
respectively. Now all experiments which have ever been per¬ 
formed on actual bodies lead us to assume that in such a case as we 
are discussing, these accelerations are opposite in direction and 
that their ratio is a scalar constant which is independent of the 
relative positions of the particles, of their velocities (save when 
the latter approach in value the velocity of light) and the time. 
We shall extend this assumption by supposing that this ratio is 
also independent of the presence of other particles, where, of 
course, it is to be clearly understood (as the above notation 
indicates) that the accelerations in question are due solely to mutual 
action. The presence of other particles will indeed produce 
accelerations in A and B, but our assumption is that the ratio of 
the acceleration of A due to B to that of B due to A is not influenced 
by such. We thus have, no matter what the magnitudes of the 
individual accelerations may be, 


^AB 
— ^BA 


= Kba- 


( 1 - 6 ~ 1 ) 


The constancy of this ratio may be looked upon as one of the most 
fundamental laws of mechanics. We are now free to give some 
interpretation to the magnitude of the constant Kb a* Let us take 
any other particle C, For the mutual actions of C and A, and C 

1 Cf. Foundations of Physics,” p. 91 ff. Also H. Poincar^, Science and 
Hypothesis” (English translation in Foundations of Science”), p. 98 ff. 
Also Ernst Mach, “ The Science of Mechanics ” (English translation by Open 
Court Publishing Co., Chicago), p. 216 ff. 
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and B respectively we shall then have analogously to (1-6-1) 


^AC 


Kc 


^BC 
— ^CB 


= Kcb^ 


( 1 - 6 - 2 ) 


Now experiment indicates that the following relation holds be¬ 
tween the three constants Kba, Kca and Kcb, namely, 


Kcb = 


Kca 

Kba 


(1-6-3) 


The second of the relations (1-6-2) then becomes 

Kba^bc = —KcaBLcb- (1-6-4) 

The relation (1-6-4) indicates that we are able by choosing A as a 
standard particle to associate with every other particle a constant 
which does not depend at all on the particle with which the one in 
question interacts. Its importance will be emphasized if we give 
to it or some simple function of it a name. This may, of course, 
be done in a variety of ways, but we shall prefer to name the con¬ 
stant Kba the mass of B relative to A, or more simply the mass of 
S, it being understood that A is to be taken as a reference particle. 
Thus we write Kba = ms, etc., so that (1-6-4) becomes 

mB^Bc = '-mcB.cB- (1-6—5) 

We make further the important assumption also suggested by ex¬ 
periment that if a particle B is influenced by several particles 
C, D, Ej , . . its resultant acceleration will be the vector sum of 
the accelerations due to the particles independently, viz., 

^B,CDE — SLbC + ^BD + ^BE + * * • . 


This is another illustration of the principle of superposition already 
mentioned in Sec. 1-3. We shall see in the next section that the 
foregoing definition of mass implies the important additive property 
that the mass of the particle formed by joining any two is equal to 
the sum of the individual masses. Indeed this may be looked upon 
as one reason for choosing the present definition, which is, of course, 
really arbitrary in nature.^ 

In order to measure mass by means of eq. (1-6-5) it is necessary 
to establish a unit by arbitrarily assigning unit mass to a certain 
volume of some substance. In the metric system the unit of 

^ Thus we might have named \/Kba the mass of B with equal consistency. 
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mass is the gram, which is defined to be the one-thousandth part of 
the mass of a lump of platinum carefully preserved in Paris — 
the so-called standard kilogram. It was originally intended that 
the standard kilogram should be the mass of 1000 cubic centimeters 
of water at its maximum density. Actually there is a slight dis¬ 
crepancy so that the volume of one kilogram of water at maximum 
density is 1000.027 zb 0.001 cubic centimeters.’ The British 
unit is the standard pound, whose relation to the kilogram is ex¬ 
pressed in the statement that one kilogram is approximately 
equivalent to 2.205 pounds. 

The definition of mass presented in this section is general in 
nature and the student will find it desirable to think out for him¬ 
self certain special cases. For example, two particles may be 
conceived to be connected by a perfectly elastic spring which it¬ 
self has no mass. When the spring is stretched and released the 
relation (1*6-1) will be verified irrespective of the extent of 
stretching. Moreover with other particles and springs, eq. (l*6-3) 
will also be verified. Other modes of interaction will occur to the 
mind, such as the mutual actions of gravitating and electrified 
particles. Our fundamental assumption is that in every case of 
this sort the relations (1*6-1) and (1*6-3) will be found to be 
satisfied. 

The student is particularly urged to avoid such statements 
as mass is the amount of matter in a body.’^ It is becoming in¬ 
creasingly clear that the expression “ amount of matter without 
further qualification is physically meaningless. The only logical 
definition of mass is that which enables us to establish a method 
of comparing masses. This is precisely the object of the definition 
of this section. Of course, it must be at once admitted that in 
practice masses are not usually compared in the ideal way indi¬ 
cated. For this purpose it is much more convenient to employ a 
balance, which utilizes the gravitational attraction of the earth 
for all bodies. The connection between this type of measurement 
and the logical definition of mass will be discussed later. 

1*7. Force and the Laws of Motion. We are now in a position 
to introduce formally the fundamental laws of motion resulting 
from the experimental researches of Galileo and the more mature 

1 See R* T. Birge: Probable Values of the General Physical Constanta ” 
in Reviews of Modem Physics, Vol. 1, p. 11, 1929. 
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considerations of Huygens and Newton, the three greatest 
physicists of the 17th century. As a matter of fact we have already 
progressed far toward an understanding of these laws in the 
preceding section. For let us go back to eqs. (1*6-1) and (1*6-3) 
with the resulting equation (1*6-4). We were there led to a 
definition of mass, wherein mass and acceleration for two inter¬ 
acting particles B and C are connected by the relation 

We now wish to attach further significance to this relation. It 
states that in the interaction of the two particles there is some- 
ihing which is the same in magnitude for both particles. This is, 
of course, the product of mass (as we have defined it) and accelera¬ 
tion. We shall now further assume that its value in any given case 
depends on the relative positions of the particles, though it may 
conceivably sometimes be a function of the relative velocities of 
the particles as well as of the time. It is convenient to express 
this dependence by introducing a new vector function^ Fac(ir, 2 /, 2 :), 
where x, y, z are the coordinates of the one particle relative to the 
other, and placing 

mB^BC = l^Bcix, y, z). (1*7-1) 

We now define the function Fbc as the force acting on the particle 
B due to the influence of the particle C. For C we have similarly 

mc^cB — Fcb, (1*7—2) 

and the relation (1*6-5) shows us that 

Fbc = ““Fcb, (1*7-3) 

which means that the force on B due to C is equal and opposite in 
direction to the force on C due to B. It is to be noted that the 
force is a vector and is moreover directed along the acceleration. 
Using the derivative notation we may write (1*7-1) in general 
form 

F = mv = mi* (1*7-4) 

if V = f, as in Sec. 1*3. This may be called the “ equation of 
motion'' of the particle, which is thus obtained by placing the 

iFor simplicity of notation we shall express this here as a function of 
position only, and leave more complicated cases for later discussion. 
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force equal to the product of mass and acceleration, i.e., the so- 
called kinetic reaction. It is fundamental in the solution of all 
problems in motion. 

The definition of force given above is probably the only logically 
consistent one available in mechanics. For the notions of “ push ” 
and “ pull are too purely anthropomorphic for any exact use, 
though we shall probably continue to employ them for illustrative 
purposes.^ In a later chapter we shall see how static force is 
related to the present definition. The only kind of motion in 
which we conceive no force to act is clearly that in which the 
acceleration is zero everywhere and at all times. This is either 
rest or uniform motion (i.e., with constant velocity) in a straight 
line. With this addition to our previous discussion we have de¬ 
veloped the essential content of Newton^s three laws of motion, 
stated by him in the following form: 

(I) Every body continues in its state of rest or of uniform motion 
in a straight line, except in so far as it is compelled by forces to change 
that state. 

(II) Change of motion is proportional to the force and takes 
place in the direction of the straight line in which the force acts. 

(III) To every action there is always an equal and contrary re¬ 
action; or, the mutual actions of any two bodies are always equal and 
oppositely directed along the same straight line. 

In comparing the first two formal statements with the dis¬ 
cussion of the present section we must bear in mind that as a 
measure of the motion ” of a body, Newton used the product of 
mass and velocity, which in present day usage is termed the 
momentum, though Newton referred to it as “ quantity of motion.” 
Hence Newton’s statement of the second law would logically be 
written in mathematical form 


d(mv) 

dt 


(l-7~5) 


However, if the mass remains constant in time, eq. (1*7-5) is 
equivalent to eq. (l*7-4). We shall in general prefer (l*7-4). 


1*8. Units. The units of mass in the metric and British systems 
have been stated to be the gram and the pound respectively. The 

1 Cf. Foundations of Physics,p. 85 ff. 
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unit of force may be at once defined from eq. (1-7-1). Thus the 
force which corresponds to one gram of mass moving with an 
acceleration of one centimeter per second per second is the unit 
force in the metric or centimeter-gram-second (c.g.s.) system, and is 
called the dyne. Similarly the force associated with one pound of 
mass moving with an acceleration of one foot per second per second 
is called one poundal. Engineers rarely use this unit, preferring to 
define their unit of force in terms of weight. Thus they call the 
force with which the earth accelerates a body of mass one pound, 
a force of one pound. This is sometimes called the gravitational 
unit of force. Since it is experimentally true that every body in 
the neighborhood of the earth’s surface experiences an approxi¬ 
mately constant downward acceleration of g (about 32.2 
feet/sec^ or 980 cm/sec^, though variable from place to place^ 
within certain narrow limits) it follows that the pound of force 
or weight is equivalent to “ g ” poundals. The poundal has the 
advantage of being an absolute unit, while the pound of force 
(written in this text hei*eafter as pound weight and abbreviated 
to lb wt) varies in magnitude from place to place on the earth’s 
surface, being greatest at the poles and least at the equator. 
While the student of mechanics is advised to use mainly the abso¬ 
lute units, he should be prepared to transfer his results into the 
engineering units, for the latter are the most widely used in daily 
life, at least in English-speaking countries. In the metric system 
there is an analogous usage, the gram of force or weight being 
defined as that force with which the earth accelerates a mass of 
one gram. The gram weight is then g ” dynes (g in metric units 
here, of course). 

The reader will already have noted that the introduction of 
units is a matter of convention and bound to be arbitrary. For 
pure science usage the metric c.g.s. (centimeter-gram-second) 
system has been pretty generally adopted throughout the world. 
Engineers usually employ some kind of gravitational unit. Much 
pressure is being exerted on both engineers and scientists to adopt 
a uniform system. The one commonly urged for this purpose is 
the so-called m.k.s. (meter-kilogram-second) system. In this the 
meter is the unit of length, the kilogram the unit of mass, while the 
second remains the unit of time. The unit of force is the newton 

1 The value of “ g ” at the poles is 983.21 cm/sec* while at the equator 
it is 977.99 cm/sec 2 . 
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or one kilogram meter per second per second. It is clearly equal 
to 10^ dynes and hence, so far as magnitude is concerned, a more 
practical unit than the dyne. Indeed, the m.k.s. system is some¬ 
times called the absolute practical system. It has some advantages 
in connection with the relation between mechanical and electrical 
units. In the meantime the reader is advised against a slavish 
adherence to any particular system. The main thing to keep in 
mind is the necessity for consistency: in the solution of numerical 
problems in mechanics, adopt at the start the system of units which 
seems most convenient and stick to it throughout the analysis. 

1-9. The Third Law of Motion. Combination of Masses. The 

first two laws of motion were completely implied in the truly 
remarkable investigations of Galileo. The third law was the 
peculiar contribution of Newton himself. We note that it is 
already present by implication in eq. (1-6-5), and following upon 
the definition of force the complete mathematical statement of the 
law was given in eq. (1-7-3). It thus appears as an even more 
fundamental law of motion than the first two. To state it again in 
words, it means that whenever one body is accelerated there must 
be another body accelerated in the opposite direction. Thus 
accelerations never occur singly but always in pairs. Stated in 
terms of force we may say that if a force acts on a given body, this 
body exerts an equal and oppositely directed force on some other 
body. The significance of the law is perhaps most easily imder- 
stood with reference to the push and pull forces with which we 
feel ourselves so familiar. When a book lies on the table we say it 
presses down on the table with a certain force: the law states then 
that the table pushes up with precisely the same force. The loco¬ 
motive pulls forward on a train of cars and the cars pull back on 
the locomotive with precisely the same force, irrespective of the 
actual state of motion of the whole train. Newton called the two 
aspects of the force action and reaction^ whence the formal state¬ 
ment of the law given above. 

The recoil of a gun is another familiar illustration of the prin¬ 
ciple. That the latter is sometimes a matter of confusion is 
evident from the well known student paradox: “ if action and re¬ 
action are equal and opposite, how can bodies ever move?^^ The 
well-worn illustration of the horse pulling the wagon will suffice 
to clear up this point: the horse pulls forward on the wagon and 
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the wagon pulls back on the horse with the same force, yet the 
wagon moves! The answer is that the acceleration of the wagon is 
a function only of the forces acting on the wagon, which in this 
instance are the forward pull of the horse and the backward pull 
of the ground. The force which the wagon itself exerts has nothing 
to do with its motion — this force concerns the motions of other 
bodies only, for example, the horse in our illustration. 

In the previous section it was pointed out that the definition of 
mass there presented implies the additive property that the mass 
of two particles joined together is equal to the sum of the individual 
masses. The truth of this statement is now seen to follow from 
the third law of motion. 

Consider the three mass particles B, C and D and suppose that 
B and C have approached so closely to each other that they may 
effectively be considered as forming a single particle under the 
influence of D. The equation (1-6-5) then becomes 

= -“'WXnftjD.CC+B), 


where m(cr+B) denotes the joint mass of C and B considered as a 
single particle, and a(c+B),z) is the acceleration of the joint particle 
due to 2). The left-hand side is equal by definition to the force 
which D exerts on the joint particle C + B. Call this F(( 74 -b),d. 
By the use of the principle of superposition this may be considered 
as the resultant of the forces which D exerts on C and B separately. 
Thus 


F(c+b),i> = Fcz) + F^p. (1*9-2) 


Now no matter what the mutual orientation of B, (7, D is, the 

total force on C is the vector sum of the force due to D and that 

due to B and this is equal to the mass of C times the acceleration 
of C, since we have already assumed in the preceding section that 
the resultant acceleration is the vector sum of the individual accel¬ 
erations. There is a similar equation for B. We may write them 
both as follows: 

Fen + Fcb = rnc9ic,BD) (1*9-3) 

Fjsn + Fnc == (1*9-4) 

where Fcb and F^c are respectively the force on C due to B and 
that on B due to C. From the third law of motion, we have, of 
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course, no matter of what character the action may be, 

Fes + Fjse = 0. (1*9—5) 

Hence if we add (1*9-3) and (1*9-4) having regard for (1*9-5) we 
get 

Fen 4" F^n = ^cftc.sn + ^sfl-s.cn^ (1*9—6) 


where ae,sn and as.en are respectively the accelerations of C due 
to B and Z), and of B due to C and D. For any arbitrary orienta¬ 
tion of Bj C and D these accelerations may be quite different. 
However, since we are going to assume that B and C are to form 
the equivalent of a single particle, we must suppose that by the 
time we are considering them they move in such a way that their 
distance apart always remains within certain fixed limits, the upper 
of which is very small compared with the distance of either from 
D. To specify exactly their mutual motion under this condition 
would demand a precise assumption with respect to the nature of 
the forces between them and this, of course, we desire to avoid 
since we wish our result to be as general as possible. However, 
if we finally neglect small quantities of the second order, which 
is equivalent to assuming that the distance between B and C 
remains invariable, we may write 


^C,BD = ^B,CD = ^{C+B),D- 


Consequently eq. (1*9-6) becomes 

FcD + Fbd = (me + 'niB)SL{C-^B),D» 

It now follows from (1*9-1) and (1*9-2) that 

miC+B)B.(C+B),D = {'f^C + TnB)8i(C+B),Dy 

whence 


mcc+B) == thc + 


(1*9-7) 

(1*9-8) 


(1*9-9) 


and the additive property is thus confirmed. 

The student may well inquire what attitude he should adopt 
toward the laws of motion, i.e., are they truly experimental laws 
or are they merely postulates — a part of the fundamental theory 
of mechanics? Careful consideration of this question by such 
men as K. Pearson, H. Poincar6, Ernst Mach, H. Hertz, and others 
indicates that the latter attitude is the more strictly logical one, 
for while the laws are of course suggested by experiment, no experi- 
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ment can ever be devised to test them fully and unambiguously. 
They may be taken to represent our idea as to the most general 
and simple basis, compatible with experiment, for the development 
of mechanics. Beginning with them as assumptions we shall make 
various deductions which may then be checked by the results of 
the most careful experiments which can be carried out. We shall 
see in the course of our work that beside the three laws of Newton, 
other more compact formulations of the principles of mechanics 
are possible and very valuable for certain purposes. 


MO. Impulse and Kinetic Energy. Work and Power. In 

addition to mass and force there are certain other mechanical 
concepts so important that it seems desirable to introduce them 
here, even though we shall postpone their detailed application to 
Chapter IV. 

What is the cumulative effect of a force acting on a particle as 
time passes? The natural measure of this is the time integral of 
the force over the interval in question. This is known as the 
impulse of the force in this interval. A simple but significant 
theorem can be proved about this quantity. Thus if we employ 
the equation of motion (l*7--5) we can write 



(MO-l) 


where Vo and Vi are the velocities of the particle at the instants 
to and respectively. Integration yields 



F dt — mvi — mvo. 


(MO-2) 


It thus appears that the impulse of the resultant force is the change 
in momentum of the particle during the interval in which the force 
acts. This is known as the impulse-momentum theorem. It is 
of particular interest for forces which are of short duration. 

For example, though the force may be very great (i.e., mathe¬ 
matically approach infinity) the time integral (1*10-2) may never¬ 
theless be finite if the time interval is small enough. Thus we 
may have for F <» and t = 0 for a particle of mass m 

m(v2 ~ Vi) =jr Fd< = J, 


(MO-3) 
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where Vi and V 2 are the velocities of the particle at the beginning 
and end of the time interval r and J is a finite vector quantity. 
A very interesting though curious feature of this problem is seen 
in the following. Suppose the velocity of the particle remains 
always finite and let Vmax. be its largest value during the interval. 
Then the actual distance traveled during the duration of applica¬ 
tion of the force is certainly less than rVmax. But as r == 0 this 
approaches zero, and hence we conclude that the effect of this 
infinite force for an infinitely short time is to produce a change in 
velocity (or momentum) but no displacement of the particle. It 
is just as if the force had no time to produce a displacement in the 
body, even though it produces a change in the momentum. We 
shall call such forces momentary or impulsive forces. Their meas¬ 
ure is the quantity J or the amount of change in momentum they 
produce. Though such forces are strictly ideal, they are approxi¬ 
mated in nature by such impulses as the blow of a hammer and the 
explosion of the powder back of a projectile. The reader should 
be able to show very simply that when computing the effect of an 
impulsive force on a particle all finite forces acting during the same 
interval may be neglected. 

Now let us ask ourselves about the cumulative effect of a force 
over the space traveled by the pai’ticle acted on by the force. In 
analogy with the measure of the time cumulative effect just dis¬ 
cussed above, it is natural to take as the space cumulative effect 
the space integral of the force. But since this involves the product 
of two vectors it is necessary first to define what we shall mean by 
this. 

Suppose we have two vectors A and B, written in terms of their 
rectangular components as follows [cf. (1*3“6)]: 


A = L4x ”h }Ay -f- 
B = iBx + iBy + kB*. 


(MO-4) 


We shall define the so-called dot or scalar product of A and B as 
A • B == AxBx "f" AyBy -f- AzB^. (1*10—5) 


It is clear that the commutative law holds. Thus 


A • B = B • A. 


(MO-6) 
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Moreover if A, B, C are any three vectors, the distributive law 
holds, viz.: 

(A + B) • C = A • C + B • C. (MO-7) 


The proof is left to the reader. Since the magnitudes of A and B 
are given by (cf. Sec. 1-3 again) 

A. = jA| = Ay^ 4“ Az^j 

_ (MO-8) 

^ = |B| = + By^ + Bz\ 


we may write (MO-5) in the form 


A-B = AjB 


MxBx 

< AB 


+ 


AyBy 

AB ^ ABJ 




But 


Ax — A cos ai. Ay = A cos ^ 2 , A* = A cos as, 
Bx — B cos /3i, By = B cos ^ 2 , Bg = B cos /? 3 , 


(MO-9) 


(MO-10) 


where cos ai, cos aa, cos as are the direction cosines of A (cf. Sec. 
1*2), and cos jSi, cos /32, cos /Ss are the direction cosines of B. A 
fundamental theorem of analytic geometry gives 


cos B = cos ai cos pi + cos a 2 cos P 2 + cos as cos ps (MO-11) 


as the cosine of the angle between the vectors A and B. Hence 
(MO-9) becomes 

A-B = ABcos^. (MO-12) 


This result is indeed sometimes used as the definition of the scalar 
product of the vectors A and B. 

By the use of (1-10-12) we readily show the following properties 
of the unit vectors i, j, k. 

ii = jj=kk = l, 

(MO-13) 

i-j = j- k = k- i=0. 


Reverting to the definition (l-lO-fi) we can assume that A and B 
are functions of the time and differentiate, obtaining 

— (A • B) = AxBx + Ax^X + A^y + Ay6y 

at 

+ AxB. + Axh. 

' = AB + A-fi, 


(Mft-14) 
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where 

A = ii* + ji^ + ki., (MO-15) 


it being assumed that i, j, k remain fixed as time passes. 

We are now ready to consider the space integral of the force. 
We shall define it as follows: 


rp.dr, 

vro 


(MO-16) 


where To is the position vector of the particle at the beginning of 
its motion, and ri is the position vector at the end of the motion. 
The infinitesimal displacement of the particle in the neighborhood 
of position vector r is denoted by dr. The integrand is the space 
effect of the force during the displacement dr, when the force has 
the (nearly) instantaneous value F. The whole integral is then 
taken as the space cumulative effect of the force during the motion 
from To to Ti. We shall call the integral in (MO-16) the work 
done by the force on the particle during its displacement and 
denote it by W. Let us evaluate W for the important case in 
which the force is the resultant force acting on the particle. Then 
we may replace F by mf from the equation of motion (1*7-4) and 
get 

W = n mi* • dr = n mi* • f dt, (MO-17) 

t/fo t/fo 


where we have replaced dr by t dt. Let us examine f • i. If we 
differentiate f • t with respect to time, we get from (MO-14) 

I (f • f) = 25* • t, (MO-18) 

recalling that the scalar product is commutative. Hence (1*10-17) 
becomes 

where we have replaced f * f by v^, since 

V - f, 

and have changed our limits to the initial arid final speed values 
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respectively. Now the integration in (1*10-19) can be readily 
carried out and yields 

W = Jmyp — Imvo'^. (1*10-20) 

This reminds us of the impulse-momentum theorem (1*10-2) in 
that the work done by th(3 resultant force appears as the difference 
between the values of a certain function of mass and velo(;ity at 
the beginning and the end of the motion. The function here is 
imv^, a scalar quantity which was known in the 18th century as 
the vis viva of t he particle but which during the 19th century came 
to be called the kinetic energy. We shall, in general, denote it by 
the S 3 unbol K. The theorem we have just proved then says that 
the work done by the resultant force acting on a particle is equal to 
the change in kinetic energy experienced. We call this result the 
work-kinetic energy theorem. We must be careful to note that it 
applies only to the work done by the resultant force. Actually a 
force can act on a particle and do no work on it at all. Thus to 
revert to (1*10-16) we see that if F is at right angles to the dis¬ 
placement dr, we have 

dW = F * dr = 0. 


In other words, whenever a force is perpendicular to the dis¬ 
placement of the particle its space cumulative effect is zero or it 
does no work. This, for example, is the case for the centripetal 
force discussed in Sec. 1*5. In general 

dW = F dr cos 6, (1*10-21) 

where d is the angle between F and dr. 

We must now consider the matter of units. The work done 
when a particle is moved one centimeter while acted upon by a 
force of one dyne in the direction of the motion is called an erg. 
Because of the smallness of this quantity, a larger unit is used. 
This is equal to 10^ ergs and is called the joule. The student 
should verify that ^mv^ has the same dimensions and therefore the 
same units as work; i.e., dimensionally, kinetic energy and work are 
the same, as naturally they should be by definition. The absolute 
English unit of work and energy is the foot poundal; this is the 
work done when a particle is moved through a distance of one foot 
by a force of one poundal in the direction of the motion. Engineers 
never use this unit; they prefer the foot pounds which is the work 
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done in the motion of a particle through one foot under the action 
of a 'pound oj force (lb. wt.). From the relation between the two 
units of force we note that 32 foot poundals are equal to one foot 
pound. In the m.k.s. system, mentioned in Sec. 1-8, the natural 
unit of work is the Newton meter. But a moment's reflection 
shows us that the Newton meter is exactly equal to the joule. 
This indicates one advantage of the m.k.s. system of units. 

The rate at which work is done is called power. Denoting the 
latter by P we have the general relation 

P = W. (MO-22) 


The metric unit (which is the same here as the m.k.s. unit) is the 
watt or joule/sec, the kilowatt being 1000 watts. In the English 
system the corresponding unit foot pound/sec has no name, but 
550 foot pounds/sec is called one horsepower (hp.). The student 
is advised to note that the kilowatt hour and the horsepower hour 
are not units of power but units of work, equivalent respectively to 
3.60 X 10® joules and 1.98 X 10® foot pounds. 

By dividing by dt both sides of the relation 


we obtain 


dif = F • dr 


p = F « f = F • V, 


(MO-23) 


which is often a useful relation. 


Ml. Resume. With the ideas of the preceding sections in 
mind we are now prepared to take up some concrete illustrations 
which will develop our understanding of the laws of mechanics. 
In the next two chapters we shall discuss the motion of a particle 
under various conditions. The main problem we shall meet there 
will be the setting up and solution of the equation (or equations) of 
motion^ which is only the mathematical expression of the second 
law, namely (1-7-4). The physics of the problem enters with the 
significant choice of the force F and the appropriate initial condi¬ 
tions of the motion, i.e., the so-called “ boundary conditions," the 
initial or final position and velocity of the particle. The rest of the 
problem will be mathematical. But each illustration will be so 
arranged that the results will tie up intimately with the experience 
of our actual world. This will strengthen our grasp of the funda¬ 
mental concepts already introduced in the present chapter and 
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afford a preparation for the more elaborate treatment to follow. 
In Chapter IV we shall show how the concept of energy can be used 
to particular advantage in the solution of mechanical problems. 

There is one point about the use of the equation of motion which 
merits a general remark before the solution of specific problems 
is undertaken. We have already noted in Sec. 1-2 that position is 
relative and the same must be true of displacement, velocity and 
acceleration. It will therefore naturally occur to the thoughtful 
student to inquire whether the equation of motion (1-7-4) will 
retain its present simple form in all systems of reference. The 
answer to this is in the negative. The most general system in 
which the equation applies is that fixed relatively to the average 
position of the fixed stars. Nevertheless, it is easy to show that 
the equation retains the same form in any system which moves 
with constant velocity (without rotation) with respect to the above 
mentioned system. For suppose x, z are the coordinates of a 
particle in the first reference system, while x', z/', z' are the co¬ 
ordinates in a system moving in the x direction with velocity v 
relative to the first. We then have the following relations con¬ 
necting the coordinates in the two systems 

x' = x — 2 ;^ — a, 

y' ^ y - h, (Ml-1) 

Z^ — Z -- Cf 

where a, b, c are constants giving the position of the origin of the 
second system relative to the first when t = 0. But it then follows 
at once that 

x' = X, 

y' = y, (Ml-2) 

r - 5 , 

whence the accelerations are the same in the two systems. It 
must, of course, be noted that this result would not be true were 
the two systems accelerated relatively to each other. 

Our discussion has, to be sure, neglected the effect of the trans¬ 
formation on the force side of the equation. But we recall from 
Sec. 1-7 that F is a function of the relative position coordinates of 
the interacting particles. Relative position coordinates are not 
altered by the transformation (1-11-1). 
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PROBLEMS 

1. Determine the expression for the distance between two points in a plane 
(a) in terms of rectangular coordinates, (b) in terms of polar coordinates, (c) 
in terms of oblique coordinates with the axes making an angle of 60° with each 
other. 

2. The position of a point in a plane with respect to rectangular coordinate 
axes is given by (x, y). If the axes are rotated through angle 4>, what are the 
new position coordinates? 

3. The position of a point P in space with respect to rectangular coordinate 
axes is given by {x, y, z). If the axes are rotated with the origin held fixed, the 
position of the original point P is now given by (x', y', z'). Find the expres¬ 
sions for x', y\ z' in terms of x, z and the direction cosines of the new axes 
with respect to the old axes. 

4. Prove that the distance between any two points in three-dimensional 
space jemains invariant under a rotation of axes as that discussed in Problem 3. 

5. A flywheel of radius 1 meter starts from rest with a constant angular 
acceleration of 1 rev/sec^. Find the resultant acceleration of a particle on 
the periphery at the end of 1 second. 

6. Compare the instantaneous linear velocities relative to the ground of the 
hub of a wheel and the highest point of the rim. 

7. A ship sails southeast at 15 mi/hr and the wind blows from the south at 
10 mi/hr. In what position will a masthead pennant come to rest? 

8. A boat is headed southwest with a speed of 10 knots, while another boat 
is headed due east with a speed of 15 knots. Find the relative velocity of the 
boats. 

9. Two particles move with equal speeds v in opposite directions in the 
same circle. In what position will their relative velocity have a maximum 
magnitude and what will it be? What is the magnitude of the relative velocity 
when the position vectors of the two particles make the angle 45° with each 
other? Draw a diagram showing the actual relative velocities. 

10. Particle A moves with a uniform velocity of 100 cm/sec in a direction 
making angles of 60° and 45° with the x and y axes respectively. Particle B 
has a constant velocity of 50 cm/sec along the z axis. Find the components 
along the x, y, and z axes respectively of the difference between the two veloci¬ 
ties. 

11. Show by a simple example that the resultant of two fimU angular dis¬ 
placements depends in general on the order in which the displacements are 
performed. Are there exceptions? Show by a construction why it is plausi¬ 
ble that the resultant of two infinitesimal angular displacements is independent 
of the order in which such displacements are performed. 

12. On the simple Bohr theory of the structure of the hydrogen atom a 
negatively charged electron revolves in a circular orbit about a positively 
charged nucleus. Denoting the charge on the electron by —6, that on the 
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nucleus by -f and the mass of the electron by m, find the expression for the 
angular velocity a> of the electron corresponding to orbital radius a. Calcu¬ 
late w for a = 0.53 X cm, w = 9 X grams, and e - 4.80 X 10'^® 
electrostatic units. (Hint: Use the electrostatic Coulomb law of force between 
point charges.) 

13. A particle moves with uniform angular velocity in a circle of radius a. 
Derive the expressions for the rectangular components (x and y) of the periph¬ 
eral velocity in terms of the angular displacement 6 from the x axis as polar 
axis. Find the similar expressions for x and y. 

14. A particle moves in a plane with respect to fixed rectangular axes. 
Express its velocity and acceleration components relative to a set of rectangu¬ 
lar sixes rotating about the same origin with constant angular velocity a> in 
terms of the corresponding components relative to the fixed axes. Specialize 
to the case where the particle is at rest in the fixed system. 

15. A particle of mass 100 grams and traveling along the x axis in the direc¬ 
tion of increasing x with the constant speed 100 cm/sec collides at the origin 
with a particle of mass 200 grams traveling along the y axis in the direction of 
increasing y with the constant speed 150 cm/sec. If the two particles lock 
together after the collision, find the velocity in direction and magnitude of the 
combined particles. Compare the kinetic energy after collision with that of 
the individual particles before collision. 

16. Two particles of masses mi and m 2 respectively suffer acceleration due 
to their mutual interaction. Find the expression for their relative acceleration 
in terms of the actual acceleration of either particle in a fixed reference system. 
What does it become when either mass is very large compared with the other? 

17. In Problem 12, derive the expression for the kinetic energy of the elec¬ 
tron moving in the circular orbit of radius a. 

18. A force F = kte~^\ where h and a are positive constants, acts on a 
particle of mass m constrained to move in the x direction. Find the change 
in momentum produced by the force in time t. If the particle starts from rest, 
how far will it go in a time U equal to that at which the force attains its maxi¬ 
mum value? 

19. In Problem 18, if the particle starts from rest, find the kinetic energy 
attained in time U. Find the maximum kinetic energy attained and the time 
at which it is attained. 

20. In Problem 18, if the particle starts from rest, find the instantaneous 
power at time t. Also find the average power over the time interval r. 
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RECTILINEAR MOTION OF A PARTICLE 

2'1. Free Motion and the Uniform Field. As an introduction 
to the study of the motion of a particle, let us consider motion 
along a straight line. The simplest type of this is, of course, 
“ free motion, that is, motion without acceleration, i.e., under 
the influence of no force. The velocity is constant and the dis¬ 
tance traveled in time assuming that the motion takes place 
along the x axis, is x — xo, where 

X = Vt + Xn. (2* 1-1) 

The velocity is v in magnitude and the original displacement of 
the particle at ^ = 0 is Xo. 

From this trivial case we pass at once to the more important 
one in which the particle moves with a constant acceleration. 
We shall call this motion in a uniform (i.e., constant) field of 
force. If the mass of the particle is m, the equation of motion 
(1*7-4) when reduced to scalar form becomes^ 

mx - Foj (2*1-2) 

where Fo represents the constant force. The equation (2*1-2) 
may be written in the form v = Fq/Mj whence dv = Fo/m * dt. 
Integrating both sides we get 

V = X = I — af = — t + Cy 
J VI m 

where c is a constant of integration. In value it is equal to v when 
t = 0, i.e., the initial velocity, which we may call Vo. So we have 

= + (2*1-3) 

m 

A second integration in similar fashion gives the distance from the 

1 The motion being rectilinear, we are interested in its scalar magnitude only. 
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origin at time viz., 

X = + ^ot + xoy (2*1-4) 

where we have already replaced the constant of integration by 
Xo, the initial displacement of the particle. This simple illustration 
shows clearly that in order to use for purposes of computation the 
integrated equation of motion, we must know the particle^s dis¬ 
placement and velocity at some chosen instant (here ^ = 0). 
These are, so to speak, the boundary conditions of the motion, 
though they are usually referred to as the initial conditions. 

By elimination of the time t between eqs. (2*1-3) and (2*1-4) 
the reader may show the existence of the following important 
relation between velocity and distance traveled, viz., 

2Fo 

^2 ==-_l_ (2*1-5) 

m 

The most important illustration of this type of motion is fur¬ 
nished by a particle falling freely under the influence of gravity 
near the earth’s surface, neglecting the air resistance.^ Then Fq 
becomes the weight of the particle, which is numerically equal to 
mg^ where g is the constant acceleration of gravity. We are here 
considering the upward direction as positive, while the weight is a 
downward force. Hence Fa/m = —g and (2*1-4) becomes 

X = -hgF’ + Vat + Xay ( 2 * 1 - 6 ) 

and (2*1-5) is now 

= -2g{x — Xq) + (2*1-7) 

If we wish to discuss the height which a particle thrown into the 
air with initial upward velocity va will attain, we merely substi¬ 
tute t; == 0 in eq. (2*1-7), whence the height is given at once by 



The same result follows from the application of eqs. (2*1-3) 
and (2*1-6). Incidentally the reader may easily show that the 
particle spends as long a time going up as it does coming down and 

1 We also neglect the small effect due to the rotation of the earth. See end 
of Sec. 3*8. Also Sec. 7-12. 
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that it reaches the ground with a downward velocity equal in 
magnitude to its original upward velocity. These facts are very 
neatly brought out by the construction of a space-time graph, 
plotting the coordinate x against the time by means of the 
equation (2-1--6). The result, of course, is a parabola as shown 
in Fig. 2-1, where the axis of abscissas is the time axis and the 
ordinates are values of the upward displacement. What may be 
called the space-time history of the particle from the instant it is 
projected upward to the time when it strikes the ground is com¬ 
pletely given by the portion of the curve between 0' and P'. 



Moreover, the doye of the curve at each point yields the instan¬ 
taneous velocity of the particle at the corresponding time and place. 
We shall find this type of graph of value in the further study of 
problems in motion. 

It has already been pointed out that in the above discussion 
we are neglecting the effect of air resistance, in order to simplify 
the problem. (See Sec. 2-6 for the more complicated case.) 

There are some important examples of rectilinear motion under 
the influence of gravity in which the particle is constrained to 
move in a certain direction or with an acceleration which while 
constant is different from g.’^ Such cases logically belong to 
the discussion in Chapter VIII. But the physical ideas involved 
are so common and so important that we shall discuss here the 
problem of motion along an inclined plane and the Atwood ma¬ 
chine. 

Consulting Fig. 2*2, which repreikjnts a plane inclined' at an 
angle B to the horizontal, let a particle of mass m move without 
friction on this plane. The force of gravity is mg, but this acts 
vertically dowmward wjiile the particle is constrained to move 
along the plane. The net, unbalanced force F which acts in the 
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direction of the motion has therefore the magnitude mg sin and 
the equation of motion is 

mx^ mg mi By (2*1~9) 

where x is measured positively down the plane, for convenience. 
The results of the first part of this section will then follow in this 



case with the substitution of g sin B for g. For example, the 
application of eq. (2* 1-7) reveals the interesting fact that since 
I sm B — h, where I is the length and h 
the height of the plane, the velocity along 
the plane acquired at the foot of the 
plane is equal to the velocity which would 
be acquired were the particle to fall freely 
through a distance equal to the height 
of the plane. The times of fall for the 
same initial velocities are, of course, dif¬ 
ferent. In fact, the reader should show 
that the time for descent along the plane 
is to that down the height of the plane 
in the ratio 1 : sin B. 

In the Atwood machine (shown dia- 
grammatically in Fig. 2*3) there are two 
particles of mass mi and m 2 respectively 
at the ends of a flexible inextensible string 
wrapped around a frictionless peg, A. 
Suppose mi > m 2 . We proceed to set up an equation of 
motion for each particle by determining the unbalanced force on 
each. The string pulls up on each mass particle with a force T, 
the so-called tension '' in the string, which we shall assume is not 
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altered when the latter passes over a perfectly smooth peg. The 
equations of motion therefore are 


mig — T = 
m^iQ — T — m2pC2i 


( 2 * 1 - 10 ) 


where Xi and a; 2 are the corresponding displacements of mi and 
m 2 measured downward. Now since the one mass rises with the 
same acceleration with which the other falls, we have 

Xi = -X2 = X, (2*1-11) 


and hence by subtraction of the two equations in (2*1-10) there 
results 


mi — m2 
—- 

mi + m2 


( 2 * 1 - 12 ) 


and the solution follows as in the previous cases. The tension 
in the string is evaluated by substitution from (2*1-12) into either 
of the equations (2*1-10). The utility of this device in studying 
the acceleration of gravity is evident from the fact that the actual 
acceleration of either particle may be made as small as desirable 
by choosing mi and m 2 sufficiently close together in magnitude. 


2*2. Motion in a Field Proportional to the First Power of the 
Distance. The next simplest type of rectilinear motion is perhaps 
that in which the force is directly proportional to the distance 
from some fixed point in the straight line in which the motion 
takes place, a state of affairs not uncommon in physical phenomena. 
In such a case the equation of motion has the general form 

mx — cx, (2*2-1) 

where c is a constant. Two cases will arise, according as c is 
negative or positive. The former is by far the more important 
for our purpose and will be considered first. Let c = —/?, where 
k is positive. Probably the simplest way^ of solving the differen- 

1 This book is not primarily a mathematical treatise. We shall therefore 
attempt to develop and solve each problem by the simplest mathematical 
methods available. This explains why, in the present case, we do- not enter 
into the more elegant mathematical methods for the solution of differential 
equations of the type of (2-2-1). These will be found in any fairly compre¬ 
hensive text on deferential equations (e.g., A. Cohen, Elementary Treatise 
on Differential Equations,” Heath, N. Y., 1906, Chap. VII), and will of course 
be of great interest and ultimate use to the thoughtful student of theoretical 
physics. 
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tial equation (2*2-1) is to multiply both sides by x dt. 
have 


mx^ dt — —kx dx. 

But this is simply 

^ind(xy = —\kd{xy. 

Integrating once then yields 

+ Ci, 


Thus we 


( 2 * 2 - 2 ) 

(2*2-3) 


where Ci is a constant of integration. This so-called first integral 
of the equation of motion has a particularly significant form, which 
will be emphasized in Chapter IV. The value of C\ will depend 
on the initial conditions imposed on the motion. It must be 
emphasized that without these conditions we could not obtain 
specific physical results from our integration. The importance of 
such conditions will be continually evident throughout the text. 
Let us assume that when x = Ry v = x = 0, Then Ci = IkR-, 
and eq. (2*2-3) can be made to take the form 


X = ± 



• VR^ - 


(2*2-4) 


which yields the velocity of the particle for any distance x from 
the chosen origin, subject, of course, to the above condition, which 
is arbitrary in nature. However, it should be noted from eq. 
(2*2-3) that the velocity must be zero for some value of x. We 
have merely specified this value as R in our above assumption. 
Separating variables in eq. (2*2-4) gives us 


dx 

± VR^ - x2 



(2*2-5) 


which on integration becomes 


arc 


sinl/x\ _ jk 

cosj \jR/ Vm 


t + C 2 , 


( 2 * 2 - 6 ) 


where the notation of the left-hand side indicates that arc sin 
(x/R) or arc cos (x/R) results according as we choose the plus 
or minus sign in (2*2-5). C 2 is a second constant of integration, 
the value of which must be determined from a second initial 
condition giving the initial value of the displacement x. Thus if 
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X — R when t — 0, we have C 2 — arc [ (1), which equals 

cos] 

either t/2 or zero, according as we use the sine or cosine function. 
On the other hand, if x == 0 for ^ = 0, C 2 = 0 or 7 r/ 2 , according 
as the sine or cosine is used. 

The explicit expression for the displacement x in terms of the 
time is then 


X = 



(2*2-7) 


The space-time graph of this case is the simple sine or cosine 
curve familiar to the student from elementary mathematics, and 


X 



the motion is known by the term siinple harmonic. If we choose 
C 2 = 0, the result is shown in Fig. 2*4, where curve I corresponds 
to the sine and II to the cosine. The two can, of course, be made 
to coincide by a relative displacement along the t axis. In simple 
harmonic motion there is thus a maximum displacement of the 
particle from the chosen origin and its value is i?, defined as the 
amplitude of the motion. The motion repeats itself, i.e., is oscil¬ 
latory or periodic, and the time for a complete oscillation, denoted 
by P and called the period, is given by 



^his follows from an inspection of eq. (2*2-7), Thus to consider 
the sine term only, a: = i? sin (72 for < = 0. The same value of x 
will next recur at a time P for which sin {Vkim P + C 2 ) = sin C 2 . 
But this will happen for Vkjm P = 2t, whence (2*2-8) follows. 
The reciprocal of P is called the frequency and is represented by r. 


40 RECTILINEAR MOTION OF A PARTICLE 


It is the number of complete oscillations per second. The dis¬ 
placement may then be written in the simplified form (using here 
the cosine only) 

X ^ R cos (2Trvt + e), (2-2-9) 

where C 2 has been replaced by e. The argument of the cosine, 
viz., 27rpt + €, is called the phase of the simple harmonic motion 
and €, its value for i == 0, is known as the epoch. 

From the above discussion the reader will see at once that in 
simple harmonic motion the particle has its maximum velocity 
when a: = 0 (i.e., while passing through the chosen origin) while 
its minimum velocity (viz. zero) occurs at a: = itRy i.e., at the 
two ends of its path. On the other hand, the maximum accelera¬ 
tion or force corresponds to x — Ry while the minimum (zero in 
value) occurs at x = 0. 

The reader will have noted that the treatment of simple har¬ 
monic motion given immediately above is purely analytic in 
nature. That is, we began with a differential equatioHy i.e., the 
equation of motion, and by two successive integrations attained 
the expressions for the velocity and displacement which were 
rendered specific by the introduction of the initial or boundary 
conditions. This is the straightforward method of discussing 
the problem. Yet in many cases it is illuminating to start at the 
other end, i.e., to commence with a certain well-defined type of 

motion which appears to possess 
features of interest and then de¬ 
duce its properties. This method 
of approach to a dynamical prob¬ 
lem ds very often the simplest. 
Let us now apply it to the case 
of simple harmonic motion. We 
shall suppose that a particle Q 
moves with uniform angular ve-l"" 
locity 0 ) rad/sec about a circlef 
with radius R and center at 
(see Fig. 2'5). Let us consider 
the motion of the projection of Q 
on any straight line in the plane of the circle. For simplicity 
choose this straight line as the diameter AB and let P be the pro¬ 
jection in question. As the particle Q moves about the circle, P 



Fig. 2-5 
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spring, the greater the frequency; on the othei* hand, for given 
stiffness, the larger the mass, the smaller the frequency. 

In our treatment of the above illustration, we have neglected 
one important point. The theory implies that the simple harmonic 
motion of the mass particle attached to the spring never stops 
when once started. Experience, of course, rejects this result, for 
all such oscillations die down eventually when the system is left 
completely to itself. This indicates that our theory is of but 
approximate application and that to render it more complete we 
must assume a frictional or damping force acting on the mass in 
addition to the elastic restoring force. The solution of this prob¬ 
lem will be postponed to Sec. 9*2. 

It still remains our task to notice the case where the force 
though proportional to the displacement is always in the same 
direction as the displacement, that is, the constant c in eq. (2-2-1) 
is positive. The first integration then yields by the method used 
at the beginning of this section. 


+ Cl, 


whence we have 


i = dz , 




(2-2-16) 


(2-2-17) 


A second integration then gives 
log (x -f ./x2 + — 


t + C2j 


from which we may express x in explicit form as 


C ’ 


which may in turn be written in the more convenient form 

X = Ae-^^‘ + (2-2-18) 

where the arbitrary constants A and B now replace Ci and Cg. 
We shall recall without proof from the study of differential equa¬ 
tions that the general solution of a second order linear differential 
equation like (2*2-1) contains two arbitrary constants. Indeed 
(2*2-18) satisfies this requirement and the original differential 
equation, for c positive. It remains only to express A and B in 



44 RECTILINEAR MOTION OF A PARTICLE 


terms of the initial velocity and displacement of the particle. 
Taking the simple case in which x ^ R and y = 0 when < = 0, 
we have the conditions 

(1) A +B = R, 

(2) A - R = 0, 

whence A = R = R/2 and therefore 

^ = f • (2-2-19) 

This may be more concisely expressed in terms of hyperbolic 
functions, i.e., recalling that + e~^ = 2 cosh x, we may write 


X — R cosh X — t. (2*2-20) 
\?n 


\ / The displacement increases rapidly with 

\ / the time and there is no oscillation. 

\ j The graph of (2*2-20) is shown in Fig. 

\ / 2*7. The curve is known as the cate- 

nary/^ and we shall have occasion to 
I use it again in connection with problems 

in statics. 

u_^ ^ The type of force leading to (2*2-20) is 

Fig. 2*7 a repulsion from a fixed point. Though 

repulsive forces are encountered in phys¬ 
ical phenomena, the one here considered is uncommon, and it will 
not be profitable to discuss it further. It has served indeed the 
useful purpose of stressing the method of handling initial 
conditions. 


2*3. Motion in a Field Proportional to the Inverse Square of 
the Distance. The equation of motion for a particle moving in a 
straight line and acted on by a force inversely proportional to the 
square of the distance from a given point of the line, taken as 
origin, is 

= (2*3-1) 

x^ 

If c is positive, the force is repulsive, while negative c corresponds to 
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an attractive force. We shall here discuss only the latter case, 
as it is physically by far the more important. Thus as in Sec. 
2‘2, we put c = where A; is a positive constant. The eq. 
(2*3-*l) then takes the form, multiplying both sides by x dt^ 


^mdixY = M 



(2-3^2) 


the result of the integration of which is 

k 

imx^ = - + Cl, 

X 

or solving for the velocity. 



(2-3-3) 


(2-3-4) 


Let us evaluate the constant Ci by the boundary condition that 
the particle starts from rest at a; = Ro. Then Ci == —k/Ro, and 
eq. (2-3-4) becomes on separation of variables 


dx 

V l/x — l //?0 



(2-3-5) 


We must actually choose the minus sign before the radical on the 
right since positive dt will here correspond to negative dx. The 
result of a second integration may be expressed in the form 

--\/Ro (vRox — x^ — Rq arc sin 



\m 


t + C 2 . 


(2*3-6) 


The boundary condition just assumed leads to C 2 = Tr/2 • 

It follows that the time the particle takes to reach the origin if 
it starts from rest a>t x = Ro is 

‘■--sl'i-*-'"- 


According to Newton^s law or hypothesis of universal gravitation 
every particle of matter in the universe attracts every other particle 
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with a force, directed along the line joining the particles, directly 
proportional to the product of their naasses and inversely propor¬ 
tional to the square of their distance apart, the coefficient of propor¬ 
tionality being known as the gravitation constant and generally 
denoted by (?. The motion being discussed in this section is there¬ 
fore linear motion in a gravitational field and of great importance 
in physics. In order to carry forward the discussion at this place, 
it will be necessary for us to interject a preliminary computation 
of the resultant attraction between an aggregate of mass particles 



and another single particle. Let us consider the aggregate in the 
form of a homogeneous sphere and calculate its attraction for an 
external particle. The simplest procedure is to begin with a 
spherical shell with center at O (Fig. 2*8). The external mass 
particle, supposed for simplicity to be of unit mass, is located at F. 
Let OF = z and the radius of the shell be F, while its mass is m, 
assumed to be uniformly distributed over its surface. Now let us 
draw about F as center two spheres of radii r and r + dr. These 
will cut the shell in a surface ring element of area 27rF^ sin 6 dO. 
For the width of the ring is R dd, where dd is the angle between the 
radii to the two edges of the ring. The circumference of the ring 
is 2irR sin 6. The area is the product. All points of the ring are 
at approximately the same distance from F. 

We may now conceive this zonal surface element to be subdivided 
into small sub-elements of unit area (e.g., the one at Q), each of 
mass m/47rF2 and equidistant from F. The force of attraction be¬ 
tween each sub-element and the unit mass at F has then the 
magnitude 

m G 
47rF2 


(2*3-8) 
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and is directed from P to the sub-element in question. To find the 
resultant of these forces (i.e., the force between unit mass at P 
and the whole zonal surface element) we may most conveniently 
get their components normal and parallel to PO respectively. 
Examination at once discloses that the sum of the normal com¬ 
ponents is zero. Hence the required resultant is directed along 
PO. Its magnitude is obtained by multiplying the magnitude of 
each parallel component by the number of sub-elements. If the 
angle QPO is denoted by 0, the magnitude of each parallel com¬ 
ponent is 


47rP2 


G 

-•cos 0, 


(2-3-9) 


while the number of sub-elements is simply the area 27rP^ sin 6 d6. 
Hence the magnitude of the resultant attraction is 

• sin 6 cos 0 do. (2*3-10) 


In order to find the complete attraction for the whole shell, this 
must be integrated as 6 goes from 0 to x. However, 6 does not 
appear to be a desirable integration variable, hence we shall use r. 
From the law of cosines 


so that 


Moreover 


— 2Rz cos By 


sin 6 do = 


r dr 
Rz 


z^ 

cos 0 = — 


R^ + r^ 
2zr 


Therefore on substitution the expression in (2-3-10) takes the 
form 


Gm 




dr. 


(2-3-11) 


This must be integrated between the limits r ^ z — R and r = 
2? -b P. The total attraction of the spherical shell for the unit 
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mass at P then has the magnitude 

Gmr 

' mz^\! r 

Gni 


( 2 - 3 - 12 ) 


This means that the spherical shell attracts the external point 
as if all its mass were concentrated at its center. Now any 
spherical mass may be thought of as made up of a series of con¬ 
centric spherical shells of masses mi, m2, m3, .... From what 
we have just proved, the attraction for an external point of the 
totality of such shells has the magnitude 


Ginii + m 2 + m 3 - •) GM 



(2-3-13) 


where M is the total mass of the sphere. It therefore follows that 
a solid sphere like a spherical shell attracts an external mass particle 
as if all its mass were concentrated at its center. For example, 
this will be very nearly true of the earth which is approximately 
spherical. 

We are now in a position to make more specific application of 
the earlier results of this section. Let us suppose that a particle 
of mass m falls to the earth from rest at a height h above the sur¬ 
face. The velocity which it has obtained at the moment of strik¬ 
ing, neglecting air resistance, is given by eq. (2*3-4), substituting 
X = R and k == GmM^ where M is the mass of the earth. For 
the constant Ci, we substitute —GmMI(h + R)^ where R is the 
radius of the earth and it is assumed that the velocity is zero at 
X = h + R. Hence the velocity at the moment of impact is 


Vo 


4 


2GMh 
{Rh + R^) ’ 


(2-3-14) 


In particular let us further suppose that R &o that R^/h can 
be neglected in comparison with R. The velocity in question, 
which we may call the velocity from infinity, then takes the simple 
form 



V 


(2-3-16) 
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The same quantity represents the velocity with which a mass 
particle must be ejected from the earth’s surface never to return. 

Its magnitude with G = 6.67 X 10~^ cm^, ilf = 6.1 X 10^^ 

gm^ 

gms, and R = 6.37 X 10® cm turns out to be 1.13 X 10® cm/sec or 
approximately 7 miles/sec. 

It is interesting to observe that if A (2-3-14) now yields 


Vq = 


4 


'2GMh 


(2-3-16) 


But near the surface of the earth 


GmM 

R^ 


= mg, 


(2-3-17) 


where g is the acceleration of gravity at points near the surface. 
Hence becomes 

vq = (2-3-18) 

which is the usual formula for the velocity attained by a particle 
falling freely from a height h in the neighborhood of the earth’s 
surface. This will enable the 
student to connect the present 
discussion with the simpler case 
developed in Sec. 2-1. 

The gravitation constant G ” 
which has entered so prominently 
into the discussion of the pres¬ 
ent section is one of the most im¬ 
portant constants of physics. It 
is therefore of interest to note 
the most sensitive method for the 
determination of this quantity. 

This employs the so-called torsion 
balance in which two small metal 
spheres (usually of platinum or gold) are fixed to the ends of a light 
rod. This in turn is suspended at its mid-point by a fine vertical 
quartz fiber. In the schematic diagram (Fig. 2-9) aPa denotes the 
rod with the two metal balls at its extremities in its equilibrium 
position. P is the point of suspension by the fiber which is, of 
course, perpendicular to the plane of the diagram. Two heavy 



Fig. 2-9 
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lead spherical balls are now placed at A, A and as a result the rod is 
deflected to a'Pa' as indicated by the dotted lines. When the 
lead balls are moved to A', A', the deflection is in the opposite 
direction and the total deflection is measured by the angle 8. 
From a knowledge of the elastic properties of the fiber (see Sec. 
10-1) the magnitude of the force of attraction F between the small 

and large spheres can be 
computed and G calculated 
from the equation 

„ GmM 
F = —» 

where m and M are the 
masses of the small and 
large spheres respectively 
and r is the distance be¬ 
tween their centers. This 
method was devised in the 
late eighteenth century by 
Henry Cavendish and his 
name is usually attached to 
the experiment. The most 
recent exact measurements 
by this method are due to 
P. R. Heyl of the United 
States Bureau of Standards.^ 
His apparatus is shown in the 
adjacent figure taken from 
the article indicated in the footnote (Fig. 2-10). Heyl used small 
platinum spheres of mass about 50 grams each and large steel 
cylinders of mass 66 kilograms each. For greater accuracy the 
torsion pendulum was placed in an evacuated region in which 
the pressure was usually about 1 or 2 mm. of Hg. Heyl allowed 
the rod to swing as a torsion pendulum instead of following the 
earlier static deflection method. His value of G, which is now 

the accepted one, is (6.670 ± 0.005) X 10~® —— • 

gm^ 

* P. R. Heyl, Proceedings of the National Academy of Sciences, Volume 13 
p. 601 (1927). 
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2.4. Motion in a Field Proportional to the Inverse Cube of the 
Distance. This is a case of some physical interest because it arises 
when we have two force centers, very close together, the one at¬ 
tracting and the other repelling a distant particle with a force 
proportional to the inverse square of the distance. An example 
from magnetism will sufficiently illustrate this. Imagine a very 
short magnet of length I and with north pole +M and south pole 

-M +M 

•p 

X ->- 

Fig. 211 



— M (Fig. 2-11), and inquire the resultant force on a unit north 
pole placed at P, distant x from the center of the magnet along 
the magnet extended, where x^l. From Coulomb's law, ac¬ 
cording to which the force which a single isolated magnetic pole 
of strength M poles exerts on another of strength Af' at a distance 
X is MM'/xP-^ we have for the magnitude of the resultant force on 
the unit pole at P (in this case a force of repulsion) 

~M M M-2xl , , 

--=-> (2-4--1) 

(x + i/2y (x- 1/2Y (x^ - ^ ^ 

where the first term on the left denotes the force due to the south 
pole and the second that, due to the north pole, and on the right 
we have reduced to a common denominator. Now we further have 

M ^2x1 ^ 2M 

(x^ — l^/AY 

if we utilize the assumption that I x. The direction of the 
force is away from and in the line containing the magnet. 

In a force field of this nature, if the moving particle has mass m, 
the equation of rectilinear motion is 

K 

mx = — > (2-4-2) 

x^ 


where K is a positive constant (e.g., 2Ml in the above illustration). 
Conducting a first integration, we have 




zE 

2x^ 


+ Cl. 


(2-4-3) 
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Suppose that the particle starts from rest at a distance R from 
the force center. Then Ci = Kf2R‘^. The velocity which the 
particle will have after traveling to infinity will then be 


V 



(24-4) 


or inversely proportional to the distance from which it started. 
The student should also investigate the corresponding case in 
which K is a negative constant. (Problem 15 at the end of the 
chapter.) 


2*5. Force Dependent on the Time. Impulsive Force. The 

forces considered so far in this chapter have been either constant or 

dependent on the distance 
from some chosen origin. 
These are not the only 
forces leading to motions 
of interest in physics. Let 
us recall the type of force 
involved in the blow of a 
hammer. Here the force is 
definitely a function of time, 
rising from zero to a maxi¬ 
mum and again falling to 
zero, more or less as in the accompanying figure (Fig. 2-12). If 
the time interval during which the force acts is sufficiently small 
we refer to the force as impulsive. Forces associated with the 
collisions of particles are usually of this character. The shape of 
the force curve is not always known, but a typical one might be 
of the form 

F = Ate-^^ (2*5-1) 



This is something like Fig. 2*12, except that F does not vanish for 
finite t but goes asymptotically to zero as t increases. If B is suf¬ 
ficiently large, however, F approaches zero fast after attaining its 
maximum, which occurs for t = 1/5. The equation of motion of 
a particle of mass m in this case is 

= Aie-^K (2*5-2) 
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A first integration yields the velocity, viz.: 

v = x = - 4 - F 2 ) + (2-5-3) 

m \ B B^/ 

where C is the constant of integration. In terms of the initial 
velocity 2^0 this becomes 

,-Bt + 1 (1 - . (2-5-4) 

m\^ B B^ J 

According to this, v attains a limiting velocity A/B'^m + vq which 
is non-vanishing, though it can be very small if = 0 and B is 
small enough. The maximum velocity is obtained in the usual 
way by setting dv/dt ~ 0. It then turns out that this happens 
only for ^ 00 ^ and hence the limiting velocity is the maximum 

velocity. The determination of the distance traveled in time t is 
left as an exercise for the reader. 

The action of most impulsive forces encountered in practice is 
more complicated than that considered above, the reason being 
that the motion produced by the impulsive force is commonly 
resisted by another force whose value changes during the motion 
and is generally dependent on the velocity. This leads to the 
considerations of the next section. 

2*6. Rectilinear Motion in a Resisting Medium. It is found by 
experience that when a force produces acceleration through an 
actual material medium like the air (e.g., motion of a rain drop) or 
water (e.g., motion of a ship) or even a solid (as in the motion of a 
nail through a piece of wood) the medium always resists the 
motion with a force varying as some power of the velocity. The 
simplest case is that in which the resisting force varies directly as 
the velocity but is oppositely directed. This turns out to be a fair 
representation of the facts for motion in still air, for example, if 
the average velocity is small. 

Let us consider the simple problem of a ball of mass m tossed 
straight up in the air. With the x axis vertical we have for the 
equation of motion 

= —mgr — fix, (2*6-1) 


where fi is a positive constant. Dividing through by m and 
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putting Rjm = Z) for simplicity, we get the simpler form 
ic + Dx + = 0. 

We let X = = instantaneous velocity, and have 

v + Dy + ^ = 0. 

We separate the variables by writing this as follows: 

dv 


V + g/D 


= —Ddt, 


( 2 - 6 - 2 ) 

(2-6-3) 

(2-6-4) 


which has the solution 

log (t; + g/D) ^ -Dt + A, (2-6-5) 

where K is the constant of integration. Let the initial velocity be 
Vo. Then (2*6-5) yields for the instantaneous velocity 

{vo + g/D)e-^^ - g/D, (2-6-6) 


It is of interest to see what this becomes for Z> very small, so that 
we can expand in the usual series 

= 1 - + DHy2\ - DHyV. H- (2-6-7) 


and keep only the first three terms. The result is 

V = Vo - gt - VoDt + (vo + g/D)DH^/2\ + • • • . (2-6-8) 

As D 0, this takes on the familiar form 

V = Vo - gt (2-6-9) 

with the time of rising into the air equal to vo/g. In the. more 
general case in which D is non-vanishing the time to reach the 
highest point h is 

th = ; 5 log (1 +VoD/g). (2-6-10) 


To compare this with vo/g in the non-resistance case, we again 
expand in a series (treating D as small) and obtain 

th = Vo/g - Vo^D/2g^ + • • • . (2-6-11) 

It thus appears that th < Vo/g or the time to reach the highest point 
is less in the resisting medium than in vacuo. This should be more 
carefully verified by the use of the inequality 

log (1 + a:) < X, 
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which is true for all real, positive values of x. The result appears 
a trifle surprising until we reflect that the total height of rise will 
probably turn out to be less than in the non-resistance case. To 
get this we must solve (2*6“6) by putting y = x again, thus 
obtaining 

dx = [(vo + 9 lD)e-^^ - g/D] dt (2-6-12) 

The integration yields (using the initial condition x = 0 for ^ = 0) 

- 5 - 

Once more, expansion in series gives the approximate result 

X Vot- gty2 - voDty2 H - . (2-6-14) 

As Z) 0 this takes on the familiar form for upward flight in vacuo. 
We obtain the maximum height h by substituting 4 for t in (2-6-13). 
The result is 

h = vo/D - g/D^ • log (1 + voD/g), (2-6-15) 

Expansion of the logarithm again puts this in a form more readily 
compared with the ordinary ideal case of motion in vacuo. Thus 

h = VQ^/2g — Vo^D/Sg^ + • • • . (2*6-16) 

The second term on the right thus appears as a correction (for D 
small) to the ideal maximum height given by the first term. The 
indication is thus that the maximum height attained in a resisting 
medium for given initial velocity vo is less than in the non-resisting 
medium. This is verified by more careful examination of (2-6-15). 

The use of series expansions in this section is recommended to 
the reader as a useful device in many mechanical problems. 

PROBLEMS 

1. A monkey climbs a massless rope which passes over a massless and fric¬ 
tionless pulley P and has fastened on the other end a counter weight W of the 
same mass as the monkey. Discuss the motion of the monkey and the weight. 

2. In the accompanying figure particles of mass nii and m% respectively are 
connected by a perfectly flexible inextensible string and are constrained to 
move on the two inclined planes ajs indicated. Obtain the expression for the 
acceleration of the system, as well as that for the tension in the string. If the 
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system starts from rest, what is the kinetic energy after each particle has 
moved a distance s along its respective plane? 



3. In the figure a particle of mass m starting from rest slides down a per¬ 
fectly smooth inclined plane of angle d and height h. When it reaches Fy it 
continues to move along the horizontal in the x direction but subject to a 
resisting force of the form kv, where v is the speed and A: is a constant. How 
far will it go before coming to rest? How long will it take to cover 99% of 
this distance? 



4. Prove that the time for a particle to descend a smooth inclined plane 
is to the time to descend vertically a distance equal to the height of the plane as 
1 : sin By where 6 is the angle of the plane. 

5. A metal ball of mass 100 grams falls from rest through a colunrn of 
glycerine. It is ultimately observed to attain a practically constant velocity 
of 5 cm/sec. If the resisting force of the glycerine is assumed to vary as the 
first power of the velocity of the ball, find the magnitude of the force for any 
velocity v. Also find the distance traveled in the first second. 

6. A particleiof*mass M is subject to two forces: (1) a constant force F; 
and (2) a resisting force varying as the square of the velocity. Find the ex¬ 
pression for the distance traveled by the particle in time t and its velocity at 
the same time. 

7. Prove that the motion of the projection of a fixed point located on the 
circumference of a circle on a uniformly rotating diameter of the circle is, relar 
tive to the diameter, simple harmonic motion. 

8. A straight smooth tube is bored through the center of an otherwise 
homogeneous solid sphere of mass M and radius R. A particle of mass m falls 
from rest through the tube from the surface of the sphere. What will its 
motion be, assuming that the only force acting is the gravitational force be¬ 
tween the particle and the sphere? How long will it take the particle to travel 
through the sphere? 
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9. One end of a vertical brass wire 10 meters long and 1 mm in radius is 
fastened to a rigid ceiling. The other end is loaded with a mass of 2 kilograms. 
If the mass is displaced 5 mm and released, show that its resulting motion is 
simple harmonic. If Young's modulus for brass is 9 X 10^^ dynes/cm^, find 
the frequency and the maximum kinetic energy of the load. What is the 
impulse of the force during a quarter period of the motion? How much average 
power is exerted during a quarter period? 

10. A cylindrical disc of radius R and height h floats in water with half its 
volume immersed, and its flat side horizontal. If it is depressed a distance 
x<^h and released, show that the resulting motion is simple harmonic and 
find the frequency. 

11. A body falls 2000 miles to the surface of the earth. Find the time it 
takes and also the time for the last 1000 miles. 

12. An electron is at tracted by a positive charge of magnitude Ne, Suppose 
that in addition to tliis there also acts a repulsive force on the electron var3dng 
inversely as the cube of the distance. Determine the coefficient of propor¬ 
tionality of this latter force so that the resultant force on the electron is zero 
at a distance of 10“^^ cm from the positive charge. What velocity will it have 
at this point if it starts at rest from a distance of 10~* cm? 

13. Plot a space-time graph for the motion of the electron in Problem 12. 

14. A free particle (i.e., one which is subject to no accelerating forces) 
possesses initial velocity va in a straight line in a medium which exerts a 
resisting force j)roportional to the cube of the velocity. Show that the time 
it takes the particle to travel a given distance is a quadratic function of the 
distance. 

15. A particle of mass m moves in a straight line subject to a force directed 
toward a fixed point on the line and varying inversely as the cube of the dis¬ 
tance. Discuss the motion. In particular if the particle starts from rest at 
distance h from the fixed point, find the total time required to reach the latter 
point. 

16. A particle of mass m is acted on by an attractive force directed along the 
X axis and varying inversely as the nth power of the distance from the origin, 
where n is integral and different from 0 or 1. If the particle starts at rest at 
distance a from the origin, find the velocity it will attain at distance x. 



CHAPTER III 


CURVILINEAR MOTION IN A PLANE 

3*1. Components of Motion in a Plane. After rectilinear motion 
the next stage of complexity is clearly motion in a plane. It 
follows from the discussion in Sec. 1-2 that the p jsition of a particle 
in a plane may be represented either by the position vector r from 

some chosen origin to the 
point occupied by the parti¬ 
cle or by the rectangular 
coordinates x, y in an ap¬ 
propriate reference system. 
In either case we have the 
relation 

r = ia: + j 2 /, (3-1-1) 

where i and j are the unit 
vectors along the x and y 
axes respectively.^ Tocon- 
Fig. 3.1 ^ suit the figure (Fig. 3-1), if 

AB denotes an infinitesi¬ 
mally small portion of the path of a particle, the vector from 
0 to A which gives the position of A will be denoted by r and the 
corresponding vector to R is r -j- dr. Hence the displacement AB 
may be represented by the vector dr. The velocity of the particle 
is V = f (Sec. 1’3), which from (3T-1) becomes 

V = f = ii + jy. (3*1-2) 

It should be emphasized that in differentiating r in (3-1-1) with 
respect to the time the unit vectors i and j are treated as constants 
since the axes are assumed to remain fixed as time passes. 

Similarly the acceleration of the particle is by definition 

a = v = i* = ix+j|/, 

* Eq. (3* 1-1) is thus a special case of (1-3-6). 
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whence ^ and y appear as the rectangular components of the vector 
acceleration. We may therefore write (cf. Sec. 1*5) 


dx = Xj 

dy = y. 


(3-1^) 


We shall have occasion to use these acceleration components a 
great deal in the following sections. 


3*2. Equations of Motion for a Particle in a Plane. The motion 
of a particle in a plane is a special case of motion in space and 
hence is described by the fundamental equation (1*7-^). It is 
important to recall that this equation, viz., 

F = mr, (3*2-1) 

is a vector equation. Its solution for each particular choice of 
F involves the integration of a second order ordinary differential 
equation. Methods are available in certain cases for the integra¬ 
tion in vector form, but we shall prefer the more common alter¬ 
native method of components. Thus we write (3*2-1) in the form 
(specialized to the xy plane) 

iFz + ]Fy = m(ittx + jay), (3*2-2) 


where Fx and Fy are the x and y component forces already men¬ 
tioned, and ax and ay similarly the component accelerations. Since 
(3*2-2) holds in general, the coefficient of i on the left must be 
equal to that of i on the right, etc., with the result that (3*2-2) is 
actually equivalent to the two equations 


Fx — max == m^j 
Fy = may = m^. 


(3*^3) 


These are called the component equations of motion in the plane. 
Their independent solution provides the solution of the problem 
of plane motion. It is well to stress that our handling of them as 
independent simultaneous equations reflects our faith that a force 
Fx can act on the particle in the x direction independently of the 
action of Fy in the y direction. This is, of course, an illustration 
of the principle of superposition and is implicit in the vector form 
of the fundamental equation of motion. 
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We now proceed to a simple illustration of the integration of 
equations of the form (3*2-’3). 


3*3. Projectile Motion. Consider a particle of mass m pro¬ 
jected into the air from a point on the ground with velocity of 
magnitude in a direction making an angle d with the horizontal. 

We wish to determine its 
motion, neglecting the resist¬ 
ance of the air, which for 
small velocities will not af¬ 
fect the motion appreciably. 
We also neglect any effect 
of the wind. Since there are 
then no forces save gravity, 
the motion is confined to a 
plane which we shall take as the xy plane (cf. Fig. 3*2). If we 
draw the x and y axes through 0, the point of projection, the 
force components are then 

Fx = 0, Fy = —mgy (3-3~l) 



where we assume that the motion takes place so close to the surface 
of the earth that we are justified in taking the acceleration g as a 
constant. To be perfectly general we should have to take account 
of the fact that the particle is attracted to the earth by the New¬ 
tonian force of gravitation and hence should use the inverse square 
law. However, from the discussion in Sec. 2*3 it is clear that for 
elevations small compared with the radius of the earth, the error 
in assuming a constant g in (3-3-1) is negligible compared with 
that made in neglecting air resistance. 

The resulting equations of motion are (cf. 3*2-3) 


mlc = 0 , 
my — —mg. 


Integrating, we have at once 


(3-3-2) 


Cl 

wC — — i “b C2, 
m 


(3-3-3) 


y — — 29 ^^ + csi + C4, (3*3-4) 


where ci, C 2 , Cs and C4 are the usual arbitrary constants of integra- 



PROJECTILE MOTION 


61 


tion. To evaluate them, let us note that at ^ = 0, x = y = 0, 
and therefore C 2 = C 4 = 0 . Moreover 


and 


— - X = Vo cos 6y 
'fn t^o 


(3*3-5) 


^*3 = y\t=o = ^^osin0. (3*3-6) 

The component velocities at any instant are then 

y X == z;^cos dy y = —gt + Vo sin 6y (3*3-7) 

and the final parametric equations of the path of the particle are 
X = Vo cos 6 * ty y = —^gt^ + 1^0 sin 6 • t. (3*3-8) 


Eliminating t between the two equations in (3-3-8) we get the 
equation of the path of the projectile in the form 

y ^ - h -' 2 ~' Tn + ^ (3*3-9) 

Vo^ cos^ 0 


which is the equation of a parabola with axis parallel to the y axis 
and with vertex at the point with the coordinates 


X 


Vo^ sin 26 Vo^ sin^ 6 

- , y —- 

2 ^ 2g 


This is the point at which the particle reaches its maximum height, 
as may be verified by applying the usual test of equating dy/dx to 
zero. The maximum height is therefore 


h = 


Vo’^ sin^ 6 
^9 


(3-3-10) 


and the range, or total distance which the projectile travels along 
the X axis, is, from symmetry, 


R = 


Vo'^ sin 26 
9 


(3-3-11) 


For a given value of Vo, ii is a maximum for 6 = 45®. The sym¬ 
metry of the parabola about its axis indicates that the time spent 
on the upward part of the flight is equal to the time for the down- 
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ward flight. From (3*3-8) the total time spent by the projectile 
in its flight is readily seen to be 


Ir 


2vo sin 

g 


(3*3-12) 


In our discussion of the motion of a particle under gravity both 
in this section and Sec. 2*1, we have deliberately overlooked one 
point of small practical but considerable theoretical significance. 
It will recalled from Sec. 1*8 that the equations of motion which 
we have used are applicable only in inertial systems, i.e., those 
which move with constant velocity (without rotation) with respect 
to the primary inertial system. In treating axes fixed in the 
rotating earth as an inertial system we are therefore committing 
a logical error and our results cannot then be completely correct. 
The thorough solution of the problem will be found in Sec. 7*12, 
where the correct equations of motion for such a case are set up and 
solved. As has been intimated, the modification in the results of 
the present section will be found to be very slight in practice. 


3*4. Projectile Motion in a Resisting Medium. The general 
problem of the plane motion of a projectile through a medium that 
resists its flight is a highly involved one which it is the function of 
exterior ballistics to solve. Nevertheless there is some value in 
considering here the rather simple special case in which the resist¬ 
ing force varies as the square of the resultant velocity magnitude 
and is directed at every point along the trajectory oppositely to 
the direction of motion. 

Let us assume that the magnitude of the resisting force is of the 
form 

kmv^y 


where m is the mass of the particle, and k is the specific resistance 
factor, i.e. the resisting force per unit mass per unit (velocity) 2 . 
The component equations of motion then become 


X = —kxs, 


y = - g, 


(3*4-1) 


where 


s2 = ^2 ^2 


(3*4-2) 
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is the square of the magnitude of the resultant velocity. We 
find it convenient to use as a variable, s, which denotes distance 
measured from the origin along the path of the projectile. The 
reader should be able to show without difficulty from the first 
equation in (3-4--1) that 

X — vq cos d • 6'^% (3-4-3) 


where Vq and 6 have the same meaning as in Sec. 3-3. Note that 
when s — 0 (i.e. at the origin or point of projection) x = vo cos 
the initial horizontal velocity. Combination of (3*4-3) with the 
second equation in (3*4-1) gives the differential equation of the 
orbit in the form 


dx^ vq^ cos ^ 0 


(3*4-4) 


Note that for = 0, i.e. no resistance, this reduces to a differential 
equation which when integrated yields precisely the parabolic 
orbit (3*3-9) as it should. 

If we now restrict the discussion to a rather flat trajectory, i.e. 
one in which \dy/dx\ <C 1 in all parts of the path, the first integral 
of (3*4-4) becomes 


dx 


tan 6 -f 


g 

2kvo^ cos^ 6 


(1 




(3*4-5) 


yielding on a second integration the equation of the orbit in the 
form 


= x( 


tan 6 -f- 


g 


+ 


g 


2kvo^ cos^ 6/ 4k^VQ^ cos^ 6 


(1 - (3*4-6) 


where the constant of integration has already been evaluated by 
the condition that, when x = 0, 2 / = 0. If we expand into 
the usual series and assume that kx is small so that no terms need 
be kept after the third power ones, the orbit becomes 


yx tan 6 — 


gx^ 

2vo^ cos^ 6 


gkx^ 

3vo^ cos^ 6 


(3*4-7) 


The last term on the right represents the correction to the ideal 
parabola due to the presence of resistance. This might serve as 
an approximation to the path of a rifle bullet fired through air with 
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a small elevation angle d, Ballistically speaking the result should 
not be taken too seriously, however, since the resisting force does 
not vary with the square of the velocity for all speeds, and is not 



us suppose that a mass particle i 
with the following equations of 


directed exactly opposite to the 
velocity of the bullet. 

3*5. Composition of Simple 
Harmonic Motions in a Plane. 

Certain types of motion of in¬ 
terest in physics arise from the 
composition of simple harmonic 
motions along the coordinate 
axes. Confining our discussion 
as usual to motion in a plane, let 
/ P (Fig. 3*3) moves in accordance 


mx = —CxX^ 
'my = ~C2t/,, 


(3-5-1) 


where Ci and C 2 are positive constants. Consulting Sec. 2*2 we see 
that each of these can be integrated directly, yielding 


X = Ai cos 


y = A 2 cos 



(3-5-2) 


There are thus two simple harmonic motions along the x and y 
axes respectively having amplitudes Ai and A 2 and frequencies 


1 , I [C2 

vi = —\— and V 2 = 7 r '\—* 
2t yim 27r \ m 


and differing in initial phase by ci — C 2 . The equations (3-5-2) are 
the parametric equations of the path of the particle. We may 
obtain the geometric path by the elimination of the time between 
them. 

Let us take first the special case where Ci == C 2 = c, i.e., where 
the frequencies are the same along the two axes. Let Vc/m = w 
and for convenience choose the initial phase ei to be zero by taking 



SIMPLE HARMONIC MOTIONS IN A PLANE 65 


the initial x displacement equal to Ai. Then the total phase 
difference between the two motions will be € 2 , which we shall call 
e for simplicity. The parametric equations become 


X — Ai cos 
y — A 2 cos {o)t + e) 


(3-5-3) 


By substitution from the first into the second, t is eliminated and 
we have 


y 


- A 


X cos € 



x‘^ 

A? 


• sin € 




By transposition, squaring and collecting terms, this equation 
takes the form 


2xy 


+ 




sin^ e A 1 A 2 sine tan € A^^ sin^ € 


= 1. (3-5-4) 


Applying the usual test for a conic section, we find that this is 
the equation of an ellipse. Thus for an equation of the second 
degree in the form 

Ax'^ -f- Bxy + Cy^ + Dx Ey F = Oj 


we have^ a hyperbola, ellipse or parabola according as — 4AC 
is greater than, less than or equal to zero respectively. In the 
present case this quantity is —4/(41^42^ sin^ e) and is less than 
zero. The student should show that the major axis of the ellipse 
lies along the line making with the x axis the angle^ 6 such that 


tan 2B = 


24i42 cos € 
4i2 - 42^ ’ 


(3-5-5) 


Let us note a few special cases. If 4i A^ and c = 90®, 0 = 0 
and the major axis of the ellipse Ues in the x axis. Supposing 
further 4i = 42 = 4 and cos e = 0, i.e., e = t/ 2, the ellipse 
reduces to a circle of radius 4 about the origin as center. The 
student should work out other cases and show for example that if 

1 See, for example, any text on analytic geometry, e.g., Smith and Gale, 
“ New Analytic Geometry ” (Ginn & Co., 1912), p. 179 ff. 

* See, for example, Smith and Gale, he. cit.f p. 182. 
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€ — 0 , the path is the straight line with equation 

Ai A2 


(3-5-6) 


as is, of course, immediately evident from eq. (3-5-3). 

It may be pointed out that the above motions are really special 
cases of a very important general kind of motion. For we see 
that if a particle is attracted toward the origin with a force pro¬ 
portional to the distance to the origin, i.e., if the force magnitude 
F is such that 

F(r) = cr, (3-5-7) 


where r = + y^, the component equations of motion will be 

precisely the equations (3*5-1), with Ci == C 2 = c. Such a motion 
is a special case of what is called central motion or motion in a 
central field. It will be discussed in detail in the next section 
(Sec. 3-6), where the truth of the statement immediately above will 
become perhaps more evident. 

Let us now, however, consider the case of eqs. (3*5-1) with 
Cl 7 ^ C 2 . This will correspond to the composition of two simple 
harmonic motions with different frequencies. For simplicity we 


shall call these Vci/m = co and ^Tc^jm = co a, where a appears 
as the difference between the two angular frequencies. Now 
assume that there is a time when the two motions are in phase and 
choose this as the time origin. Then in eqs. (3*5-2) we have 
€i = 62 = 0 and the equations become, choosing A\ — A 2 — A for 
greater simplicity, 


X — A cos 
y ^ A cos (a? + a)i. 


(3-5-8) 


We first eliminate o)t and obtain 

— 2 xy cos at y^ = sin^ at. (3*5-9) 


To get rid of the product term, change the coordinates to x', y\ 
where 


V2 



ix' - y'), 
(x' + y'). 


(3-5-10) 
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This corresponds to a rotation of axes through the angle 45®. 
In the new coordinates the equation (3*5-9) becomes 

x'^(l — cos at) + + cos at) = sin^ at, 

or 

^'2 yf2 

2A2 cos2 at/2 2A2 sin^ at/2 ^ (3*5-11) 

where we have used the trigonometric identities 

1 — cos at = 2 sin^ oit/2; 1 + cos at ^ 2 cos^ ott/2] 
sin^ = 4 sin^ at/2 • cos^ at/2. 

Equation (3.5-11) is the equation of an ellipse with axes which 
change continuously with the time and with values running from 
0 to 2 V 2 A. 

As a matter of fact, of course, eq. (3*5-11) cannot be used alone 
to determine the actual path which is the composition of the two 
simple harmonic motions. For this purpose the time must be 
eliminated between it and one of the equations (3*5-8). To plot 
the path in special cases it is most simple to use eqs. (3*5-8) 
as parametric equations of the orbit. As an illustration the case 
where (w + a)/aj = 8/7 or ex = co/7 is plotted in the accompanying 
figure (Fig. 3*4),^ the time origin being taken, of course, as that 
time when the motions are in phase. 

Actually the figure does not plot precisely (3*5-8) but rather 

X = —A cos co^, 

2 / = — A cos (co + a)tj 

as is clear from the way the axes are chosen. This, however, is 
not significant. 

A more important question is this: Is the resultant motion in 
this case periodic, i.e., does the path of the particle repeat itself 
after some period P? It is seen from (3*5-8) that if there is to be 
such a period P there must exist a pair of integers j and k such that 

coP = 27rj, 

(co + «)P = 27rfc. 

1 Taken from Leigh Page, “ Introduction to Theoretical Physics” (D. Van 
Nostrand Co., N. Y., 1928), p. 72. 
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But this means that the ratio of the two frequencies co and w + oc 
must be the ratio of two whole numbers, i.e. (oj + a:)/a) must be 
a rational number or put in another way, co + a and o) must be 
commensurable. This is certainly true in the example illustrated 
in Fig. 3*4. If w + a and co are not commensurable, it follows that 
the resulting motion is not periodic. 

Curves for both commensurable and incommensurable cases 
have been widely studied and are known as Lissajous figures. A 



simple method of obtaining them experimentally is to allow a stiff 
rod with rectangular cross-section to oscillate perpendicular to 
its length when clamped in a vise. If a mirror is attached to the 
freely vibrating end and a ray of light is reflected from it, the 
figures can then be produced on a screen. These figures are also 
obtained in the cathode ray oscillograph. In this instrument, the 
cathode rays are permitted to pass through two perpendicular 
oscillating electric or magnetic fields, and the resulting path 
traced by the rays as they pass through these two fields may be 
observed on a fluorescent screen at the other end of the tube.^ 

The reader may find it of interest to express the horizontal and 

^ For an elaborate description of this instrument see L. B. Loeb, Funda¬ 
mentals of Electricity and Magnetism ” (Wiley, New York, 1931), p. 281 ff. 
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vertical harmonic motions in the form 
X — A cos (aity 
2 / = A cos (C 02 / + 5), 

where the two angular frequencies a>i and C 02 are different and the 
initial phase angle 5 is not necessarily zero. As a matter of fact 
the Lissajous figure for 5 = 7r/2 is particularly useful since it 
turns out in this case that if coi and C 02 are commensurable, their 
ratio is equal to the ratio of the number of horizontal maxima to 
the number of vertical maxima in the figure. Electronic tech¬ 
nicians make good use of this case. 


3-6. Central Forces. Suppose that the force F on the particle 
is of such a nature that it is always directed toward or away from 
some fixed point, which we shall take as the origin, and is a function 
of the distance r from this point only. Such a force is termed a 
central force, and it is no exaggeration to state that central forces 
are among the most important of all that arise in physical problems. 
Geometrical reasoning shows that central field motion always takes 
place in a plane. Thus, the initial direction of motion of the 
particle and the initial line connecting it to the force center define 
a plane. Since there is no force component normal to this plane, 
motion once started in it will continue in it. 

We shall call the line joining the particle P to the origin the 
radius vector. It is strictly r, the position vector of the point P 
with respect to 0. (Recall Sec. 1-2.) Its magnitude is r, which 
will always be considered a positive quantity. Consulting Fig. 
3*5, let F{r) denote the functional dependence of the force on the 
distance along the radius vector. If F is assumed to be directed 
along r, we have F = F{r)x/r, whence the components of the force 
along the x and y axes become 


Fx = F{r) cos B, 
Fy = F{r) sin B,, 


(3*6-1) 


where B is the angle which the radius vector makes with the x axis. 
But 

X y 

cos B — -9 sin ^ > 

r r 


(3*6-2) 
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whence the equations take the form 


mSt = F{r)-> 
r 

mg = F{r)-- 
r 


(3-6-3) 


It is to be noted that if F(r) is positive the central force is one 
of repulsion, while if F{r) is negative, the force is attractive. 
Before we integrate these equations for special cases, we can gain 



much information of a general nature about motion in a central 
force field. Multiply the first equation in (3-6-3) by y and the 
second by x and subtract. We then have 

xy - y£ = 0. (3-6-4) 

This can be integrated at once and yields 

xy - yx ^ k, (3-6-5) 

where k is an arbitrary constant. The physical significance of 
eq. (3-6-5) will be better understood if we transform from rec¬ 
tangular to polar coordinates r and as given by the defining 
equations (3*6-2). Thus 

X = /* cos 0 — r sin 0 • 

^ ^ sin d + r cos B • 

whence (3-6-5) becomes at once 

rH - k. 


(3-6-6) 


(3-6-7) 
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Referring again to Fig. 3-5, note that the area included between 
the path of the particle and the radii vectores r and r + dr (enclos¬ 
ing the central angle dd) is equal to Ir^dd. Therefore eq. (3-6-7) 
expresses the important fact that a particle in motion under the 
influence of a central force, irrespective of the exact form of F(r), 
moves in such a way that the radius vector traces out equal areas 
in equal times. This is often called the law of areas. We shall 
have further occasion to note its significance when we come to the 
study of planetary motion. The constant k (the area constant) 
is numerically equal to twice the area swept out in unit time. Its 
value will depend on the initial circumstances of the motion. 

To carry the discussion further it will be wise to employ polar 
coordinates exclusively. From (3-6-6) we have, differentiating 
again with respect to the time, 


X == (r — 7 -^ 2 ) cos 0 — i2r6 + rd) sin 0, 
y = (r — r6^) sin 9 + (2fd + rd) cos 9. 


(3-6-8) 


But from (3-6-7) it follows that 

2rd -b = 0. 


Hence (3-6-8) reduce to 


X = (r — r9^) cos 9, 
y — (jr — r6^) sin 9. 


(3-6-9) 


(3-6-10) 


This means that the resultant acceleration in central field motion is 
directed along the radius vector r (a direct result, of course, of the 
fact that the force is central) and has the magnitude 

a, = f - r6\ (3-6-11) 

We recognize the second term r6^ as the centripetal acceleration 
[cf. e.g. (1-5-12)]. The term f is the second time rate of change 
of the length of the radius vector. From (3-6-4) it follows that 
we can write the equations of motion for a central field in the form 
of a single equation, viz., 

mf — mrd^ == F(r), (3-6-12) 

where mr6^ will be known as the centripetal force. Let us try to 
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eliminate the time from (3*6-12) and obtain a differential equation 
connecting r and 6. From (3*6-7) we can write 

= kyr\ (3*6-13) 


It is now simpler to introduce the transformation 


whence 


and 


r — 


1 

u 



du 6 ^ du 

dd do 


f = -W 


d^u 


(3*6-14) 


Finally eq. (3*6-12) becomes by substitution of these results 


, , f{u) 

dd'^ ^ mkV 


= 0 , 


(3-6-15) 


where f(u) —F(r), i.e., when r is set equal to 1/u in F{r) the result 
is / {u), Eq. (3*6-15) connects u with d and hence is the differential 
equation of the orbit of the particle in the central field. Its inte¬ 
gration will yield the path directly. It will be noted that our pro¬ 
cedure here is different from that pursued in Secs. 3*3 and 3*5 
where we integrated the component equations of motion separately 
and obtained parametric equations for the path. Here we have 
followed essentially the method of Sec. 3*4 and have eliminated 
the time from the differential equation of motion before integrating. 
This course is indeed dictated by the fact that in general the com¬ 
ponent equations of motion (3*6-3) cannot be integrated separately. 

The solution of eq. (3*6-15) will involve two arbitrary constants. 
A third is already represented by the area constant h. We need 
one more since in this problem we are really integrating two 
second order ordinary differential equations. The fourth appears 
in the integration of (3*6-7), after the result of integrating (3*6-15) 
(i.e., r in terms of 6) has been substituted into (3*6-7). After this 
substitution, eq. (3*6-7) becomes the “ time ” equation of the 
motion, since it gives dr or dB in terms of dt and, on integration, 
tells how r and B depend on t. The four arbitrary constants are 
determined as usual by the initial conditions. We shall illustrate 
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this by the special cases discussed in the remaining sections of this 
chapter. 

3*7. Motion in a Central Force Field Varying Inversely as the 
Square of the Distance. We shall now discuss the most important 
illustration of a central force, namely that in which the force 
function 

F(r) = -^. (3-7-1) 


c being a positive constant, corresponding to attraction of the 
particle to the force center. The case of repulsion will be dis¬ 
cussed later. The fundamental equation (3*6-15) now becomes 


(Pu 




= 0 , 


(3-7-2) 


which is most simply integrated by placing w u — clmk^. Then 
(3-7-2) becomes 

^ + «> = 0. (3-7-3) 


We have already encountered an equation of this mathematical 
form in Sec. 2-2 (with t as the independent variable). Hence the 
solution may be written at once 

w = A cos (0 — a) + C, (3*7-4) 


where C = c/mlP and A and a are the new arbitrary constants. 
Reverting to r we have 


_ 1 _ 

A cos (d — a) + C 


(3*7-5) 


This is the polar equation of a conic section,^ i.e., the locus of a 
point whose distances from a fixed point and a fixed line are in a 
constant ratio. Let us write (3*7-5) in the form 


l/C 


1 + cos (e - a) 


(3*7-6) 


^ See, for example, Smith and Gale, loc. cit., p. 185, or F. D.'Murnaghan, 
** Analjrtic Geometry (Prentice-Hall, N. Y., 1946), p. 307. 
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Now referring to the figure (Fig. 3-6), let F be the given fixed point 
on the so-called polar axis 00, and let r be the distance from the 
particle P to F, with FP making the angle 6 — a with FO", where 
the line O'O" makes the angle a with the polar line. The angle 6 is, 



of course, the angle the ra¬ 
dius vector makes with the 
polar axis. Let O'Q, per¬ 
pendicular to the line O'O", 
be the given fixed line and 
O'F = -1/A, Then eq. 
(3*7-6) expresses the fact 
that the ratio of r to the 
distance 

PQ = [O'F + r cos (9 - a)] 


has the constant value —A/C. This ratio is defined as the 
eccentricity e of the conic, while the distance O'F is usually writ¬ 
ten p. The point F is called the focus. In this notation the 
equation becomes 


r = 


_ 

1 — € cos (0 — a) 


(3*7-7) 


It is shown in texts on analytic geometry that for e = 1, the conic 
is a parabola; for e < 1, the conic is an ellipse; while for e > 1, 
the conic is a hyperbola. The exact shape of the orbit thus de¬ 
pends on the initial conditions, as we emphasized in the previous 
section. Since c = —A/C and C — c/mk’^^ we have 

(3-7-8) 

c 


where since c and e are positive, A must be a negative constant. 
Thus according as 


-A^ — 


(37-9) 


there results an elliptic, parabolic or hyperbolic orbit. The physi¬ 
cal considerations underlying the distinction between the various 
types of orbits are more clearly brought out by a study of the 
initial conditions. 
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First let us notice from eq. (3*6^) that the magnitude of the 
resultant velocity of the particle is 

+ y^ = P + P6\ (3-7~10) 

where r appears as the component of the velocity along the radius 
vector, and rd the component of the velocity perpendicular to the 
radius vector. (Cf. eq. (14-3) for the latter for the special case 
of a circle. It is, however, true for any continuous plane motion.) 
From eq. (3*7-7) we obtain by time differentiation 

sin {e - a)6 ksin (e - a) 

= - ;---X =-1-’ (3-7-11) 


where we have also used (3*7-7) again as well as the law of areas 
(3*6-7). Finally 


sin^ (6 — a) 


+ ~2 ‘ 


(3*7-12) 


If now for r we substitute once more from (3*7-7) the result is, 
after a certain amount of algebraic manipulation. 


/ 

~ 1 = 


(3-7-13) 

k^ ' 

< epr/ 

But in eq. (3*7-7) 

A / 1 

\ 1 mk^ 

(3-7-14) 

11 

1 

oi 

1 

j T" 

Hence we may rewrite (3*7-13) in the form 


Tn%^ 

( o 2c\ 

(3-7-15) 


(^2-)• 

P 

\ mrf 

Now suppose that the particle is 

initially projected with velocity 

Do from the initial position r = ro. 

We still have 



' o 2c \ 

(3-7-16) 

e* - 1 = — 

Vo^ -) • 

c* ' 

< mrof 

If vq = V2c/mro, e = 1 and 

the orbit is a 

parabola. If 


Vo < V2clmrof c < 1 and the orbit is an ellipse. Finally if 
Do > V2c/mro, € > 1 and the orbit is a hyperbola. 

The velocity V 2c/mro has an interesting physical significance. 
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Returaing to (3*7-15), we note that if the particle is considered to 
start at rest at an infinite distance from the force center, i.e., 
V = 0 for r = 00 , the left side of (3*7-15) must vanish identically. 
Hence € = 1, and the path is a degenerate parabola (the straight 
line joining the initial position to the force center). But this means 
that 



mr 


(3*7-17) 


gives the velocity attained in the motion at the distance r. Hence 
at distance ro the velocity attained is 


V = 



(3*7-18) 


The results at the end of the previous paragraph may then be 
restated: the orbit in an attractive inverse square force field is a 
parabola, ellipse, or hyperbola according as the velocity of pro¬ 
jection at To is equal to, less than, or greater than the velocity 
attained at ro by a particle falling freely in this field from infinity. 

It is worthy of comment that, although the kind of conic repre¬ 
sented by the orbit depends only on the speed Vo, the actual 
eccentricity € for elliptic and hyperbolic orbits still depends on the 
area constant k and is therefore dependent on the direction of 
projection as well as the speed. 

At the end of Sec. 3*6 we mentioned the “ time equation which 
expresses r or 0 in terms of the time L We obtain it in general 
by the use of eq. (3*6-7) and the equation of the orbit, (3*7-7). 
Thus from the latter we have 

6 — a = arc cos ~ ’ (3*7-19) 


so that differentiating with respect to the time 


6 = 



(3*7-20) 


Hence we have for the determination of r in 
differential equation 



terms of f, the 


(3*7-21) 
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The integration of eq. (3*7-21) for the special case of planetary 
elliptic motion will be given in the next section. 


3*8. Planetary Motion. About the beginning of the seventeenth 
century the laws of planetary motion were enunciated by Kepler 
after many years of laborious calculation and reduction of observa¬ 
tions of the positions of the planets. These laws are three in 
number, viz. (1) that the planets describe, relatively to the sun, 
ellipses of which the sun occupies a focus; (2) the radius vector of 
each planet traces out equal areas in equal times; (3) the squares 
of the periodic times (i.e., periods of revolution) of any two planets 
vary as the cubes of the major axes of their orbits. These laws 
do not imply that the sun must be stationary in the reference 
system being used. In this section we shall actually make this 
assumption, reserving the general case for later consideration. 

We recall at once that the second law is satisfied by any par¬ 
ticle moving in a central field of force [eq. (3*6-7)]. It remains 
to be shown, however, that if the second law is satisfied the force 
acting on the planet is directed toward the sun, i.e., it is a central 
force. But this follows at once from the result of differentiating 
eq. (3*6-5) (the expression of the second law in rectangular co¬ 
ordinates) with respect to the time. The result is, of course 


I 

X X 


(3*8-1) 


whence, since mj) and mx are respectively the y and x components 
of the force, the latter must be directed through the origin and 
hence be a central force. 

We can next show that the first law of Kepler implies an inverse 
square law of force. The polar equation of an ellipse referred to 
the focus as pole is (with a = 0 for convenience) 


1 

r 

as given in eq. (3*7-7). 


1 — € cos B 
= u = - > 

€p 

We therefore have 

d^u cos B 

dB^ p 


(3*8-2) 


(3*8-3) 
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Now for any central force we have shown that the function /(m) 
[eq. (3-6-15)] obeys the equation 


f(u) = -mw(u 


On substitution from (3*8-2) and (3*8-3) we therefore have 


f(u) = 


ep 


(3*8-4) 


which shows that the force varies inversely as the square of the 
distance, the negative sign of course indicating attraction. 

The third law of Kepler may also be shown to follow from the 
laws of motion in an inverse square central force field. For we 
have 

==2S = k, (3-8-5) 


where S is the area swept out in time t by the radius vector. In 
one period P of the motion the area traversed will be the area of 
the ellipse itself, or irab, where a is the semi-major axis and b is 
the semi-minor axis. (That this is the area may be verified by 
simple integration.) Noting the relation^ 


we have 


b = aVl — 



(3-8-6) 

(3-8-7) 


From eq. (3-8-2) in connection with Fig. 3*7 we see that 


^max 


mk^ 

C(1 -€)' 


and 


^mln ” 


mk^ 

C(1 + €)' 


(3-8-8) 


corresponding respectively to the positions marked A and B. 
The former is termed aphelion while the latter is the perihelion. 
Clearly 

2a — rxa&x ”i" ^mln 


mk^ 2 
c 1 — e* 


(3-8-9) 


‘ Smith and Gale, loc. cit., p. 162. 
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Therefore 



and (3*8-7) becomes 

= -> 


(3*8-10) 


which is the mathematical statement of Kepler’s third law. 

It will be recalled that the connection between the laws of 



Kepler and motion in an inverse square central force field led 
Newton ultimately to propound his law of universal gravitation 
already stated and discussed in Sec. 2*3. 

The quantity c, the coefficient in the central force expression 
used in this and the previous section, can be expressed in terms of 
the gravitational constant G (see Sec. 2*3) if the central force is 
due to a particle of mass M. Then c = GmMy and the equation 
(3*8-10) can be written in the form 


P2 = 


4ir2a® 


GM 


(3*8-11) 


From this it follows that if a planet has a satellite whose period 
of revolution P about the planet can be observed as well as the 
semi-major axis a of its orbit, the mass of the planet may thereby 
be obtained. The mass of the sun is, of course, obtainable by the 
use of the same equation. 
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It is interesting to note that the orbits of many comets (the 
non-returning kind) have been found to be parabolas, a special 
variety of central field motion, thus lending further support to 
Newton’s law. 

The time ” equation for an elliptical planetary orbit can be 
obtained by the integration of eq. (3*7-21) of the previous section. 
The latter becomes on separation of variables and choosing the 
plus sign 

Jc 

'=== = - dt (3*8-12) 

1 _ ^ 

,€ r / 



If 


we recall that the quantity p is given by 

mk^ 

V = —» 


ce 


(3*8-13) 


we have from (3*8-9) the relation 

ep = a(l - e^). (3*8-14) 


Substituting for p in terms of a and e in eq. (3*8-12), we are led 
to the form 


r dr ^ 

y : .. ...... ,, . . = / ill dt. 

— (a — r)^ aVl — 


(3*8-15) 


Now it is of advantage to introduce the observable quantity P, the 
period of the planet’s revolution. From eq. (3*8-10) we have 


But 


P 


1 1^. 

2w \ ma^ 


£ F ^ k^ 

m ep a(l — €^) 


(3*8-16) 


from eq. (3-8-13) above. 

1^ 

P 


Therefore 
1 k 
2^ aVl - 


(3-8-17) 


and eq. (3-8-15) becomes 

r dr 2v 

— • y — .. -. . nnz — dt. 


(3-8-18) 
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To integrate this equation conveniently it is customary to intro¬ 
duce a new variable E defined by the equation 


a — r = ae cos E, (3*8-19) 

so that 

r = a(l ~ ecosE). (3*8-20) 


E is an angle and is called in texts on celestial mechanics the 
eccentric anomaly. To understand the geometrical significance 
of the latter, let us refer to the following figure (Fig. 3*8). This 



Fig. 3-8 


presents the elliptical orbit APB with the focus at 0 and center at 
C. Let us draw the circle AQB of radius a about C as center. 
This is termed the auxiliary circle. Suppose the planet is at the 
position P with coordinates r and 6. Through P construct PD, 
the perpendicular to the major axis AB, and let it intersect the 
circle at Q. Then the angle QCB = E, the eccentric anomaly. 
That this satisfies the definition given in the relation (3*8-20) 
may be seen from the fact that from the figure we have 

r cos 6 + CL cos E = OC. (3*8-21) 


But OC 
to 


a r ijrtip — a 


mk^ 


•from (3-8-8), and this reduces 


OC = 


c(l -f *) 

a + at — tp a + 06 — a + ae* 


1 +* 


= at. 


l+t 
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Hence (3-8-21) becomes, using eq. (3-8-2), 



r 

- p + CL cos E = ae, 

€ 

r = ep + ae^ — ae cos E. 


(3-8-22) 


But ep = a{\ — €^) and hence (3-8-20) follows. 

Now substituting into (3-8-18) the differential equation becomes 

27r 

— di= (1 - € cos E) dE, (3-8-23) 

and integrating we have 
27r 

— (t — to) = E — € sinE, (3-8-24) 

where is the time for E = 0, i.e., the passage through peri¬ 
helion (see the figure). Now 27r/P • (^ -* fo) represents the angle 
through which the radius vector would have moved at the uniform 
angular velocity o) = 27r/P. This angle is called in celestial 
mechanics the mean anomaly and often denoted by M, The 
relation 

M = P - €sinP (3-8-25) 


is known as Kepler^s equation^ and as soon as M is known for any 
time it can be solved for P, whence r and 6 can be found for any 
instant. However, since the equation (3-8-25) is transcendental, 
its solution cannot be expressed in a closed form. Methods for its 
approximate solution in various cases will be found in texts on 
celestial mechanics.^ 

^ 3‘9. Electroxi Motions in ^the Bohr Model of the Hydrogen 
Atom. The Bohr-Rutherford atom model,'which* is still of great 
value in pictorial representations-of atomic structure, pictures the 
hydrogen atom as formed of a heavy nucleus with a charge of posi¬ 
tive electricity of magnitude e = 4.80 X electrostatic units, 
and a negatively charged electron with charge — e. To a first 
approximation the electron is supposed to move about the nucleus 

1 For example, see F. R. Moulton, “ Celestial Mechanioe (Macmillan, New 
York, 2nd ed,, 1914), p, 160 ff. 
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in an orbit due to the central electrostatic attraction of magnitude 
— where r is the distance between the particles. The gravi¬ 
tational attraction can easily be shown to be negligible compared 
with the electrostatic, for the mass of the hydrogen nucleus is 
1.66 X grams while that of the electron is approximately 
0.9 X 10“^^ grams. As a matter of fact the investigation in a 
later chapter will show that the two particles both move about 
their common center of mass (see Sec. 6*3). However, the motion 
of the nucleus due to its much larger mass is so slight compared with 
that of the electron that for the present we may neglect it and con¬ 
sider that the electron moves in a central field about an approxi¬ 
mately stationary nucleus. Since the orbit of the electron must 
be bounded in space as long as it remains in the atom, the path 
will then be an ellipse with the nucleus at one focus, as we learn from 
our study of the analogous case of planetary motion discussed in 
Sec. 3*8. 

Now an outstanding feature of the Bohr theory is the postulate 
that not all elliptical orbits are possible for the electron, i.e., not 
all values of the semi-major axis a and eccentricity e occur. The 
possible orbits are those for which the following extra-mechanical 
conditions are satisfied, viz.. 


^ pedB = nih, 
^Prdr= n2h. 


(3-9-1) 


These relations are to be interpreted thus: pe is the so-called 
moment of momentum of the electron in its path, viz.. 


Pb = mr^ = mrvij 


(3-9-2) 


where vi = r6 = velocity component at any instant perpendicular 
to the radius vector [recall eq. (1-4-3)].^ On the other hand pr 
is the so-called radial momentum, i.e., 

Pr = tnf. (3-9-3) 


^ The moment of momentum is now commonly referred to as the angular 
momentum^ though the latter term is more strictly applicable to rigid bodies 
than to single particles. Note that Pb is also interpretable as the product of 
mass and area constant [cf. eq. (3-6-7)]. 
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The form in which the integrals in (3-9-1) are written is to in¬ 
dicate that the integration is to extend over the whole region of 
variation of the variables in question. Thus the first integration 
will extend from 0 = 0 to 0 = 2ir as limits, while the second is 
taken from rmin (i.e., perihelion) to rmax (aphelion) and back again 
to Tmin along the elliptical path. The actual method of integration 
will be indicated below. The quantity h is the fundamental con¬ 
stant of the quantum theory, the so-called constant of Planck.^ 
The quantities Ui and 712 are integers, and the conditions expressed 
in the equations (3-9-1) are known as the quantum conditions. 
We must emphasize that they are not deductions from previous 
theory but are outright postulates or assumptions. We cannot 
here be concerned with their true significance for it would take a 
considerable discussion of atomic structure theory to make this 
clear. What we are interested in is their influence on the possible 
motions of the electron. 

Substituting the value of pe from (3-9-2) into the first condition 
and recalling that for a central field motion r^ = k [eq. (3-6-7)] we 
have: 

X 2ir 

mk do — nih, 


or 


mk = pe — const. 


nih 


(3-9-4) 


The carrying out of the integration in the second condition is 
somewhat more troublesome. Let us write the polar equation of 
the ellipse in the form 


r = 


a(l - €2) 

- f 

1 — € COS B 


(3-9-5) 


1 The student’s attention at this point is directed to the good popular treat¬ 
ment of the classical quantum theory of atomic structure in A. Haas, “ The 
World of Atoms(D. Van Nostrand, New York, 1929). See also in the same 
connection the readable work of K. K. Darrow, “ Introduction to Contempo¬ 
rary Physics” (D. Van Nostrand, New York, 1926) or the more recent text by 
G. E. M. Jauncey, Modern Physics ” (D. Van Nostrand, New York, 1932). 
The more ambitious student may profitably consult Ruark and Urey, Atoms, 
Molecules, and Quanta ” (McGraw-Hill, New York, 1930), Loeb, ” Atomic 
Structure ” (Wiley, New York, 1938), or H. Semat, “ Introduction to Atomic 
Physics ” (Rinehart, New York, 2d ed., 1946). 
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which follows from eq. (3-8-2) if we note that 




(3-9-6) 


from eqs. (3*7-14) and (3*8-9). Now the radial momentum can be 
transformed as follows 

dr . mk dr ^ 


Pr = mr = m — d = — — » 

^ de r2 de 


(3-9-7) 


, dr , a6(l — e^) sin B dd 

’'’■-iS'"-(l-.co,.)= ' 


(3-9-8) 


from eq. (3*9-5). Therefore on substitution the second condition 
becomes 


, o sin^B 

mke I — - —dd = ndi. 

Jo (1 - € COS ey 


(3*9-9) 


We integrate this by parts, obtaining 


n^h = mke 


which reduces to 


nji = mk 


e cos B 


i2ir / I 


r(i 


Jo Jo 1 — e C( 

— - -ijde, 

— e COS B / 


(3-9-10) 


since the square bracket above vanishes on the introduction of the 
limits. The integral 

dB 2t 

/ -- = ——- > (3*9-11) 

Jo 1 — € cos B vTTTTz 


Jo 1 — € cos B Vl — 

from No. 300 in Peirce^s Table of Integrals. Therefore the sec¬ 
ond quantum condition becomes 


— e2 2irfcm 

_ 712 
ni 


(3-9-12) 
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utilizing the first condition [eq. (3*9-4)], whence 




(ni + 712 ^ 


(3*9-13) 


But this means that the possible orbits of the electron are re¬ 
stricted to those for which the eccentricity e takes the values 
allowed by (3*9-13), as Ui and 712 assume all possible positive in- 


o 

n^n=l 




Fig. 3*9 


tegral values.^ To each value of € correspond also definite major 
and minor axes. Thus combining (3*9-4) and (3*9-6) we have 


(ni + 7i2Yh} 
4ir^me2 


(3*9-14) 


noting that c = in this special problem. The dimensions of the 
allowed orbits are thus fully fixed by the quantum conditions. A 
few sketches for certain selected small values of rii and 712 will 
serve to illustrate the essential results we have obtained. (Fig. 
3-9.) 

The times of revolution in the allowed orbits are given at once 
from Kepler's third law, eq. (3*8-10). Thus substituting into 

^ It is customary to exclude the value ni = 0 since this corresponds to 
6*1 and a straight line orbit through the nucleus, which is physically meaning- 
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(3-8-10) from (3-9-14) we have 


(wi + 

- > 


(3-9-15) 


the periodic times thus increasing with the cubes of the natural 
numbers. 

It may also be remarked that under certain conditions an elec¬ 
tron coming from outside the atom will move in a hyperbolic 
path about the nucleus. These conditions are, indeed, precisely 
those laid down in Sec. 3*7. 

Further discussion of the application of the Bohr theory will be 
found in Sec. 4-4. 


3-10. Motion in a Repulsive Inverse Square Force Field. Alpha 
Particle Deflection. In our discussion of the motion of a particle 
in an inverse square field we have dealt wholly with the case where 
the force is attractive. There is, however, an important signifi¬ 
cance to be attached to the case in which the force is repulsive. 
Consider a positively charged nucleus of an atom (Fig. 3-10) 


Ne 



with charge Ne {N being an integer and e the fundamental unit 
of charge, 4.80 X 10“^° e.s. units). Next suppose that an alpha 
particle, a doubly charged helium atom, i.e., the nucleus of a helium 
atom with charge 26, is projected into the neighborhood of the 
nucleus Nc in such a way that at a very great distance where the 
repulsive action is very slight the alpha particle has a velocity 
in the direction QQ\ For convenience we shall describe the mo¬ 
tion of the alpha particle in terms of polar coordinates r. By choos¬ 
ing the polar axis parallel to QQ' and placing Ne eX the pole. The 
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perpendicular distance between QQ' and the axis is denoted by q. 
The force of repulsion between the alpha particle and the nucleus 
is of magnitude 2 Ne’^/r'^^ and therefore the analysis of Sec. 3-7 will 
at once apply, with the quantity c of that section now assuming 
the value —2Ne^, i.e., being negative instead of positive. The 
orbit of the alpha particle will therefore be a conic with equation 
[see eq. (3*7-7)] 


r = 


_ 

1 — € cos {6 — a) 


(3*10-1) 


From eq. (3*7-16) we see that since Vo > 0 for ro = e > 1 and 
the orbit is a hyperbola. As Fig. 3*10 shows, r approaches oo for 
two values of 0, namely tt and 6 ^. Hence we have from (3*10-1) 
the conditions 

cos (tt — Of) = i ~ cos a, (3*10-2) 


and 


cos (do — a) 


1 


e 


(3*10-3) 


Combining (3*10-2) and (3*10-3) yields (since sin a = — 1/e) 


or in terms of ^o/2, 


1 -j- cos 00 
sin 00 


= - 1 , 



(3-10-4) 

(3-10-5) 


Now if we examine Fig. 3*10 we see that as 0 —> tt, we have to an 
increasingly good approximation 

rsin0 = g. (3*10-6) 


Hence in the neighborhood of 0 = tt 

r = -gcoB0- -7A =1= -r^J^ - 1. (3-10-7) 

sin® 0 \ 5® 

Applying (3*7-10) we are led at once to the simple but important 
result 




(3*10-8) 
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Now return to (3*7-13) which becomes for y = Vo at r = qo 


- 1 = 


~k^ 


(3*10-9) 


Employing (3*7-14) to substitute for ep, we get 


1 = 


mVvo^ 


4AV 


(3*10-10) 


Using (3*10-8) we obtain finally 


- \ = 


mvQ^q 
2 Ne^ ' 


whence (3«10-5) becomes 


do mvo^q 

cot — = -- 

2 2Nc^ 


(3*10-11) 


(3*10-12) 


This will give us the angular deviation of the alpha particle from 
its original path. Let us ascertain its order of magnitude in a 
special case. For an alpha particle we have approximately 
m = 6.6 X 10“^^ grams,^ and vq may be taken as approximately 
2 X 10® cm/sec, which is very close to the actual value for the 
velocity of a-particles from Radium C. The velocities of these 
particles depend on the source. ^ The electronic charge e has al¬ 
ready been given as 4.80 X 10"^® electrostatic units. Substitution 
then yields 

cot ^ = 5.83 X 10‘’ ^ • (3-10-13) 


Let us suppose that N = 79, i.e., that the nucleus is that of gold. 
In order to produce a deflection of 150®, such as has been experimen¬ 
tally observed in the case of gold, the a-particle must approach 
the nucleus within such a distance that q = 3.66 X 10“^® cm 
approximately. It is evident that experiments on the deflection 
of alpha particles are of great value in enabling us to estimate 

1 These data are taken from Birge, ^‘Values of the General Physical Con¬ 
stants,^^ Reviews of Modern Physics, July 1929. For the methods of determining 
them and for other information on atomic theory the student is recommended 
to read the books referred to in Sec. 3-9. 

* See Lord Rutherford, Chadwick and Ellis, ** Radiations from Radioactive 
Substances (Cambridge University Press, 1930), p. 47. 
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limits for the dimensions of the nucleus. As a matter of fact it 
should be noted that the whole nuclear theory of atomic structure 
rests on experiments of this nature (with the accompanying theory) 
carried out by Rutherford about 1911.^ 


PROBLEMS 

1. A projectile is shot off with an initial velocity of 2500 ft/sec at an angle 
of 30° to the horizontal. Assuming no air resistance calculate the total time 
spent in the air, the range, and the total length of the path in the air. 

2. A projectile travels in a medium which resists its motion with a force 
of the form A;v, where A: is a coefficient of proportionality and v is the vector 
velocity in the orbit, with components x and y respectively. Calculate the 
range and time spent in air as a function of k and the projection velocity and 
angle. 

3. A projectile is projected at angle a with velocity Vo. Find the time at 
which the angle which the direction of motion makes with the direction of 
projection is 7r/2 — a. 

4. Two simple harmonic motions take place along the x and y axes respec¬ 
tively with equal amplitudes but with frequencies in the ratio 4:3. Find the 
curve resulting from the composition of the two motions. 

5. Calculate approximately the mass of the earth and the mass of the sun 
from Newton^s law of gravitation. Data: radius of earth, 4000 miles; g — 980 

dyne cm^ 

cm/sec*; G, the constant of gravitation, = 6.67 X 10~®-; R == mean 

gm2 

distance from earth to sun = 93,000,000 miles. 

6. Calculate the orbit of a particle moving in a plane under the influence 
of a central force varying directly as the first power of the distance from the 
force center. 

7. Find the way in which the central force must vary with the distance 
from the force center in order that the particle may describe the spiral r ~ 1/cd, 
where c is constant and r and 0 are the usual polar coordinates. 

8. Find the way in which the central force must vary with the distance 
from the force center in order that a particle may describe the leraniscate 

cos 20, 

the force center being assumed to be at the pole. Use the law of areas to find 
the expression for the resultant velocity of the particle as a function of r. 

9. The expression 2r^ in central field motion is usually called the Coriolis 
acceleration. Show that it is equal to — r0\ Hence find the expression for 
0 in an elliptical inverse square orbit as a function of 0. 


See Rutherford, Chadwick and Ellis, he. cit., Chap. VIII. 
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10. The fourth satellite of Jupiter has a period of approximately 16.75 days 
and its semi-major axis is approximately 1.88 X 10® meters. Find an approxi¬ 
mate value for the mass of the planet. 

11. The eccentricity of the orbit of the planet Mercury is approximately 
0.206. Its period of revolution is 0.24 year. If its semi-major axis is approxi¬ 
mately 58 X 10* kilometers, at what rate does its radius vector sweep out area? 

12. An electron moves in the xy plane under the influence of a uniform elec¬ 
tric field directed along the y axis and a uniform magnetic field directed along 
the z axis (perpendicular to the xy plane). From the theory of electricity and 
magnetism the component equations of motion are: 

mx = —eyH/c 
my - —eE-\- exHjCy 

where e is the charge on the electron, and E and H are the electric and magnetic 
field intensities respectively, and c is the conversion factor 3 X 10^®. Integrate 
to show that the orbit of the electron is a cycloid. Show that one gets different 
forms of cycloids depending on the choice of initial conditions. 

13. Plot to scale the various types of orbits allowed to the electron in the 
hydrogen atom (discussed in the text) by the quantum conditions for the cases 
where the sum of the two quantum numbers ni + Ui is equal to 1, 2, 3, 4 
successively. Calculate in each case the perihelion and aphelion distances 
(i.e., minimum and maximum distances from the nucleus). 

14. Prove that when a particle moves in any central field of force the veloc¬ 
ity at any point is inversely proportional to the perpendicular from the force 
center to the tangent to the path at that point. 

15. Under what central force will a particle describe a circle with the force 
center on the circumference of the circle? 
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4*1. Potential Energy and the Energy Concept. Conservative 
Forces. In Chapter I we introduced the concepts of work and 
kinetic energy (Sec. 1*10). In the discussion of Chapters II and 
III we made relatively little use of these concepts, restricting our¬ 
selves almost completely to force and the equation of motion. It 
is important to recognize that this is sufficient for a large part of 
mechanics. However, it is now time that we began to avail 
ourselves of the powerful concept of energy. We approach this 
concept in the following way. In Sec. ITO we have seen that 
when a particle of mass m is in motion with velocity having mag¬ 
nitude V (with reference to some inertial system), it is convenient 
to associate with its motion the quantity the change in which 
over a given interval represents the work done by the resultant 
force on the particle during this interval. We have called this 
quantity the kinetic energy of the particle. 

Let us now examine the work-kinetic energy theorem (eq. 
1*10-20) more closely. We return to the general equation 



F • dr = ^mvi^ 




(4*1-1) 


but for simplicity confine our discussion at first to rectilinear motion 
along the x axis. The equation in question then becomes 



Fx dx = \mxi“ — 


(4*1-2) 


Let us now suppose that Fx is an integrable function of a:, i.e., there 
exists a function V(x) such that 

Fxdx = —dV, (4*1-3) 

On integration, we have, if we denote ^mxi^ and by Ki and 

Kof respectively, 

Vi- Vo+ Ki- K, = 0 

or 

K\ + Vi - Ko + Vo — const. = {7. (4*l--4) 
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In other words the quantity C/, which is the sum of K and F, 
remains constant during the motion. We shall call F, which is a 
function of x, the potential energy of the particle. We have then 
just shown that for the above simple case if such a function exists 
the sum of the kinetic and potential energies remains constant. 
We shall denote this sum (f7) as the total mechanical energy of the 
particle. This is at once subject to generalization to the case of 
motion in three dimensions. Thus let us write the force vector F 
in terms of its components along the y and z axes respectively, 
viz. 

F = iFx + ]Fy + kF„ 

where F*, Fy and F* are, in general, all functions of the three 
coordinates x, y, z. The displacement vector dr may also be 
written likewise 

dr = id:r + jdy + kd^. 

We then have from the definition (l*10-*5) 

F • dr = Fx dx H- Fy dy -f- Fz dZy 


so that eq (4*1-1) becomes, if the integration is conducted from 
the point Fo to the point Fi, 


r 


(Fx dx + Fydy + Fz dz) = \mvi^ 


Imvo^. (4*1-5) 


Now if the expression Fx dx + Fy d?/ + F* dz is a perfect differen¬ 
tial, i.e., if there exists a function F (Xy y, z) such that 


Fx dx+Fy dy+ Fz dz = 


aF_ dF, dF, 

— dx - dy - dz = —dF, 

dx dy dz 


(4-1-6) 


we again have 


K + F = f7 = const. 


(4*1-7) 


We recall from calculus that dF is called the total differential 
of the function F(x, i/, 2 ). It is the total change in F correspond¬ 
ing to the alterations dx, dy, dz in x, y, z respectively. Fx then 
appears as the negative rate of change of F with respect to x, 
viz., Fx == -'dVIdx] similarly for Fy and F«. We are now under 
the necessity of introducing partial derivative signs since F is a 
function of more than one variable. 
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It must be emphasized that the existence of the potential energy 
V to satisfy (4-1-6) demands a rather stringent condition. It will 
be recalled from calculus or can be seen without trouble from 




dx 


Pv 


that we must have 


dV „ dV 

dy* ' dz 


dFx _ ^Fy dFx dFx dFy dFz 
dy dx dz dx dz dy 


(4.1-8) 


It will not need much experimentation to convince the reader that 
very few forces chosen at random will have components satisfying 
(4-1-8). Thus 

Fx — hy, Fy = kz^ Fz = kx, 


where fc is a constant, certainly will not yield a function V. On 
the other hand 

Fx = kx^ Fy — kyy Fz = kz 
does satisfy (4.1-8) and indeed leads at once to 
V = \k{x^ + 2/^ + 2 :^). 


Forces whose components satisfy (4*1-8) and for which the 
potential energy exists are called conservative forces, since for them 
it is possible to define a total mechanical energy U which remains 
constant during the motion or may be said to be conserved. Eq. 
(4.1-7) then becomes the celebrated principle of the conservation 
of mechanical energy. The particle in this case is said to constitute 
a conservative system. Since for a conservative system 



F-dr = ~(7i ~ Fo), 


(4-1-9) 


where Fo is the value of the potential energy at the beginning of 
the path, and Fi the value at the end of the path, it follows that 
the gain in potential energy is the negative of the work done by 
the force during the motion. Or we can say that the gain in 
potential energy in any motion of a particle under a conservative 
force must be balanced by an equal loss in kinetic energy. 

A simple illustration will help to render our discussion clearer. 
Revert to the rectilinear motion of a particle attached to a spring 
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(Sec. 2*2). Here the elastic restoring force is 

Fx = ‘-kxy 


where k is the elastic constant. 
Hence 



hkxo^). 


(4-1-10) 


(4-1-11) 


Therefore we may write for the potential energy of the particle 
attached to the spring when its displacement is x, 

V = ikx^ + C, (4-1-12) 


where C is an arbitrary constant. We see that V is not absolutely 
determined in that we may always add to it a quantity independent 
of X. It is desirable to consider V — 0 when a: = 0, and therefore 
in the present case we shall set (7 = 0. The field of force in the 
present case is conservative and the total energy of the system is 

U = + Pxl (4-1-13) 


It is interesting to observe that this is precisely the form of 
equation that results from the first integration of the equation of 
motion of the system 

mx = —kXf (4-1-14) 


as we recall at once from Sec. 2-2. We can generalize this state¬ 
ment and say that the first integral of the equations of motion of 
a conservative system is the equation of energy. For let us write 
the equations of motion in component form 

= Fxj mi/ = Fy^ 

m2 = Fx. (4-1-15) 

Multiplying these respectively by x dt, y diy 2 dty and adding, we 
obtain 

d[\m{x^ + 2/^ + 2*)] = Fxdx + Fy dy + F* dz, (4-1-16) 

and if the right-hand side is —dV, we have at once on integration 
\mv^ + Y = JT* = const. (4-1-17) 

It is thus evident that whenever we are dealing with a conserva¬ 
tive system the energy equation will be of considerable impor¬ 
tance. Incidentally, examination of (4-1-17) reveals that at the 
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place where F is a minimum, K (the kinetic energy) is a maximum 
and vice versa. 

4‘2. Energy Relations in a Uniform Field. Here the force 
equation for rectilinear motion is 

Fx = = const. = ky (4-2-1) 

and the energy equation is therefore 

— kx = U, (4-2-2) 

the potential energy being V = —kx. This is then the form 
assumed for the case of a particle falling freely near the surface 
of the earth. The constant k is in this case —mg, where m is 
the mass of the particle and g the acceleration of gravity. Suppose 
a particle dropped from a height h above the ground. Its potential 
energy at the instant of dropping has the magnitude mgh relative 
to the earth’s surface and at the instant it reaches the earth be¬ 
comes zero, having all changed ” into kinetic energy. Hence 
the total energy of the particle will be equal to its potential energy 
at the start, viz., mgh. We thus have 

iiC + F = mgh. (4-2-3) 

From this the velocity with which it strikes the ground is given 
by 

V = (4-2-4) 

as in the treatment of Sec. 2-2. The question may arise — what 
happens to the kinetic energy which the particle has at the mo¬ 
ment of striking? The particle may be said to transfer this to the 
earth as a result of collision. In such a collision heat is developed 
and sound waves are produced. If we are willing to suppose that 
these physical manifestations involve energy, we can then say 
that some at least of the kinetic energy of the particle is “ trans¬ 
formed ” into energy of another form. We here glimpse the 
doctrine of the universal conservation of energy, which supposes 
that mechanical energy as we have defined it cannot be destroyed, 
but can only be changed into some other kind. 

Incidentally we now see another significance of the statement 
made in Sec. 2-2 concerning the motion of a particle along an 
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inclined plane. Consulting Fig. 4*1 we recall that the velocity 
along the plane of length I at the bottom is equal to the velocity 
which would have been gained by direct vertical fall from A 
through the height h. But the 
meaning of this in terms of the 
energy equation is now clear. The 
potential energy is a function of 
the vertical height x above the 
level BD of the bottom of the 
plane. Hence, as long as the mo¬ 
tion stays conservative, it makes B 
no difference how the fall takes Fig. 41 

place to the bottom: the change 

in potential energy and the equal change in kinetic energy will be 
the same. As a matter of fact, this then will still be true if the 
motion were to take place along the curve ACE. This of course 
supposes that there is nothing peculiar about this motion such as 
friction, for example, to render it non-conservative. 



4‘3. Energy Relations in a Central Force Field. The equations 
of motion for a particle in a central field of force have already 
been given (eqs. 3*6-3) as 


m’c = F (r) ■ 


my = F{r) -• 
r 


(4*3-1) 


Let us now vary the procedure of Sec. 3*6 by multiplying both 
sides of the first equation by x dt and both sides of the second by 
y dt. We thus have 


F(r) 

diimx^) = — 
r 

Fir) 

- - hd{y^). 

r 

Adding, and recalling that 

x* + = r*, 


(4-3-2) 


(4-3^) 


+ J)* = v\ 


(4-3-4) 
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where v is the magnitude of the velocity of the particle, we obtain 


d(lmv^) == d(r^) — F{r)dr. 

2r 

(4-3-5) 

The indefinite integral yields 


^mv^ — J* F (r) dr = C. 

(4-3-6) 

We can now set F(r) dr = —dV (r). Then 


~imv^ + V(r) = C = U, 

(4-3-7) 


where V (r) is the 'potential energy of the particle in the central 
force field; the above expresses the fact that the field is conserva¬ 
tive ^ i.e., the total energy U remains constant. Incidentally it also 
expresses the important fact that in a central force field the mag¬ 
nitude of the velocity of the particle at any point depends only on 
its distance from the force center and is thus independent of the 
path or whether the particle is approaching or receding from the 
center of force. 

Eq. (4-3-6) is the energy integral. Of course if the function 
F{r) happened to be a function of the velocity or the time ex¬ 
plicitly, eq. (4 3“7) would not exist and the system would not be 
conservative. 

To go back to 

dV 

F(r) = - (4-3-8) 


let us note that the component changes in V with respect to x and 
y are given by 

dx dr dx r dr 

(4-3-9) 

dy dr dy r dr 


Substitution into (4-3-1) then yields 


m2 = — 


dx 


my = 


dy 


(4-3-10) 
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But the right-hand members in (4*3-10) are the component forces 
Fx and Fy [eq. (3*6-1)]. Hence we have as in Sec. 4*1 

dV dV 

F. = > Fy= (4*3-11) 

ax dy 

and the potential energy F, considered as a function of x and y, 
is a function such that its negative partial derivatives with respect 
to X and y respectively are the component forces along the x and 
y axes. From this point of view F has often been referred to as 
the force Junction} We shall still continue to use the term po¬ 
tential energy when we take F to measure a property of the 
particle. Often, however, it is extremely valuable to think of F 
as describing the nature of the field in which the particle is moving. 
For this purpose we shall define F/m, i.e., the potential energy 
per unit mass for a particle at any particular point as the potential 
of the field at that point^ and denote it by Vp. This viewpoint 
may be made clearer as follows. From the definition given in 
Sec. 1*10, it follows that 

F(r)dr = dW (4*3-12) 

is the work done when the particle of mass m is displaced a distance 
dr in the direction of the force. Then 



- = Vpo- Vp, 
m 


is called the difference in potential at the points distant ri and ro 
from the force center. It is thus the work done in the motion 
of a particle of unit mass in the force field from the one place to 
the other, and it is interesting to see that this work is independent 
of the path followed by the particle, for it depends on the values 
of Fp at the two points only. 

^ More commonly the negative of F has been taken as the force function. 
This accounts for the difference in sign often encountered in various texts in 
the corresponding potential formulas for gravitational attraction and electro¬ 
static attraction respectively. 

2 This is the definition for the case of gravitational attraction. We can also 
define the electrostatic potential as the potential energy per unit charge and 
the magnetostatic potential as the potential energy per unit magnetic pole in 
the case of electric and magnetic fields respectively. In general then the 
potential at any point in a conservative field is the potential energy per unit 
quantity of a particle at that point. 
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We have already noted that the potential energy is not an absolute 
quantity for a given particle. In the integration (4*4-1) the 
constant is arbitrary and may have any value we choose to give it. 
It therefore follows that, in measuring potential energy, all we 
can really do is to give the difference in potential energy for a 
certain particle at two different places. If, however, in the special 
case of the inverse square motion, we agree to let the potential 
energy be zero at a very great distance from the force center, 
i.e., r = 00 , the value of the constant is zero and the potential 
energy is simply V = — c/r. The total energy U is thus equal to 
the kinetic energy at r = qo . V divided by the mass of the par¬ 
ticle also appears, as we have seen, as the potential of the field at any 
point distant r from the force center, i.e., the amount of work which 
is done on a particle of unit mass as it moves from the point in 
question to infinity (physically speaking a very great distance), 
or the work, equal to the former in amount, which is done by the 
particle in moving from an infinitely distant point to the point 
in question. 

We have already seen in Sec. 3*7 that a particle in a central field 
of force varying inversely as the square of the distance to the 
force center moves in a conic section. In the particular case in 
which the motion is bounded the conic is an ellipse with the force 
center at one focus. We discussed in Secs. 3*8 and 3*9 important 
applications of this to planetaiy motion and the motion of an 
electron in the Bohr atomic model respectively. It is now of 
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interest to introduce energy considerations in this type of motion. 

Let us get an expression for the total energy in elliptical motion 
in terms of a parameter connected with the elliptical orbit. From 
eq. (44-2) we see that 

U = -£_, (4-4r-4) 

^max 

where ^rmax is the velocity at aphelion. We can get this from 
(37-12) in the form 

(44-5) 

T _^ 


where fc is the area constant. Now from (3-8-9) there follows 

ac(l — e^) 


fc2 = 


m 


At the same time (3*8-20) yields 

rinax ~ (l{\ “h c). 

Hence we have ultimately 


(4-4-6) 


(4-4-7) 


c(l ~ €) c c , , 

U = —^- - --- (4-4-8) 

2a(l+6) a(l+6) 2a ^ ^ 


Since for an attractive inverse sqpare field c is positive, this brings 
out again the important fact that the total energy is negative for 
an elliptical orbit. The formula (4-4-8) is attractively simple. 
We can apply it at once to obtain the allowed energy values for the 
electron orbits in the Bohr model of hydrogen. 

In (3-9-14) we found the allowed or quantized values of the 
semi-major axis of the electron orbit in hydrogen in the form 

a = (^1 + 


Substitution into (4-4-8) immediately yields the allowed energy 
values (putting c — in this case) 


C/n == 


27r^7ne^ 


(4-4-9) 


where we have set n = tii + ^ 2 , the so-called principal quantum 
number. The smallest value of U corresponds to n = 1 and is 
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called the energy of the ground state. Thus 


(44-10) 


where ao is the smallest possible value of a. Substitution of the 
relevant values of m, e, and h yields approximately 

ao = 0.53 X 10~® cm. 


This provides an idea of the size of the hydrogen atom in the 
ground state. Substitution yields 

Ui = 21.5 X 10-12 erg. 

It is customary to use as the unit of energy in atomic problems 
the so-called electron volt, which is the energy gained by an 
electron in falling through a potential difference of 1 volt. The 
charge on the electron is 4.8 X IQ-i® electrostatic units and the 
volt is 1/300 e.s.u. of potential. Hence the energy in question is 
1.6 X 10-12 erg. Therefore 

U\ = 13.5 electron volts. 


This is termed the ionization potential of hydrogen, since it is the 
energy which must be given to the hydrogen atom in its ground 
state in order to remove the electron completely, i.e., ionize the 
atom. 

Once the allowed energy values Un (eq. 44-9) have been found 
for the hydrogen atom, the Bohr theory frequency postulate 
enables us to calculate the frequencies of the lines in the spectrum 
of radiation from excited and luminous hydrogen gas, as in a dis¬ 
charge tube. According to this postulate when a hydrogen atom 
makes a transition from the stationary state with energy Uni to 
the state with energy (7n2, if Uni > Un 2 y radiation is emitted with 
frequency where 


Uni - l/n2 


(44-11) 


If Uni < Un 2 , the atom is said to move into an excited state. It 
can then absorb radiation of the same frequency given in (44-11). 
One of the conspicuous successes of the Bohr theory was its ability 
to predict the frequencies of the lines in the so-called Balmer 
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series in the visible spectrum. For this, 712 
3,4,5 •••. Thus 

27r“mc^/l 1 \ 

\4 Ui^) 


2, while rii == 
(4-4-12) 


gives the observed frequencies in question with very high accuracy 
when = 3, 4, 5 • • •. For further details on the Bohr theory 
the books referred to in Sec. 3-9 may be consulted. 


4*5. Potential Calculations. The calculation of the potential for 
a field of force is often an important problem. Once it is accom¬ 
plished we can write the energy equation for the motion of a 



particle in that field. Hence much attention has been paid to this 
problem, particularly in the case where the force field is produced 
by collections of mass particles. We have already noted that, 
according to Newton^s law of universal gravitation, every mass 
particle attracts every other one with a force which varies directly 
as the product of the masses and inversely as the square of the 
distance between them. For a single mass particle the force field 
is the simple one discussed in this section; for a collection of 
particles the field may be expected to be in general more compli¬ 
cated. We shall make here a few such calculations for special 
cases. 

Let us take first that of a thin homogeneous spherical shell of 
radius R. We have already computed the attractive force exerted 
by such a shell on an external mass particle in Sec. 2-3. At present 
we are more interested in the potential than the force. In Fig. 4*2 
the shell is supposed to have its center at 0. The external point 
is at P distant z from 0. As in the previous calculation (Sec. 2*3), 
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we consider as the element of mass of the shell the surface element 
of area 

2irR smd ^ R dd 

obtained by drawing about P the two spheres with radii r and 

r + dr respectively. If m is the total mass of the shell, the mass 

of the element will be 

m m 

2x722 sin ddd = sin 6 dd, (4-5-1) 

4x722 2 ’ 


and the potential of the field produced by this element at P, which 
is by definition (Sec. 4-3) the potential energy of a unit mass 
particle placed at P, becomes, 


Vp = -G 


m sin 6 dd 


(4-5-2) 


where G is the constant of gravitation (see See. 2-3). In writing 
this we are assuming a very important fact about the potential, 
namely that if we have a number of mass particles the potential 
produced by them collectively at any point is equal to the sum of 
the individual potentials. 

We can prove this, quite generally, as follows. Suppose we 
have two mass particles of mass mi and m 2 , and desire to calculate 
the potential of the field due to the two (there is no point in adding 
to the complexity by considering more) at the point (x, y, z) 
distant n from mass mi and r 2 from mass m 2 . The force on a unit 
mass distant ri from mi is Fi whose magnitude is Gmi/vi^, and 
similarly the force on unit mass distant from m 2 is F 2 with mag¬ 
nitude Gmilr^. Now the work done in a small displacement dx 
by the resultant of the two forces is 

(Fi + F 2 ) • dr = Fi • dr + F 2 • dr, 

since the distributive law holds for vectors. Therefore by defini¬ 
tion the potential Yp at the point (x, y, z) is 

V. = P (Fi + F2)-dr 

00 ^ CO 

' Fi • dr + / Fa • dr 

= (Fp)i + (Fp)a. 

Thus the additive property follows. 
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We may now return to eq. (4-5-2). To obtain the expression 
for the potential at the point P we have merely to carry out the 
integration 


Gm sin 6 dd 


Gm r 

2 Jo 


(4-5-3) 


It will probably be most convenient to use r as the integration 
variable. Now 

= 722 ^2 _ 2Rz cos B, 

whence 


r dr — Rz sin B dBy 


(4-5-4) 


and therefore 


Gm dr 
2 Jz-R Rz 


—Gm 

z 


(4-5-5) 


The conclusion to which we are led by this result is: the potential 
of the field due to a homogeneous spherical shell at a point outside 
the shell is that which would be obtained if all the mass of the shell 
were concentrated at the center. In 
Sec. 2-3 we had a similar result for 
the field intensity. Now as in that 
section we can consider a solid 
sphere as formed of concentric shells. 

Hence the result just obtained holds 
for the case of a solid sphere also. 

It is important to find the poten¬ 
tial due to a spherical shell at a 
point inside the shell. Consulting 
Fig. 4-3 and pursuing the same gen¬ 
eral plan as before, we note that the Fiq, 4.3 

contribution to the potential at P 

(distant z from the center of the shell) due to the area element 
2tR^ sin B dB is 

Gm dr 
2 zR 



recalling here eq. (4-5-4). We then have at once 


Vp^ 


2zrJr-b ^ R 


(4-6-6) 
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This result is interesting and significant in that Fp is shown to 
be independent of the position of P within the shell and dependent 
only on the mass and radius of the shell. It is therefore constant 
everywhere inside and equal to the value at the surface. Now 
since the force in the direction z is —dVfdz, it then develops that 
the force on any mass particle placed inside the shell is zero; or we 
may say that the intensity of the gravitational field (i.e., the force 

on a unit mass) inside a homogeneous 
shell vanishes. These results must be 
modified for the case of a solid sphere 
as far as internal points are concerned. 

Suppose that we have a homogeneous 
solid sphere of radius a and mass M, 
and wish to calculate V at a point in¬ 
side. Consulting Fig. 4-4, let P be the 
point in question (distant r from 0, the 
center), and suppose that unit mass 
is placed there. Now draw the sphere 
through P with 0 as center. This di¬ 
vides the solid sphere into two parts. The part outside the sphere 
of radius r exerts no force on the mass particle at P, as we have 
just seen. The attractive force exerted on the particle by the 
inner sphere is G times the mass of the inner sphere divided by 
the square of the distance from 0 to P, namely r (see Sec. 2*3). 
Hence it is 



GMi ^4 3 P 
— r- = -“G-7rr® —> 


(4.5-7) 


where p is the density of the material composing the sphere. 
But p = Ml^ird^ and hence the force on the unit mass at P is 
in magnitude 


GMr 

■V' 


(4.&-8) 


Its direction is, of course, radial and the minus sign indicates 
attraction toward the center. To get the potential at P we must 
calculate the work required to move the unit mass from P to 
infinity. This may be done by direct definite integration as in 
( 4 . 5 - 5 ) and ( 4 . 5 - 6 ). However, since the integration is neces- 
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sarily in two parts, a somewhat simpler scheme is provided by 
going back to (4-3-8) and writing 

Vp==-jFdr + C, (4.5-9) 


where (7 is a constant of integration to be evaluated from the 
known value of Fp at the surface of the sphere, namely —GM/a. 
We have (from 4-5-8) 


GMr^ 


+ C. 


(4-5-10) 


But the application of the boundary condition at once .yields 
C == —ZGM 12a and gives 


2 a^ ~ 2a 


(4-5-11) 


The calculation of the potential at points in gravitational fields 
due to other aggregates of mass particles will be indicated in the 
problems at the end of the chapter. 


4-6. Further Considerations on the Potential. Gauss’ Law 
and Laplace’s Equation. The characterization of a conservative 
inverse square force field by means of the potential at any point. 



or what is the same thing (as we have seen), the potential energy for 
a unit mass at that point, is of such importance in mechanics that 
it will be well to consider it a little more fully. 

The discussion of this section will relate to space of three dimen¬ 
sions and be quite general. Consulting Fig. 4-5 suppose we have 


108 


ENERGY IN PARTICLE DYNAMICS 


a closed surface S which may or may not enclose certain mass 
particles. Let us consider one of these mass particles (of mass mi) 

located at the point P. Pick out 
an element of area dS distant r from 
P and draw the infinitesimal cone 
with dS as base and P as vertex. 
Examining the figure (Fig. 4-6) pre¬ 
senting an enlargement of Fig. 4*5, 
let the outward drawn normal to 
the surface element dS at Q make 
an angle B with PQ. Draw about P the sphere of radius 
PQ = r and let the area cut off by the cone on this sphere be da. 
We then have at once 

da — dS cos B. (4-6-1) 



Now the force which the mass particle mi exerts on a unit mass 
particle at Q has the magnitude 


Gvii 



(4-6-2) 


and is directed toward P. 

The component of this along the outward drawn normal is 

Gmi 

-— cos B. (4-6-3) 

Form the product of this by the area dS, whence by virtue of 
eq. (4-6-1) we have 

Fn dS — dz — da, (4-6-4) 

y.2 

where we have denoted the normal force component by Fn, and 
where the — or + sign is to be taken according as Fn is in the same 
direction as the normal or the contrary. Now if we construct 
about P as center the sphere of unit radius, and dco is the area of 
the sphere cut out of the cone just mentioned, we shall have 



from the geometric properties of the cone. Hence (4-6-4) be¬ 
comes 


Fn dS = dbGmi do). 


(4-6-5) 
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Of course, rfw is an element of solid angle about the point P. Now 
if every straight line from P cuts the surface in question in but 
one point, we can at once integrate Fn dS over the whole surface 
and have 


//^ „ dS = -GmiJdoy = -4:irGmi, (4-6-6) 


since the total solid angle about any point is 47r. This is an ex¬ 
tremely important result, but in order to assure for it general 
validity and in particular justify the negative sign we must ex¬ 
amine the case illustrated in Fig. 4*5, where some straight lines 
from P cut the surface in more than one point. It is to be noted, 
however, that the number of cuttings in this case (no matter how 
complicated the surface) must always be odd if P is within the 
surface. For example, let us take the case of three intersections. 
Here, if we pay due regard to the + and ~ signs in eq. (4*6-4), 
we have 

FI dSi = —Gnii do), 

FN2 dS2 — "{-Gmi do), 

Fi^^dSs = —Gnii do). 


Hence the total contribution to the integral from these three 
will be simply — Gmidw. Hence the theorem as stated mathe¬ 
matically in eq. (4*6-6) is generally valid. If now we proceed to 
apply it to the other mass particles enclosed in the surface, we have 



—47rG(mi + ^^2 + • • •) 


= ~47r<?M, 


(4*6-7) 


where M is the total mass of all the particles inside the surface. 
We may now state in general form the theorem we have just 
proved. The surface integral of the normal component of the 
gravitational force on a particle of unit mass (i.e., the normal 
component of the intensity of the gravitational field) taken over 
any closed surface is equal to the negative of 47r{? times the total 
mass enclosed by the surface. This is generally known as Gauss* 
law of normal force. The reader may prove that it holds also 
for surfaces which contain no mass particles, i.e., if there are mass 
particles outside a closed surface, the total surface integral of the 
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gravitational force due to these particles is zero. This surface 
integral on the left-hand side of eq. (4*6-7) is sometimes called 
the gravitational flux. 

Gauss^ law is often of use in determining the gravitational 
intensity and potential of a field produced by a complicated 



aggregate of mass particles. Here we 
shall note merely as an illustration 
the case of the homogeneous sphere 
which has already been discussed by 
other methods in Secs. 2*3 and 4*5. 
Consider the sphere of radius a and 
mass M (Fig. 4*7). Draw about the 
center 0 a sphere of radius r. From 
symmetry it follows that the gravita- 


Fig. 4*7 tional field of force at all points of 


this sphere will be the same, and 
will be directed normally to the spherical surface. Calling the 
intensity F and its normal component Fiv, it follows from Gauss’ 
law that 


Fjv dS 




Hence we have 





(4*6-8) 

(4*6-9) 


This agrees with the result of eq. (2*3-12), and from it follows, of 
course, that the potential at an external point distant r from the 
center of a solid sphere is 



(4*6-10) 


in agreement with eq. (4*5-5). 

It is interesting to note that the essential content of Gauss’ law 
can also be expressed in the form of a differential equation — and 
indeed one of the most important in theoretical physics. Let us 
suppose (Fig. 4*8) that we have an infinitesimal rectangular 
parallelepiped, i.e., a box of dimensions dx, dy^ dz, placed for con- 
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venience at the origin of coordinates. Let the average gravita¬ 
tional field intensity over the surface A (in the yz plane) in the x 



direction be The value of this quantity over B will then be 
(neglecting differentials of order higher than the first) 


F.+ 


dF^c 

dx 


dx. 


The outward gravitational flux through the surfaces A and B then 
is 




dy dz — Fx dy dz 


dFx 

dx 


dx dy dz. 


(4-6-*ll) 


In similar fashion we find that the flux through the pair of mr- 

dFy 

faces normal to the y direction is dx dy dz^ while that through 

dy 

dF 

the corresponding surfaces normal to the z direction is dx dy dz, 

dz 

Hence the total normal flux out of the box is 


(dj. dFy 

\dx dy 


dz) 


dx dy dz. 


Now by Gauss’ law this must be equal to ~-47r(? times the mass of 
the material in the box. The latter can be expressed as the prod- 
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uct of the density p (whether the distribution is continuous or 
discrete) and the volume dx dy dz. We have, therefore: 


dF^ dFy dF, 
dx dy dz 


= —47rGp. 


(4-6-12) 


The partial differential equation of the first order (4-6-12) may 
be looked upon as Gauss^ law in differential form. The quantity 
on the left is called the divergence of the gravitational field inten¬ 
sity F. Consulting Sec. 4-3 and in particular eq. (4-3-11), we have 
the general relations between F and F, 


F. 


dx 


Fy 


AF^ ^ ^ 

dy ^ dz 


It therefore follows that eq. (4*6-12) can be written equally well 
as a second order equation, viz.. 


dW dW dW 


= 4:'irGp. 


(4-6-13) 


This is called Poisson^s equation and is of great significance through¬ 
out physics, finding application in hydrodynamics and electricity 
and magnetism as well as in mechanics proper. When it is inte¬ 
grated it gives the potential F due to any distribution of mass of 
density p in the neighborhood of that distribution. In free space, 
i.e., space unoccupied by material particles, we have p = 0, and the 
equation becomes 


dW dW dW 


(4-6-14) 


which is known as Laplace's equation, and is also of great impor¬ 
tance in theoretical physics. We shall not concern ourselves with 
the question of the solution of equations (4-6-13) and (4-6-14) 
at this place, except to ask the reader to verify the statement that 
the potential F due to a single mass particle satisfies Laplace’s 
equation. We recall that in this case 

r 


where r = \/\x - XiY + ( 2 / — yiY + (2 — 2l)^ the point ( 0 : 1 , 2 / 1 , 
zi) being the position of the particle, while (x, y, z) is the place 
where F is to be computed. 
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It will be worth while to emphasize the importance of Laplace^s 
equation by the following statement. If we can determine a 
solution of it for which the potential has a definitely assigned value 
at every point of the boundary of a given region, the potential is 
uniquely determined everywhere in space. For the proof of this 
the student should consult a more advanced treatise. ^ Incidentally, 
this is a very good illustration of the power of boundary conditions 
in physics. The solution of Laplace’s equation to satisfy given 
boundary conditions is in general a mathematical problem of 
considerable difficulty. All that we wish to emphasize here is its 
perfectly definite physical significance. 

The reader will probably have observed that the present sec¬ 
tion seems to contain more geometiy than physics. What physics 
is involved comes in by virtue of the inverse square law of gravi¬ 
tational attraction. So important is this law, however, that, as 
has been pointed out, the results of this section are of enormous 
significance throughout the whole of physics. For it will be re¬ 
called that this is the law which describes the attraction and re¬ 
pulsion of electric charges and also the mutual actions of mag¬ 
netic poles. Hence the mathematical analysis of this section can 
at once be applied with a few changes in notation to the mathe¬ 
matical theory of electricity and magnetism. 

PROBLEMS 

1. A particle of mass M is supported by a vertical spring of length I and 
linear density p attached to a rigid ceiling. Find the kinetic energy of the 
whole system consisting of the particle and spring when the particle is pulled 
down a short distance and released. Assume that the vertical displacement 
of any point of the spring is proportional to the distance below the point of 
suspension. If the stiffness of the spring is A;, derive the expression for the 
frequency of vibration taking into account the mass of the spring. 

2. A particle of mass m moves under gravity on the parabola == 2px from 
the point (a, \^2pa) to the origin. Use the space integral of the resultant 
force along the path to calculate the resultant kinetic energy attained at the 
origin and compare with that predicted by the conservation of mechanical 
energy. 

3. A simple harmonic oscillator of mass 100 grams and stiffness 10* 
dynes/cm has a total energy of 2 joules. What is the maximum displacement 
of the oscillator and what is its maximum velocity? If we imagine a plane in 

1 See, for example, L. Page, Introduction to Theoretical Physics (D. Van 
Nostrand, N Y., 2d ed., 1935) p. 266 ff. 
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which the coordinates of any point are the position x and velocity x respec¬ 
tively of a particle, what kind of curve will represent the motion of the oscil¬ 
lator? What physical significance can be associated with the area enclosed 
by the curve? 

4. A particle of mass m is subject to both a restoring force —kx (k > 0) 
and a constant force F directed in the x direction. Find the expression for the 
total energy of the particle. If the latter has the value U, where will the kinetic 
energy of the particle vanish? Where will the potential energy vanish? 
Determine the displacement x of the particle as a function of the time. 

5. Find the expressions for the kinetic energy of a particle moving in an 
inverse square central force field at perihelion and aphelion. Find the corre¬ 
sponding numerical values for the earth in its motion around the sun and for 
an electron moving about a nucleus with equal positive charge (hydrogen 
atom). (NB. Consult tables for necessary constants.) 

6. The singly ionized helium atom consists of a single electron moving 
about a positively charged nucleus with mass four times that of the hydrogen 
nucleus and charge = 2e. Find the energy necessary to produce a doubly 
ionized helium atom. Between what energy states of ionized helium will a 
transition yield the same frequency as that of the longest wave length line in 
the Balmer series of hydrogen? 

7. Compute the work required to raise a mass m from the surface of the 
earth to a point P, 1000 miles above the surface; also the work required to 
raise m from the center of the earth to the surface. What is the potential at P 
and at the center of the earth? 

8. A sphere of radius a, mass M and density varying directly as the dis¬ 
tance from the center is built up of matter brought from an infinite distance. 
Find the work W done throughout the process by the attraction of the matter 
which has already arrived on that which is brought up later, in terms of M, a, 
and the constant of gravitation G. 

9. A particle moves in a central force field characterized by the potential 

energy V{r) == where Fo and a are positive constants, (a) Plot 

the function F(r). (b) Find the magnitude of the force as a function of r. 
(c) If the particle starts from rest at the point of inflection of F(r), will it 
reach the origin and, if so, how much velocity will it acquire? (d) How much 
velocity must be given the particle at the origin to remove it to infinity with 
zero velocity? (e) If the particle starts from rest at a distance l/\/2a 
from the minimum of the potential energy curve what sort of motion does it 
perform? Discuss the characteristics of the motion. 

10. Find the potential due to an infinitely long cylinder, of mass M per unit 
length and radius a, at an external point whose distance from the axis of the 
cylinder is r. 

11. A homogeneous hemispherical solid has density po and radius a. Find 
the expression for the gravitational potential at the center of the corresponding 
sphere. Calculate the components of the intensity of the gravitational field 
at the same point. 
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12. Derive the equation for the family of equipotential surfaces in the 
neighborhood of two point charges +€ and —e separated by distance a. 

13. Prove that the following are solutions of Laplace’s equation and hence 
suitable for potential functions: 

V 

V 

V 

V 

(These are all called spherical harmonics. Note that + z^.) 

14. Show that if F = F(r) where = x- + y'^ + Poisson’s equation 
takes the form 



Show that this is also equivalent to 

1 

~ 71 

r dr^ 

15. Integrate Poisson’s equation to find V (r) for the case of a homogeneous 
spherical distribution of mass, i.e., p = constant in Problem 14. How may the 
constants of integration be evaluated? 

16. Integrate Poisson’s equation to find V (r) for the case of a spherical dis¬ 
tribution of mass in which p = poe"“' , where a is a positive constant. What 
is the total mass of the distribution? 


= arc tan - > 

X 


, r +z 
= log-) 


r — z 


1 , y 

- arc tan - i 
r X 



CHAPTER V 


STATICS OF A PARTICLE 


5*1. Equilibrium of a Particle. Simple Cases. In the previous 
chapters we have discussed the motion of a particle in an inertial 
system, and have seen that the accelerated motion of such a 
particle is closely associated with the idea of force. Now it often 
happens that a particle is at rest or moves in such a way that 
it suffers no acceleration, i.e., possesses constant velocity. The 
study of a particle in such a case, particularly that of rest, is usually 
called statics. It might at first be thought that the study of 
statics is a barren one, since the particle in this case is so restricted 
in its behavior. However, as soon as we are willing to admit that 
a particle may be subject to two or more accelerations simultane¬ 
ously we see that the possibility exists for it to be at rest under 
those conditions, and this fact may be of great value in relating the 
various accelerations to which it is subject. In Chapter I we have 
already defined the force acting on a particle. Let us now con¬ 
sider a mass particle on which n forces Fi, F 2 , F 3 , . . . , 
Fn act. These may be replaced, in so far as their 
action on the particle is concerned, by one force R, 
the vector sum of all the forces. We then have for 
p the equation of motion of the particle 

'' * wa = R = Fi + F 2 + • • • + F„. (5-1-1) 

Now if the particle is at rest or, at most, moving 
with constant velocity, a = 0 , and we therefore have 

(1 7n 

R - 2 : F, = 0. (5*1-2) 


J Fi, F 2 , . . ., Fn are then said to form a system in 

»equilibrium. We shall call forces of this character 
Fig. 5*1 static forces. Let us illustrate this important idea 
with a few simple examples. 

Consider first a particle of mass m suspended by a weightless 
cord as in Fig. 5*1. The particle is subjected to a gravitational 
force acting vertically downward and equal in magnitude to mg, 
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But the particle is at rest. Therefore it must be acted on by 
another force Ft directed upward, such that 

Ft + mg = 0. (5T~3) 

Ft is the so-called tension in the cord; a weightless spring balance 
or dynamometer inserted anywhere in this cord would record this 
force. We are not really introducing an entirely new concept of 
force, as might perhaps be supposed. We may still consider Ft 
to be measured by the acceleration it could produce in a given 
mass, but actually the equilibrium condition (5-1-2), of which 
(5-1-3) is a special case, enables ^ ^ 

us more easily to compare forces 
of this type. 

Consider another illustration. 

Let a particle of mass m at P 
(Fig. 5-2) have two weightless 
strings attached to it, the other 
ends of the strings being fas¬ 
tened respectively to points A Fig. 5-2 

and B on the same horizontal 

level of a rigid ceiling. The strings being inextensible, the mass 
m is at rest and therefore in equilibrium. If we assume a force 
Fi in string PA and a force Fz in string PP, m will be in equilib¬ 
rium provided that 

Fi + F 2 + Ff, = 0, (5-1-4) 

where F^ is the force of gravity, mg. The magnitudes of Fi and 
F 2 can be calculated by writing the equilibrium equation in scalar 
form. This is an important feature of the solution of problems 
in statics and hence we may note it particularly in connection with 
this simple illustration. We reason thus: the resultant R of the 
three forces must vanish. Hence its rectangular component along 
any line through P must likewise vanish. Let us therefore note 
the equation expressing the fact that the component along the 
line of action of F^, is zero. Now the component of the result¬ 
ant of several forces along any line is the sum of the components 
of the individual forces along this line, for a force is a vector, 
and this statement is true of vectors in general. We therefore 
have 



Fi sin + F 2 sin 62 == mg. 


(6-1-5) 
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This equation alone is insufficient to determine Fi and F^. in terms 
of 01 , 02 and mg. But we can express the same condition for the 
component of the resultant along the line perpendicular to the 
vertical. This yields 

Fi cos 01 — Fi cos 02 == 0. (5*1-6) 

The two equations (5*1-5) and (5*1-6) are sufficient to determine 
Fi and Fi as follows, 


(5*1-7) 


Of course, other equations may be obtained by writing the above 
condition for any other line through P, but they will not be inde¬ 
pendent of (5*1-5) and (5*1-6). 

The equilibrium of a particle under the action of three forces 
lying in the same plane provides an interesting theorem. Suppose 



Fig. 5*3 

(Fig. 5*3, I) the three forces Fi, F2 and F3 acting on a mass par¬ 
ticle at P are in equilibrium. Introduce the angles 0i, 02 and 03 . 
Now let us write the conditions that the components of the result¬ 
ant shall be zero in directions normal to F3, F2, Fi respectively. 
Examining the figure we see that these conditions are 

Fi sin 02 = Fi sin 0i, 

Fi sin 08 = Fz sin 0i, 

Fi sin 03 = Fz sin 02 . 
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These, however, may be combined at once into the two equations 


sin 6 i sin 62 sin Bz 


(5*1-8) 


which thus serve as a useful algebraic criterion for the equilibrium 
of the particle under the action of the forces. A more suggestive 
geometrical condition is at once noted when we recall that the 
resultant of several vectors is formed (Sec. 1*3, Fig. 1*3) by laying 
off at the end of the first vector a line equal in magnitude to and 
in the same direction as the second vector, and repeating in turn 
with all the vectors. The resultant is the line joining the initial 
point of the first vector to the end of the line last drawn. For 
vectors whose sum is zero the line last drawn will, of course, end 
at the initial point of the first vector and a closed polygon will be 
formed. In the case of three vectors this polygon will be a tri¬ 
angle (Fig. 5*3, II). Hence we have the theorem that when three 
forces acting on a particle are in equilibrium the force vectors must 
lie in a plane, and the triangle formed by drawing in the plane any 
three lines (not intersecting in a single point) parallel respectively 
to the force vectors will have the lengths of its sides proportional 
respectively to the magnitudes of the forces acting. This is 
known as the triangle of forces and is often useful in the solution 
of problems in statics such as the one indicated in Fig. 5-2 above. 
The student should solve this problem by this method, if necessary 
assuming definite numerical 
values for mg^ 0i, and 62 to fix 
his ideas. 

5*2. General Equations of 
Equilibrium of a Particle. 

The general analytical equa¬ 
tions for the equilibrium of a 
particle under the action of n 
coplanar forces can perhaps 
be most simply expressed in Fig. 5-4 

terms of the components along 

two mutually perpendicular axes. Consulting Fig. 5*4, let the 
forces Fi, F 2 , . . . , Fn act on a particle at the point 0. Establish 
in the mpst convenient way the rectangular axes Ox and Oy and 
let the forces make angles 61 , ^ 2 , . . ., respectively with the 
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positive direction of the x axis. In each case by 6 we shall 
mean the smaller angle between the positive x direction and 
the direction of the force. If we denote the resultant of the 
forces by R and let Rx and Ry denote the components of R along 
the two axes respectively, we have 

i^n 

Rx = cos ^1+7^2 cos ^ 2 “l” * * *"h Rn cos On— Fi cos 6 i 

1=1 

i =n 

Ry - Fi sin 6 i+ F 2 sin 62 + * • • + sin On- 2^ Fi sin Oi. 

t=i 

If we denote the x component of Fi by Xi and the y component 
by Fi we may also write 

Rx = i:Xi, Ry^EYi. (5*2-2) 

The resultant is then given in magnitude by 

R = (5-2-3) 


(5-2-1) 


and the direction it makes with the x axis is given by </>, where 

Ry Z Y^ 

tan0 = ^ = |j^ (5*2-4) 

Now if the forces are in equilibrium, R = 0 and therefore 

ZX. = 0 = ZF,. (5*2-5) 

Many illustrations of these conditions will be found in the prob¬ 
lems at the end of this chapter. 

Incidentally we may remark that results precisely similar to 
the above hold for a collection of non-coplanar forces. Here 
each force Fk may be considered to make angles at, 13k, jk with three 
mutually perpendicular coordinate axes. We then have anal¬ 
ogously to (5*2-1) 

Rx = T,Fk cos ak = ZXa, 

Ry = ZF& cos fik = ZFifc, (5*2-6) 

Rz - HFk cos jk == Z^fc, . 
whence the resultant 



(5*2-7) 
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The condition for equilibrium is then R = 0, whence we must have 
LY, = LY, = - 0, (5*2-8) 

analogously to (5*2-5). 

As a matter of fact we shall find that for most simple purposes 
in static problems coplanar forces are sufficient and hence we shall 
not press these three dimensional considerations. 

5*3. A System of Particles. In the foregoing sections we have 
been concerned with forces acting on one particle only. We can 
extend our considerations to the eciuilibrium of several particles 



by the use of the following idea, sometimes referred to as the 
principle of separate equilibrium. Suppose we have a set of 
particles which are connected in some way by rods or strings or 
otherwise act on each other. Let us imagine that these particles 
are likewise acted on by external forces. We can then still ex¬ 
amine the equilibrium of any one particle apart from all the others 
by considering all the forces which act on it, i.e., those due to the 
connections as well as the external forces. 

We now discuss an illustration of the above. Let a string of 
negligible weight be suspended from two fixed points A and B. 
Knotted to the string at the points Pi, P 2 , . . ., Pn are particles 
of equal mass m (Fig. 5*5). We are to find the angles of inclination 
01 , 02 , • . ., which the portions of the string between successive 
mass particles make with the horizontal. Let us first consider 
the equilibrium of the mass particle at P 2 . There are acting on 
it three forces, namely the weight mg and the two tensions T 21 and 
T 28 in the adjacent portions of the string. 
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The component equilibrium equations for the vertical and 
horizontal directions respectively are 


^21 sin 62 — mg — Tn sin Bz = 0 , 
T 21 cos 62 — Tn cos Bz — 0 . 


(5*3-1) 


Next consider Pz and write the condition for horizontal equilib¬ 
rium, namely 

Tza cos Ba - T 23 cos Bz = 0. (5-3-2) 

It therefore follows in general (noting that T 12 = T 21 , etc.) that 
Ti2 cos B2 = T23 cos Bz = Tza cos 04 • * * = T, (5*3-3) 


where T is some constant. Hence 


n. T ^ T 
Ti2 = - T 2 Z = 


Tij = 


cos 02 
T 

cos Bj 


cos 08 


Substitution into the first of the equations (5*3-1) yields 


mg 

tan 02 = tan 03 + — > 


and the similar equations 


tan 03 = tan 04 + 


tan Bj = tan 0y+i + 


mg 
T ' 

mg 


T 


(5-3-4) 


Let us now suppose that one of the pieces of string has a definite 
inclination, let us say, zerOj for the sake of simplicity. That is, 
let tan 0 y 4 -i = 0. Then 
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tan ^y _2 


Zmg 


tan 6 i 


jmg 

T 


(5*3-5) 


It thus develops in this case that the tangents of the angles of 
inclination are the terms of an arithmetical progression. The 
string we have been discussing is often called a funicular polygon. 



It is of particular interest when the horizontal projections of the 
successive portions of the string are equal in length and one part is 
horizontal. Take the midpoint 0 (Fig. 5*6) of the horizontal 
portion QiPi as the origin of rectangular coordinates. The posi¬ 
tions of the various mass particles to the right of 0 will be denoted 
as before by Pi, P2,. .., Py. Let the projections of these points on 
the X axis be P 2, Pa, , Py respectively (note that Pi and Pi co¬ 
incide). Let P2P2 = and let QiPi = P1P2 = P2P8 = P3P4 = 

. . . = 5. From our previous illustration we see that 

a 

tan =-> 

P1P2 

2 a PJts 


tan $2 = 2 tan == 


(5-3-6) 
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So we have, since P 1 R 2 = PM etc., 

PzRz — 2(1, 
PiRi = 3a. 


(5-3-7) 

(5-3-8) 


It follows that in the system of axes chosen the co5rdinates of 
Pi, P 2 , P 3 , . . . are respectively (J5, 0 ), (|5, a), (f5, a + 2a) etc,, 

so that the coordinates of Pn will be ' 

If we eliminate n between the expressions 

b 


//o iN ^ ~ \ 

(^(2„-l)--_„j. 


X = (2n — 1) 


n(n — 1) 

y =-—a. 


(5-3-9) 


the result will be the equation of the curve which passes through 
every vertex Pn- After a little reduction we find 


h^y ¥ 

2—+- = x^ 
a 4 


(5-3-10) 


which is the equation of a parabola with Oy as its axis. The actual 
configuration of the string will approach more and more nearly 
the parabolic shape as the number of particles increases. The 
vertex of the parabola lies at a distance a/8 below the point 0 
on Oy extended downwards. 

The suspension bridge is an interesting illustration of equilib¬ 
rium of this kind. In this case the string is replaced by a cable 
at intervals along which strands are placed cutting off equal in¬ 
tervals on the flooring of the bridge. The cable and sustaining 
strands may be supposed to have masses negligible compared with 
that of the flooring. If we assume that the masses suspended 
from each strand are equal to equal portions of the flooring, 
the conditions approximate those of the simple case just discussed. 
The curve of the cable will be approximately a parabola with vertex 
at the center of the bridge P. Let the span of the bridge be 21 
and the height above P be A (see Fig. 5-7). The equation of this 
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parabola with P as origin will be 



(5-3-11) 


where m is a constant. Now the slope at any point is given by 


dy X 2y 
dx 2m X 


(5-3-12) 


Hence the slope of the curve at B will be tan do = 2h/lf as we 
find by substituting the coordinates of B into the formula (5-3-12). 



O 

Fig. 5-7 


What is the tension of the cable on the support at B (which of 
course will be equal to that at A by symmetry)? If we recall 
eq. (5*3-3) and those immediately following we see that the ten¬ 
sion at the end is equal in magnitude to 



(5-3-13) 



Its vertical component at bothR and A is of course W/2. The 
horizontal tension, which is everywhere the same, is, of course, T, 


5*4. Equilibrium of a Flexible String. This seems a rather 
appropriate place to introduce the discussion of a flexible string 



126 


STATICS OF A PARTICLE 


in equilibrium. Such a string may be considered, of course, as a 
very large number of small particles tied together by small weight¬ 
less strings or cords, as in the example of the previous section. 
In the present case, however, we consider the mass to be dis¬ 
tributed continuously along the string and further assume that 
the latter is perfectly flexible, i.e., can be bent in any direction 
without the expenditure of work. 

Let us suppose such a string is suspended by two points A and 
B (Fig. 5-8) and acted on by gravity only. This is the simplest 

case and will suffice for our illustra¬ 
tion here as it is often encountered 
in nature. We desire to find the 
shape assumed by the string. In the 
first place we note that just as in the 
example of Sec. 5-3, the horizontal ten¬ 
sion is the same everywhere. We shall 
represent distance along the string 
from an arbitrarily chosen origin by 
s. Consider an infinitesimal portion 
of the string of length ds at point P. 
Let p be the mass of the string per 
unit length. Then if the tension is denoted by T, since the por¬ 
tion QP is in equilibrium the horizontal and vertical components 
are respectively 


r^dX 

T- = Cl, 
ds 

(5-4-1) 

T— = pgs + C 2 , 
ds 

(5-4-2) 


where Ci and C 2 are constants. Now if we choose our origin (i.e., 
s = 0) at the place where the curve is horizontal, we have C 2 = 0, 
and dividing (5-4-1) by (5-4-2), there results 

dx - = Vds^ — (5*4-3) 

pgs 

since dx^ + dy^ == ds^. From this we have at once 

, pgs ds 

dy = 

V ci^ + 



(5-4^) 
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and the integration yields 

y 




+ Cz. 


(54-5) 


Proceeding as above, we find x in terms of s. Thus from (5-4-3) 
and (5-4-4) 


dx = — • 
PQ 


ds 


+ («) 


The result of the integration is 


pgx 

Cl 


The boundary condition x = 0, 5 = 0, gives 


and therefore 


1 

C 4 = —log —3 

pg 


■Js^ + (—) = — 

> \P!7/ pg 


Expanding and rearranging we have 

Cl 


5 = - . [^Pi73^/ci _ ppaj/cij 

‘2pg 


(5-4-6) 


= log s + yjs‘‘ + + C 4 . (5-4-7) 


(5-4-8) 


Cl . , pgx 
= — sinh — ■ 


pg 


Cl 


(5-4-9) 


Now from eq. (5-4-5), if we let Cs = 0 by choosing y = Ci/pg at 
s = 0, we get at once 

Cl pax 

2 / = — cosh- (5-4-10) 

pg Cl 


This is the equation of the famous catenary curve, as we have 
already noticed earlier (Sec. 2-2). The reader should plot the 
curve and note how it fulfills the various requirements of this 
section. 


5*5. Equilibrium of a Particle on a Smooth Surface. In Chapter 
II we have already referred to the importance of the case where a 
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particle moves subject to certain constraints (a subject more 
fully investigated in Chapter VIII). We indicated there the 
illustration of a particle moving on an inclined plane. It becomes 

of importance to notice the effect 
of the presence of the particle 
on such a surface on its equilib¬ 
rium. Consider in Fig. 5*9 a 
parti(;le of mass m on an inclined 
plane making an angle 6 with 
the horizontal. The particle is 
acted on by a vertical force 
(gravity) of magnitude mg. This 
has a component perpendicular 
to the plane of magnitude mg cos 6. Hence we may say that the 
normal thrust against the plane is mg cos 6, and by the third law of 
motion the plane must exert a reaction on the particle equal to 
mg cos S in magnitude and opposite in direction. We call this 
force R. We may then say that the particle is acted on by two 
forces, one that of gravity and the other the reaction of the plane. 
Strictly speaking, of course, this second force is merely an expres¬ 
sion of the fact that the particle must remain on the plane. Thus 
if the particle were otherwise free in space but subject to the two 
forces mg vertically and R — mg cos B making an angle B with the 
vertical, the resultant force would be precisely what it is with the 
particle constrained to move on the plane under gravity. This 
resultant, as is clear from the figure, acts in the direction down the 
plane and is equal in magnitude to mg sin B. 

We are thus led to consider that whenever a particle is con¬ 
strained to rest on a surface or a curve, in addition to the other 
forces acting on it there will always be a reaction of the surface or 
curve. An important question arises as to the direction of the 
reaction. In the above illustration we have taken it as normal to 
the surface. This will always be the case when the surface is 
perfectly smooth, for by definition a smooth surface is one that 
can exert no force in a direction parallel to itself. 

We now wish to investigate the equilibrium of a particle on 
such a surface. From our general conditions (Sec. 5*2) we can 
see at once that equilibrium will result if the reaction of the sur¬ 
face is equal in magnitude but opposite in direction to the result^ 
ant of all the other forces acting on the particle. We shall con- 
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sider here only the case where the forces lie in a plane. As an 
illustration consider Fig. 5-10, where the particle is in equilibrium 
on an inclined plane of angle B 
under gravity and a force F act¬ 
ing at an angle </> with the plane. 

We apply the usual conditions, 
taking for convenience our com¬ 
ponents along and normal to the 
plane. The condition along the 
plane is 

F cos 0 — sin 0 = 0, (5*5-1) 

while normal to the plane we 
have 

+ F sin </) — mg cos ^ = 0. (5*5-2) 

From (5*5-1) there results 

F = mg > (5*5-3) 

cos 0 

while from (5*5-2) there then follows 

_ r sin 0 * sin <^^>1 mg ^ . v 

R = mg cos 6 ---cos (0 + 0), (5*5-4) 

L cos (t> J cos 0 

for the required reaction force. This procedure is perfectly gen¬ 
eral. More complicated examples will be found among those at 
the end of the chapter. 

5*6. Equilibrium of a Particle on a Rough Surface. Static 
Friction. The perfectly smooth surface discussed in the preceding 
section is a highly idealized conception. All surfaces encountered 
in nature are actually rough to a greater or less degree and be¬ 
cause of their inequalities are able to exert on particles resting on 
them forces which act parallel to the surface, thus resisting sliding 
motion. The force which is operative in this case is called friction. 
It is distinguished from the adhesion which bodies have for each 
other by the fact that while the latter is independent of the force 
thrusting the two surfaces together, the former is dependent on 
the normal thrust. This statement is one of the so-called experi- 
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mental laws of friction. The ratio of the force of friction to the 
total normal thrust for surfaces just about to slip over each other is 
a quantity which remains constant for considerable variations in 
the thrust. We are then led to define 

F magnitude of maximum frictional force ( 551 ) 

N magnitude of normal thrust 

as the coefficient of friction. It should be emphasized that the 
constancy of this quantity is only approximate, for varies greatly 
as N increases to a point where the surface is deformed under its 
action. The second law of friction states that for a given normal 
thrust the force of friction is approximately independent of the 
area of the surface of contact. Obviously this also has its limi¬ 
tations. One can hardly expect to apply it if the surface is a pin 
point, for example. The coefficient of friction depends, of course, 
on the nature of both surfaces in contact and varies greatly with 
variations in these. The following table gives some illustrations 
of the approximate values of fx for various cases. 


Coefficient op Friction 
(F rom Smithsonian Tables) 

All values are approximate only 


Materials 


Coefficient of 
friction 


Wood on wood, dry. 

Wood on wood, soapy. 

Metals on oak, dry. 

Metals on oak, wet. 

Metals on oak, soapy. 

Metals on elm, dry. 

Hemp on oak, dry. 

Hemp on oak, wet. 

Leather on oak. 

Leather on metals, dry. 

Leather on metals, wet. 

Leather on metals, greasy. 

Leather on metals, oily. 

Metals on metals, dry. 

Metals on metals, wet. 

Smooth surfaces occasionally greased 

Smooth surfaces, best results,.. 

Steel on agate, dry.. 

Steel on agate, oiled.. 

Iron on stone. 

Wood on stone. 

Earth on earth. 

Earth on earth, damp clay. 

Earth on earth, wet clay. 


.25-.50 
.20 

.50-.60 
.24-.26 
.20 

.20-.25 

.53 

.33 

.27-.38 

.56 

.36 

.23 

.15 

.15-.20 
.3 

.07-.08 
.03-.036 
.20 
.107 
.30-.70 
about .40 
.25-1.00 
1.00 
.31 
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As one might also expect, the coefficient /i depends on the char¬ 
acter of the motion of one surface on the other. If the beginning 
motion is rolling, for example, rather than sliding we should not 
anticipate the same state of affairs in both cases. Moreover after 
motion has once been established, the coefficient of friction may be 
expected to be different. It is actually found that friction in 
sliding motion is less than static friction. It is the latter with 
which we are concerned in the present section. 

Moreover we ought to emphasize the fact that the magnitude 
of the force of friction is variable. Thus if a heavy particle rests 
on a rough horizontal table and the only force acting on it is its 
weight, the force of friction is zero. If a horizontal force is 
applied to the particle, the force of friction will be equal to this 
force as long as no slipping takes place. It is only when slipping 
is about to take place that F = yN. Hence we may say in general 
that F can vary all the way from zero to yN. 

This is well brought out by the equilibrium of a particle on a 
rough inclined plane (cf. Fig. 5*11). In addition to the weight 
mg the particle at P is acted on 
by the reaction force Ri with 
magnitude mg cos 6 and the fric¬ 
tional force F, which acts along 
the plane in such a direction as to 
oppose the motion which would 
result from gravity alone. We 
may think of the forces Ri and F 
as combining to form a resultant Fig. 5*11 

reaction R, which if equilibrium 

is to be maintained must be equal in magnitude to mg and be 
oppositely directed to the weight. For equilibrium F — mg sin 6 
always, but it will not reach its maximum possible value yRi = 
fimg cos B until slipping is just about to take place. This will 
evidently happen when the angle 6 reaches the value x where 

mg sin x = cos x, 
or 

tan X = M- (5*6-2) 

The angle x is sometimes called the angle of repose. Its measure¬ 
ment provides a method for the determination of the coefficient 
of friction. 
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We may again emphasize the fact that frictional force is different 
in nature from the other forces so far discussed. Its essential 
nature is resistance) in fact we may call it passive resistance. It 
always acts in such a direction as to resist motion. Moreover, 
we may stress the fact that it is not a conservative force in the sense 
of Chapter III. There is no potential associated with it. We shall 
encounter similar forces in hydrodynamics and elsewhere. 

5*7. The Principle of Virtual Work. An interesting interpreta¬ 
tion of the equilibrium of a particle may be obtained by a consider¬ 
ation of the idea of work developed in the previous chapter. Thus 
consider a particle at the point P (Fig. 5*12), and imagine that it is 

acted on by certain forces. Let one 
of these be the force F. We shall 
suppose that we do not know actually 
how the particle moves under the ac¬ 
tion of the forces; but imagine that 
an arbitrary possible small displace¬ 
ment of the particle be denoted by dr. This displacement, it 
must be emphasized, need not be one that actually ever takes 
place. It is sufficient that we can imagine its taking place 
without violating any constraints to which the particle may 
be subjected. For this reason it is denoted by the term virtual 
displacement. 

The work that is done during this virtual displacement in the 
case considered is clearly 

F • dr = F dr cos B, (5*7-1) 

This work is called the virtual work. 

Let us consider a number of forces Fi, F 2 ,. . ., Fn impressed on a 
particle at P. We shall now say that if and only if the total virtual 
work performed by these n forces during any virtual displacement of 
the particle is zero, the particle is in equilibrium under the action of 
the forces. This is the celebrated principle of virtual work first 
enunciated by John Bernoulli in 1717. In many texts it is derived 
from the conditions for static equilibrium already laid down. 
However, we shall assume it as a general principle independent of 
other considerations and show that the other equilibrium condi¬ 
tions follow from it. Consulting Fig. 5*13, let the arbitrary dis- 





F 

Fig. 5* 12 
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placement be dx. Then the condition of equilibrium above given 
is expressed as 

Fi • dr + F 2 • dr + • • • + Fn • dr = 0. (5*7-2) 

For the total virtual work is clearly the sum of the individual 
virtual works. But this is 


(Fi + F 2 + • • • + F„) • dr = 0, (5*7-3) 

since vectors obey the distributive law. But 

Fi + * • • + F„ = R, ( 5 * 7 ^) 


where R is the resultant of the n forces acting on the particle. 
Now since dr is a virtual displacement, it is perfectly arbitrary, 
and the only way for R * dr to 
be zero for all dr is to have 


R - 0. 


(5*7-5) 


This, however, is the general 
condition for the equilibrium of 
static forces, which thus follows 
from the general principle of 
virtual work. We can also get 
the corresponding conditions in 
terms of the rectangular compo¬ 
nents. For to return to Fig. 5*13, 
and Oy at the point P. 





Fig. 5'13 


let us establish the axes Ox 
For convenience it will be assumed that 
the forces are coplanar, though this is of course not a necessary 
restriction. Then we get 


Fi — iFix + jF ly, 

F 2 — iF2x W 


Fn = iFnx + iFnyy 


(5-7-6) 


while dr = i do; *+• j dy, to use the customary vector notation (Sec. 
34, etc.). Eq. (5*7-2) now becomes 

{F 1 * + F 2 X 4" • • • + Fnx) da; 

+ (Fii/ + F2y + • • • + Fny) dy = 0. 


(5*7-7) 
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But dx and dy are of course arbitrary. Hence 

Fix + F2a: + • • * + Fnx = i* = 0, 1 

and I (5*7-8) 

Fly + F21, + • • • + Fni/ = Z)Fiy = 0 , I 

which are the conditions for equilibrium referred to in Sec. 5-2, 

and are, of course, equivalent to 
(5*7-5). 

An interesting special case is 
that in which the virtual displace¬ 
ment is so chosen as to be at right 
angles to one of the forces in ques¬ 
tion. This often simplifies the 
application of the principle, since 
the resulting virtual work for this 
particular force is zero. Thus 
suppose (see Fig. 5*14) that we 
have a particle of mass m in 
equilibrium on a smooth inclined 
plane making an angle 6 with 
the horizontal, under the action of a force F making an angle 0 
with the plane. If we wish to discuss the equilibrium of the 
particle without* reference to the re¬ 
action force R we need only consider 
as a virtual displacement the dis¬ 
placement di along the plane. Then 
R • dr = 0 and the principle of vir¬ 
tual work says that 

mg sin 6 dr — F cos 0 dr = 0, 
or 

F cos cf) = mg sin 0, (5*7-9) 

since dr 9 ^ 0. The above equation 
has already been previously obtained -pio. 5-15 

by the usual method [eq. (5*5-3)]. 

A somewhat more significant illustration of the application of the 
principle is provided by the case of a particle on a rough plane. 
Suppose (see Fig. 5*15) that the particle P of mass m when acted 
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on by the horizontal force F is just on the point of slipping down 
the plane. In this case the reaction R of the plane makes with the 
normal the angle of repose x* Pursuing the method just men¬ 
tioned we consider as the virtual displacement, dr perpendicular 
to R. Then R • dr == 0, as before, and the application of the 
principle yields 

mg sin {6 — x) dr — F cos {B — %) dr — 0, (5-7~10) 

or 

F = mg tan (6 — x)* (5*7-11) 

5*8. Virtual Work — Two or More Particles. Rather more 
interest attaches to the principle of virtual work when applied to a 
system of two or more connected particles. The question arises: 
How shall the principle be stated in this case? Suppose we label 
the particles 1, 2, 3, ... n and imagine that forces Fi, F 2 , Fg,..., Fn 
are impressed on them respectively (i.e. Fi on particle 1, etc.). 
Suppose that while acted on by these forces the particles undergo 
virtual displacements dri, dr 2 , . . . , drn. The equation of the total 
virtual work to zero gives us 

Fi * dri + F 2 * dr2 + * * * “h F,i • dXn == 0. (5*8—1) 

It is to be remembered that the displacements must satisfy the 
connections and constraints of the sy ^tem and in general will not 
be completely arbitrary, i.e,, there will exist relations among them. 
Our problem in any particular case will be to write (5*8-1) for the 
given impressed forces and then to ascertain by an examination of 
the geometry of the situation what the relations are between the 
virtual displacements. This will enable us to reduce them to a 
set of completely arbitrary displacements and hence find the 
equilibrium conditions the forces must satisfy. 

An illustration will make this clear. Let us consider the equilib¬ 
rium of two mass particles mi and m 2 at the two ends of an 
inextensible string which slides freely over a smooth peg. We 
shall suppose that in addition to the impressed forces of gravity 
mig and m 2 g there are also the extra impressed forces Fi and F 2 
as indicated in Fig. 5*16. Applying the virtual displacements 
dll and dr 2 , the general relation (5*8-1) becomes 

(Fi + mig) * dti + (F 2 + wisg) • dr2 = 0. (5*8—2) 
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The displacements may be taken in any way compatible with the 
constraints. We find it most convenient to take them vertically 
downward. Expanding the dot products then 
yields 

(Fi + mig) dn + + m^) dr^ = 0. (5*8-3) 

But since the string is inextensible, dn and dr^ 
are not completely arbitrary. Rather 

dn + dr 2 = 0. (5*8^) 

The combination of (5*8-3) and (5*8-4) then 
yields 

Fi + niiQ = F 2 + m2^, (5*8-5) 

which solves the problem. Note that, although 
the conventional equilibrium treatment of this 
problem is forced to introduce the tension in 
the string, the latter is not an impressed force and hence does 
not enter into the expression of the principle of virtual work. 

Another illustration of similar nature is provided by two particles 
Pi and P 2 of masses mi and m 2 respectively tied to the ends of 
an inextensible string wrapped 
around a smooth peg S at the 
vertex of two perfectly smooth 
inclined planes of angles di and 
62 respectively (Fig. 5*17). The 
impressed forces are the weights 
mig and m 2 g. It is unnecessary 
to consider the tension in the 
string or the reaction of the 
planes since they are constraining and not impressed forces. 
Taking virtual displacements dn and dT 2 down the plane in each 
case, we write (5*8-1) in the form 

^ig * dXi + m2g • dX 2 = 0. (5*8-6) 

The expansion of the dot product gives us 

miQ sin di dn + xn 2 g sin 62 dr 2 = 0, (5*8-7) 

and the inextensibility of the string, 

dn + dT 2 = 0. 


S 






Fig. 516 


(5-8^) 
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Hence we are led ultimately to 

mig sin 6 i = niig sin 62 . (5*8-9) 

Reverting to (5*8-1), let us express it in Cartesian form by 
writing for the pth particle 


dtp = i dxp + j dyp + k dzp^ 
Fp = i Fxp + i Pyp + k Ftp. 


(5*8-10) 


The principle of virtual work may now be expressed in the form 
i: {Ftp dXp + Fyp dyp + Ftp dzp) = 0 (5*8-11) 

p=i 

Let us suppose that the forces are conservative (Sec. 4*1) so that 
there exists a potential energy function Vp{xp, yp, Zp) such that 


Then 


Ft 


dVp 

dx<0 


> etc. 


(5*8-12) 


ZVp^V (5*8-13) 

p=i 


may be considered the total potential energy of the collection of 
particles. The principle of virtual work then appears in the form 


n 


Z dV, = 0 , 

p=l 


(5*8-14) 


or for the virtual displacements considered the change in the total 
potential energy is zero. This signifies that for the equilibrium 
state the potential energy must be either a maximum or a minimumy 
for it is only in such a case that the variation due to a small dis¬ 
placement can vanish.^ In the former case the equilibrium is said 
to be umtahUy while in the latter case it is stable. Perhaps the 
simplest illustration is that of a single particle acted on by gravity 

1 Mathematically this is an over simplification. Strictly speaking, all we 
can say is that the potential energy has a stationary value. It might for 
example be a mini-max. Cf. W. V. Houston, Principles of Mathematical 
Physics (N.Y., McGraw-Hill, 2d ed., 1948) p. 89 ff. For most mechanical 
problems it is sufiScient to confine our attention to maxima and minima. 
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and resting on a smooth surface. Taking the z axis vertical, the 
potential energy to an additive constant is 

V = mgz, (5-8--15) 

where z is measured positively upward. Now suppose the particle 
is in equilibrium on a surface concave upward. The total force 
must act normally to the surface and hence z must be a minimum 
and therefore V also. This corresponds then to stable equilibrium 
(A in Fig. 5*18). Any finite displacement of the particle on the 



surface will increase the potential energy. On the other hand, if 
the particle is in equilibrium on a surface concave downward (R, 
Fig. 5-18), z must be a maximum and therefore V must be a 
maximum. The equilibrium is unstable. Any finite displace¬ 
ment of the particle leads to a decrease in potential energy. 

This significant connection between equilibrium and potential 
energy affords another illustration of the utility of the principle 
of virtual work. 


PROBLEMS 

1. If a string of length I has a line density p and we consider its total weight 
concentrated at its central point, with how much tension must it be stretched 
between two fixed points in a horizontal line in order to make it assume a 
horizontal direction? Discuss the physical significance of the answer. 

2. The magnitude of the resultant of two forces Fi and F 2 is 14 lb wt. The 
force Fi has a magnitude of 12 lb wt., and the direction of F 2 is inclined to the 
resultant at an angle of 30°. Find F 2 and the angle between Fi and F 2 . 

3. A particle of mass m is attached to one end of a string and the other end 
is fixed. Find the force which must be applied to the particle perpendicular 
to the string in order to hold the string at an angle e to the vertical. Find also 
the tension in the string. 
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4. A mass of 10 kilograms is supported at rest on a smooth inclined plane 
by a horizontal force of 4 kilograms wt. Find the inclination of the plane. If 
the plane were rough with coefficient of friction between body and plane of 0.2 
and if the angle of inclination were that just determined, what horizontal force 
would be required to support the body at rest? 

5. In the figure Wi = 1 kg and m 2 = 3 kg and P is a smooth peg. The 
masses are cxinnected by an inextensible string. The mass mi rests on a hori¬ 
zontal plane, with coefficient of friction between block and plane — 0.2. The 
mass m 2 rests on a plane making the angle 45° with the horizontal. What must 
the coefficient of friction be between m 2 and its plane in order to maintain 
equilibrium? 


mi 



6. Two equal magnets of pole strength ^ and length I are placed parallel to 
each other at distance a. If like poles are adjacent, calculate the position or 
positions where a single pole would be in equilibrium under the action of the 
magnets (i.e., the so-called neutral point). Solve the same problem when the 
adjacent poles are unlike. (Hint: Recall Coulomb's law of force between 
poles, F = m 

7. Given a magnet of length I and pole strength ^c. Derive the equation 
of a line of force of the magnetic field surrounding the magnet, that is, a curve 
whose tangent at any point has the direction of the resultant force on a single 
pole placed at this point. 

8. Derive the equation of a line of force in the field of two particles charged 
with equal amounts of positive electricity and separated by the distance a. 

9. Two small metal spheres with a mass of 1 gram each are suspended from 
a single point by threads 20 cm long. The balls are equally charged with 20 
electrostatic units of electricity. (The electrostatic unit is one such that it 
attracts an equal and opposite charge at a distance of one cm with a force of 
one dyne.) Find the distance to wliich the charged spheres will separate for 
equilibrium. 

10. Two charged particles with charges +10 electrostatic units and —20 
electrostatic units respectively interact with each other. What is the total 
potential energy of the system? Apply the principle of virtual work and find 
the conditions under which the system may be in equilibrium with each particle 
at rest. 

11. If the small spheres in Problem 9 have masses 1 gram and 2 grams 
respectively, are charged with 10 and 20 electrostatic units respectively, and 
are suspended from a single point by threads 20 cm long, find the distance to 
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which the spheres will separate for equilibrium. Also find the angles which 
the two threads make with the vertical and the tensions in them. 

12. Given a double inclined perfectly smooth plane ABC with angles 6 i and 
62 as indicated in the accompanying figure. A smooth peg is placed vertically 
above C so that CD = h. An inextensible string with masses mi and m 2 at the 



two ends is passed over the peg and the masses are allowed to move on the 
planes. Find the position of equilibrium by the principle of virtual work. 

13. Given a circle of radius 72 in a vertical plane. A smooth peg is placed 
center of the circle so that OP = h. (See figure.) 
A string of length I passes over the pulley and 
has at its extremities the two masses mi and m 2 . 
Assuming that the contact of the masses and the 
circle is smooth, calculate the position of the 
masses for equilibrium. Use the principle of 
virtual work. 

14. A flexible cord is suspended from two 
points on the same horizontal line. If the cord 
hangs in the form of a parabola, what must be 
the law of variation of the mass per imit length? 

15. A flexible uniform cord of length I is sus¬ 
pended from two fixed points in the same hori¬ 
zontal line. Find the distance between the two 

fixed points so that each terminal tension is three times the tension at the 
lowest point. 

16. The entire weight supported by a suspension bridge is 8 tons. The total 
length is 250 feet and the height is 20 feet. Find the tension on the points of 
support and the horizontal tension at the lowest point. 

17. A telegraph line is constructed of copper wire weighing 0.079 pound per' 
foot. The distance between the posts is 150 feet. If the tension at the posts 
is 200 lb wt., find the sag of the wire in the middle. 


at point P directly above the 



>m2 




CHAPTER VI 


MOTION OF A SYSTEM OF PARTICLES 

61 . Equations of Motion. Center of Mass. Conservation of 
Momentum. In our discussion so far we have been concerned for 
the most part with the motion of a single particle. Actual bodies, 
however, must be thought of as composed of a multitude of particles 
and, in order to study their behavior, it is now necessary to con¬ 
sider in some detail the equations governing the motion of a collec¬ 
tion of particles. We shall approach the problem in a rather 
general way and try to establish some general results which will be 
independent of the forces of interaction holding the particles 
together. 

Suppose we have a system of n particles of masses mi, m 2 ,..., mn, 
respectively, and acted on by the forces Fi, F 2 ,..., F„, respectively. 
Each force will be the sum of an external force and all the interac¬ 
tion forces between the particle in question and all the other 
particles. Thus for the jth particle 

F, = F,e+ i: Fy,, (6-1-1) 

where Fyc is the external force on the jth particle, and Fy*; is the 
force on the jth particle due to the fcth particle. From eq. (1*7-4) 
the equation of motion of the jth particle in vector form is then 

myi-y = Fy. + Z Fyi, (6-1-2) 

where i*y is the position vector of the jth particle in the chosen 
reference system. The summation notation in (6-1-1) and (6*1-2) 
merely expresses the fact that, in the sum, as k goes from 1 to n 
the term corresponding to fc = j is omitted, as it is meaningless, 
since the jth particle does not interact with itself. Let us now 
sum each equation over all the particles. We obtain formally 

£ myi*y = i: Fye = i: £ Fy,. (6*1-3) 

The double summation notation on the right appears a trifle 
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complicated but should cause no difficulty. It means that after 
summing Fy* over k from 1 to n (leaving out k = j) we sum the 

resulting sum over j as the latter runs from 1 to n. Thus, writing 

it out in full, 

2^ Z) Fy^ = 2 (Fyi + Fy2 + * • * + Fyn) 

y»lfc(^y)==l y=l 

= Fi2 + Fi 3 + • * * + Fin 

+ F 21 + F 23 + * • * + F2n 

+. 

+ F„i + Fn2 + • • * Fn.n-l. 


Now in the above expansion, for every term of the form Fy* there 
is a term of the form FA:y. But FyA; is the force on the jth particle 
due to the kth particle, and Fjty is the force on the kih particle due 
to the jth particle. From Newton^s third law (the law of action 
and reaction) we must have 

Fy, = -F,y. (6*1-4) 


It follows that the double sum in (6*1-3) vanishes identically, and 
the equation can be written in the following form 

Zmyfy = ZFye, (6*1-5) 

or alternatively 

H (Zwyry) = ZFy.. (6-1-6) 


This conveys the strong suggestion that we introduce a point 
whose position vector f is given by 


Swiyr, 


(6-1-7) 


The motion of this point will then be given by the equation 

mf = LFye, (6*1-8) 

where m = 2my = the total mass of the collection. The point 
with position vector f moves as if all the mass of the collection were 
concentrated there and all the external forces were acting there. 
We call it the center of mass of the collection of particles. It is an 
important property of the system, since if we can follow its motion 
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we have at least some idea where in space the system is, even 
though we may be unable to follow the motion of every individual 
particle. Clearly (6-1-8) says that in the special case in which 
the sum of the external forces vanishes, the center of mass moves 
in a straight line with constant velocity (rest being, of course, a 
special case). 

We can give another interpretation of eq. (6-1-6), since it may 
also be written in the form 

^ (Lmjtj) = (6-1-9) 

at 

Now is the resultant momentum of the collection of particles, 

whose time rate of change is therefore equal to the resultant 
external force acting on the system. Once more note the impor¬ 
tant special case in which = 0. Then the resultant momen¬ 
tum remains unchanged. This is the theorem of the conservation 
of momentum for a system of particles subject only to their own 
mutual interaction forces. A simple illustration is provided by 
the collision of two billiard balls. This is sufficiently interesting 
to warrant a section by itself. 

6-2. Conservation of Momentum in Collisions. We imagine 

two hard solid spheres of masses mi and m 2 , respectively, moving 
originally with constant velocities Ui and U 2 in the same straight 
line; we suppose that at some instant they collide squarely, with 
the result that after collision the spheres again separate and their 
velocities become Vi and V 2 , respectively. Though the spheres are 
themselves really aggregates of particles (i.e., approximately rigid 
bodies), since they collide squarely we may safely treat them as 
single particles. Since the collision involves only interaction 
forces, the principle of conservation of momentum applies and we 
can write 

TUiVLi -f- m ^2 = i/iiVi “f* 7712V2. ( 6 - 2 — 1 ) 

This equation does not enable us to predict the after-collision 
velocities from the original velocities. Consequently, the full 
solution of the problem demands further assumptions. Let us 
first write Ui = Wi6, U 2 = Vj = Vi6, V 2 = vS, where 6 is the 
unit vector along the straight line in which the motion takes place. 
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We can then replace the vector equation (6-2-1) by the scalar 
equation 

rriiUi + m2U2 = miVi + m2V2- (6-2-2) 

Now Newton, who experimented with colliding spheres, found 
that their behavior satisfies the further equation 


Vi — V2 —e(Wi — W 2 ), 


(6-2-3) 


where e is a positive proper fraction, called the coefficient of resti¬ 
tution. Its value depends on the material composing the spheres. 
For highly elastic substances, i.e., those which, though deformed 
by the collision, regain their original size and shape immediately 
thereafter, e is very close to unity, while for plastic substances in 
which collision leads to a more or less permanent deformation, e 
may be close to zero. 

Let us use (6*2-2) and (6-2-3) to calculate the after-collision 
velocity magnitudes Vi and V 2 in terms of the original values Ui and 
U 2 . The algebra leads to 


Vi 


(mi — m2ie)ui + ?n2(l + e)u2 
Tni + m 2 


V2 = 


mi(l + e)wi + (m 2 — mie)u2 
mi + m 2 


(6-2-4) 


The special case 6 = 1 is of interest. For this 


^1 


(mi — m2)ui -|- 2m2U2 
mi -h m 2 


V2 


2miUi + (^2 — mi)u2 
mi + m 2 


If in addition mi = m 2 , these equations become 


Vi = U2, V2 = Ui, 


(6*2-5) 


( 6 * 2 - 6 ) 


or the two spheres merely exchange their velocities on collision. 

On the other hand, suppose 6 = 0 (plastic impact). In this 
case (6*2-4) yields 

miUi 4 - m2U2 


Vi = 


f^i + m 2 


= V2, 


(6*2-7) 
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which means that after collision the two spheres move off together. 
This is well illustrated in the impact of two putty balls. 

Another important special case of collisions is that in which the 
mass of one particle is very much greater than that of the other. 
Let us suppose that m 2 ^ mi and that — 0. Then eqs. 
(6*2-^) yield effectively 

vi = —eui, V 2 = 0 . ( 6 * 2 - 8 ) 

A practical application is the rebound of a ball of mass mi from a 
horizontal table of mass very much larger than m^ If the ball is 
dropped from height hij we have 

Vi = —eV 2ghiy V 2 = 0 . 

The height of the rebound of mi is 

h2 = vi^/2g = heK (6*2-9) 

This provides a method of measuring the coefficient of restitution 
between two substances. 

Further investigation of collision phenomena demands the intro¬ 
duction of energy considerations which we shall postpone to Sec. 
6*5. 


6*3. The Two-particle Problem with Gravitational Attraction. 

The general results set forth in Sec. 6*1 receive another interesting 
illustration in the special case of a system of two particles. This 
has immediate practical application to celestial bodies which 
though large are very far apart and hence may be considered as 
particles attracting each other in accordance with the Newtonian 
law of gravitation. We therefore discuss the case in which two 
particles attract each other with a force varying inversely as the 
square of their distance apart and in which no other forces act. 
This is a generalization of the inverse square central force field 
problem treated in Sec. 3*7. 

If the masses of the particles are mi and m 2 , respectively, and 
their position vectors in the chosen reference system are ri and 12 , 
respectively, the equations of motion of the particles are (cf. 
Fig. 6*.l) 


mji*i = 


GmiViiCn 

ri2* 


m2l*2 = 




r2i® 


( 6 * 8 - 1 ) 
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Here G is the constant of gravitation (Sec. 2-3) and 

Ti2 == T2 ~ Ti (6*3-2) 


is the vector joining mi and m 2 , 
figure. Note that T 21 = —T 12 . 



tract the first equation in (6*3- 
by mi and m 2 , respectively. Tl 


with direction as indicated in the 
The direction of the force on mi 
is along the line joining it to 
m 2 and directed toward m 2 , and 
similarly for m 2 . We can now 
apply the general theorems of 
Sec. 6*1, but in this case it is 
simpler to proceed somewhat 
differently since by doing so we 
can actually solve the problem 
completely. We decide to treat 
the problem as one of motion of 
mi relative to m 2 . Thus sub- 
1) from the second after dividing 
e result is 



-AVI 1\ 

^12 — r \ 1-1 ri2, 

(6-3--3) 

or 

rij’ \mi mj 


-Ari2 
— „ > 

(6-3-3') 

where 

11 — , y K — Gmim2. 

wii + m 2 

(6-3-4) 


We see that eq. (6*3-3') describes the motion of a single particle 
of mass M in an inverse square central force field having the same 
force constant K as that prevailing in the interaction of the two 
particles. Effectively, we have reduced the ^tyo-particle problem 
to a OTie-particle problem, and all the equations developed in Sec. 
3*7 for inverse square central field motion about a fixed center will 
apply to the present case if we merely replace the mass wherever 
it occurs by the quantity fx and replace the constant c (eq. 3*7-1) 
by K. It is customary to call /x the reduced mass for the system 
of two particles. Clearly if m 2 ^ mi, as would be the case if 
m 2 represented the mass of the sum and mi that of a planet in the 
solar system, y, ^ mi. 
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It is often advantageous to refer the motion of the two particles 
mi and m 2 to neither mass but rather to the center of mass of the 



system. In Fig. 6*2 we denote the center of mass by C with 
position vector f. The position vector of mi relative to C as 
origin is 

Tic = Ti - f, (6-3-5) 


and correspondingly that of m 2 is 


Hence we have 


r2c == 12 - f. 

ri = f + 'Ac = 'Acy 
f2 = f + 'Ac = 


(6-3-6) 

(6-3-7) 


since f = 0, there being no force present save the gravitational 
interaction. Moreover by the use of (6-3-5) and (6-3-6) and the 
definition of center of mass, 


-m^i2 -miizi 

^ > T2 c = , 

mi + m2 mi + m2 


(6-3-8) 


Substitution into (6*3-3') gives the equations of motion in terms 
of Tu and r 2 c 


fiAc = 
Mi*2c = 


—m2^KTic 
(mi + m 2 Yru^ 

—mYKT2 c _ 

(mi + m 2 )V 2 c® 


(6-3-9) 
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These may obviously be presented in the alternative form 

— nii^KTu 
(mi + ' 

(mi + m2yru^ 

These differ from the original equations (6*3-1) only in the fact 
that the force constant is different for the two equations. We 
conclude that the path of each particle relative to the center of 
mass is of the same general geometrical form as that relative to 
the other particle. The center of mass itself, of course, either 
remains at rest or moves with constant speed in a straight line. 

If m 2 ^ mi, we have seen that n = nii very nearly, while 
fie —^ 0 and Tu ri 2 . This means that when one mass is very 
much greater than the other, the motion of the heavier mass can 
be neglected compared with that of the other, and the problem 
reduces approximately to that of inverse square central field 
motion about a fixed center. The center of mass of the system in 
this case is very close to the heavier mass. Thus in the case of 
the motion of the two-particle system of the earth and the sun, 
the center of mass lies within the sun^s surface and the approxi¬ 
mation which considers merely the revolution of the earth about 
an effectively stationary sun is for many practical purposes a very 
good one. 

In Sec. 3*9 we discussed the Bohr atomic model of hydrogen 
and assumed that the electron moves about a stationary nucleus. 
Since the mass of the nucleus is about 1840 times that of the 
electron, this is a rather good approximation. Nevertheless, the 
formula (3*9-14) for the semi-major axis of the orbits permitted by 
the quantum conditions can readily be corrected to take account 
of the actual motion of the nucleus. From what we have just 
learned in the present section it is only necessary to replace the 
mass of the electron by the reduced mass m where now 

M me rrin 

in which rtie is the mass of the electron, and lUn that of the nucleus. 


mii*ic = 

m2T2c == 


(6*3-10) 
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The formula (3-9-14) then becomes 


Since 


(rii + 



(6-3~ll) 


the correction is a small one. Nevertheless the modification has 
been detected experimentally by precise spectroscopic measure¬ 
ments.^ 


6'4. Torque and Moment of Momentum. Let us now revert to 
the equation of motion of a system of n particles, i.e. (6T-2), 
which we repeat here for convenience 

n 

mjfj = ¥je + Z) Fy*. 

We now multiply both sides of the equation by the position vector 
ry, but we shall not do it by the dot product defined earlier. Rather 
we define a new kind of vector called the cross product. 

If we have two vectors A and B, we shall define the vector or 
cross product as follows 

A X B = € AR sin d, (6*4-1) 

where A and B are as usual the magnitudes of the vectors A and B 
respectively. The angle 6 is the smaller of the two angles between 
the positive directions of A and B, and c is a unit vector (i.e. le] == 1) 
perpendicular to the plane of A and B and directed in such a way 
that as one looks along it a clockwise rotation will carry A into B. 
The cross product is therefore a vector whose magnitude is the 
area of the parallelogram of which A and B are two adjacent sides. 
We note that the. vector product does not satisfy the commutative 
law. Rather 

AXB = - BXA. (6*4-2) 

However it can be shown that the distributive law holds, i.e., 

AX(B-hC)=AxB+AxC. (6*4-3) 

1 Cf. Ruark and Urey, ‘‘Atoms, Molecules and Quanta/’ p. 126. 
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If we apply the definition to the unit vectors i, j, k we get the 
interesting and often useful results 

iXi = jXj = kXk = 0, 

i X j = k, j X k = i, k X i = j. (6-4-4) 

Moreover 

|;(AXB)=AxB+AxB, (6-4-5) 

at 

which can be demonstrated by expanding A and B in terms of their 
components along the x, y, z axes and using (64-4). 

We are now ready to apply the cross product to the present 
problem by forming 

Tj X Tj = sin (ry, fy). (6-4-()) 

Here (ry, 'ij) is the smaller of the angles between the positive 
directions of the vectors ry and fy (cf. 6 in Fig. 6-3), and cy is the 
unit vector normal to the plane of ry and fy and in such a direction 
that, as one looks along it, a clockwise rotation will carry ry into 

fy. The quantity ry X fy will be de- 
fined as the moment of the acceleration 
Wj/'Cq vector about the axis through 0 per- 
pendicular to the plane of r, and fy. 
Similarly 

ry X Fy. 

will be defined as the moment of the 
Q force Fye about the axis through the 

Fig. 6-3 origin perpendicular to the plane of ry 

and Fyc. The moment of a force about 
an axis is also termed the torque due to the force about the axis 
in question. We shall often refer to it more simply as the torque 
about the point through which the axis passes. It is, of course, 
a vector and is usually designated by the symbol L. The result 
of taking the moments of both sides of the equation of motion 
then appears as 

n 

Ttijii X ij = Ly. + 2^ Ljk, (6-4-7) 

=1 


where Ly« is the torque due to the external force on the mass my, 
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while Ljjfc is the torque due to the interaction force between my 
and Let us assume that this interaction force is directed along 
the straight line joining my and ntk^ It follows from Fig, 6*4 that 
the torque due to the force Fy* on my about the normal axis through 



r;, rrik 

Fig. 6-4 


0 is equal and opposite in direction to that due to the force Fjfcy 
on rriky about the same axis. Hence if we sum eq. (6*4-7) over all 
the particles of the system the double sum 

n n 

r L Ly. 

y = lfc(5^y)=l 

will vanish, and we shall have simply 

n n 

2] myry X ty = Lye. (64-8) 

;=1 y=l 

To interpret this more conveniently, we use eq. (6*4-5 ) and 
finally get 

^ [Tj X (myfy)] = Tj X (myf,), (64-9) 

whence (6*4-8) becomes 

^ z: ry X (myfy) = f Ly,. (6-4-10) 

ary=l y = l 

The quantity ly X (myfy) from its method of construction is natu¬ 
rally termed the moment of momentum of the jth particle about the 
origin. Eq. (6*4-10) then says that the time rate of change of 
the total moment of momentum of the collection of particles about 
the origin is equal to the total torque or force moment produced 
by the external forces about the same point. The reader will note 
its analogy with the force equation (6*1-9). Corresponding to 
the theorem of the conservation of momentum in Sec. 6*1 we now 
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have the theorem of the conservation of moment of momentum: 
if the total external torque on a system of particles about a point 
vanishes, the total moment of momentum of the system about this 
point is constant. It must be remembered, of course, that the 
validity of this result depends on the internal interaction forces 
being directed along the lines joining the particles respectively. 
Otherwise the torques due to the internal forces will not cancel 
out. An illustration of the theorem is found in the solar system in 
so far as the whole system is not acted on by external forces. 
Another illustration is found in the electron motions in the plane¬ 
tary atom model already described in Chapter III. Here, of 
course, it is only approximate since internal magnetic forces pro¬ 
duce torques which do not entirely cancel out. Moreover, the 
electrons themselves are now assumed to have spins which must be 
taken into account. 

The reader should show for his own satisfaction that eq. (6*4-~10) 
when written in terms of rectangular coordinates becomes 

d ^ n 

'T ^ ~ ^ jez “ jev)j 

d ” . 

~7, iC jex XjP (6*4—11) 

dty—l j 

d ” " 

- 2- mj{x,yj - yjXj) = 2- (x,Fje„ - yiFj,x). 

Can we bring the center of mass into this picture? In line with 
the discussion of the motion of two particles let us refer the motion 
of the whole collection of n particles to the center of mass. Thus 
we write the position vector of the jth particle in the form (analo¬ 
gous to the special case of eq. (6*3-5)) 

ry = f 4- rye, (6*4-12) 

where f is the position vector of the center of mass, and rye is the 
position vector of my relative to the center of mass. The funda¬ 
mental equation (6*1-9) becomes 

^ {mi) = ZF,>, (6-4-13) 

n 

since by definition rrijTjc = 0. Eq. (6-4-13) is, of course, 
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equivalent to eq. (6-l~8). This is nothing new, then. However, 
let us introduce the substitution (64-12) into (64-10). This 
gives 

^ Z m,(f + r,c) X (f + tjc) = Z (f + rye) X Fy,. 

After expansion and use of the definition of the center of mass 
and (64-13) the result is 

J. Z rye X (myfyc) = Zr,c X Fye. (64-14) 

This says that the time rate of change of the total moment of 
momentum about the center of mass is equal to the total torque 
about the center of mass. In other words we can completely 
describe the motion of the collection of particles by the motion of 
the center of mass (64-13) and the motion relative to the center 
of mass (64-14). This plan turns out to be particularly appro¬ 
priate when the collection of particles forms a rigid body (Chap. 
VII). Another important application is met with in nuclear 
physics where in the theory of the deuteron (the nucleus of the 
hydrogen isotope of mass two), for example, it is convenient to 
separate the motion of the center of mass of the two particles 
(i.e., the neutron and the proton) from their relative motion. 

6*5. Energy of a System of Particles. Let us revert once more 
to the equation of motion of the jth particle and form the dot 
product of both sides by ij dt to find the work done by the forces in 
time dt. Thus 

mjtj • i*y dt = Fy. • fy dt + £ Fy, • f y dt. (6*5-1) 

The left-hand side becomes 

where Vj^ = fy • fy is the square of the resultant velocity of the jth 
particle. Moreover, since we can write tjdt = dry, we have 
finally on summing over j 

d 2 = Z Fye * dry + 2^ 'E Fy*, • dry. (6*5-2) 

y«l y = l y *(j^y) *1 
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Integrating over the path from r/ to r/' gives 


Ai 


Ko= r : 

Uii' L 


ZFy. -dr. + Z Z Fy*-dr, 

j — Iki 9^j) =1 


(6-5-^3) 


This is the generalization of the work-energy theorem to the case of 
a collection of particles: the total work done by the external and 
internal forces during the motion of the system is equal to the 
change in the total kinetic energy. The double sum on the right 
can be written in much simpler form if we assume that the force 
Fjk is directed along the line joining the jth and A:th particles and 
is a function only of the distance between them and moreover the 
same function for all particles. Thus let us suppose that 


where 


Fi. = /(ry.)ry., (6-5-4) 


tjk — Xj — Xk, 


Now the double sum consists of pairs of terms of the form 
J{rjk)Tjk • dtj +f{rkj)rkj • rfr* 

= f{rjk)rjk • dtjk. (6-5-5) 

Hence (6-5-3) becomes 

Ki — Ko ~ XIf {’>'jk}Tjk - (6-5-6) 


where in the second sum we include all pairs of j and k with j < k 
and k running from 1 to n. Now suppose there exists a potential 
energy function Vje such that 


T' 17 rl -1 t I ^ 'V'7T'’ 

£ Fje - dry = - ZI — dxi + —— dy^ + —— dzj ) = - Z dFye. 

, \ dXj dy,- dZj / , 

(6-5-7) 


Moreover, assume that 

Xfi'^jk^^jk ■ dtjk = Z 

^ d7(ry*) 
"r 


RF(ry*) , , dVir^k) , 

—r- dxjk + -T- dyjk 

dXjk dyjk 


, dZjk 
dzjk 

= -ZdF(ry*), 




(6-5-8) 
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where Xjk = Xj — Xk, etc. Eq. (6-5-6) then becomes 


+ L Vi," + Z V" (Tik) = Ao + Z Vj/ + Z F' (rik). (6-5-9) 

; k,j j k,3 


We are then led to call je the total potential energy of the 

j 

external forces, and (rjk) the total potential energy of the 
internal forces. The total energy of the whole system remains 
constant: this is the theorem of the conservation of mechanical 
energy for a system of particles. From (6*5-8) it should be clear 
that if the mutual interaction forces are central forces, i.e., act 
along the lines joining the particles and vary only with the inter¬ 
particle distance, the potential energy function V {rjk) always 
exists. Hence in a system of particles acted on only by mutual 
forces of the central type, the total energy remains constant. 

An important fact to note from (6*5-9) is that the internal 
forces make a contribution to the potential energy and hence 
appear in the energy conservation equation, whereas they cancel 
out in the momentum and moment of momentum conservation 
equations. This is well brought out in the energy equation for 
the two-particle problem discussed in Sec. 6.3. Let us consider 
this special case. 

If we dot multiply the first equation in (6*3-1) by tidi — dvi 
and the second by ^2 dt = dr 2 , and add, by the arguments used in 
going from (6*5-1) to (6*5-2), we get 

d{\mivi^ + hnfi2V2^) = ^12 * idxi — dr2) 


Gm\m2 j 
p- ri2 * ari2, 
ri2® 


(6*5-10) 


where the last step comes from (6*3-2). Integration of both sides 


leads to 

\miv^ + = 


•Gmim2 1 



J 

' »-I2* 


Gmim2 ] 

rdrn ^ 

(6-5-11) 

J 

ri2* ’ 


since 


ri2 • dri2 = ri2(^ri2. 


(6-5-12) 
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We therefore finally obtain as the energy equation 

= u, (6-5-13) 

ri2 

where U is the total energy 
of the two particles is 

7i2 


The potential energy of interaction 

GmiTHi 


ri2 


(6*5-14) 


as might have been expected from the discussion leading up to 
eq. (4*4-2). Here there is no external force and hence no external 
potential energy. In (6*5-13) the speeds Vi and V 2 refer, of course, 
to the fixed origin. We can, if we please, express the energy 
equation in terms of the relative velocity ^ 12 . In fact this is a 
simpler procedure. From eq. (6*3-3') we have at once 


fjLVi2^ Gmim2 

2 ri2 


(6*5-15) 


in which now the reduced mass once more appears. We can also 
express the energy equation in terms of the motion relative to the 
center of mass. By the use of (6*3-5) and (6*3-6) we can write 
for the left-hand side of (6*5-13) 

^miVi^ + ^m2V2^ = |(mi + m2)f • f + ^mitu * tu 

+ ^1712^20 * i2c- (6*5—16) 

This says that the total kinetic energy in the fixed system of 
reference is equal to the kinetic energy of the center of mass (with 
the whole mass mi + m 2 concentrated there) plus the kinetic 
energy of the two particles relative to the center of mass. This 
scheme is often a useful one and of course may be generalized to 
apply to a collection of an arbitrary number of particles. We 
shall make good use of it in the study of rigid bodies in Chap. VII. 

In the case of the collisions of spherical particles discussed in 
Sec. 6*2 it is extremely diflScult if not practically impossible to 
express the interaction forces in terms of readily measurable 
quantities. Hence we cannot readily find an expression for the 
potential energy at every instant during the impact and therefore 
cannot write the energy equation for the interaction. However, 
if we are content to use the Newtonian coefficient of restitution, 
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it is possible to examine the change in kinetic energy brought 
about by the collision. 

The total kinetic energy of the system before collision is 

K^c = (6*5-17) 

whereas that after collision is 

Kv ~ “f* (6*5—18) 

The change in kinetic energy is 

= K. - Ku. (6*5-19) 

We can evaluate this by direct substitution for Vi and from 
(6*2-4), so as to express AA in terms of Ui and only. However, 
this turns out to be algebraically tedious, and we find it simpler 
to avail ourselves of the result demonstrated just above, namely, 
that the total kinetic energy is equal to that of the center of mass 
plus the kinetic energy relative to the center of mass. Since the 
velocity of the center of mass cannot be changed by the collision, 
the whole change in the kinetic energy of the system is the change 
in the kinetic energy relative to the center of mass. Now, using 
the notation of Sec. 6*3, we have 

rriiUic + m2U2c = mwic + m2V2c = 0, (6*5-20) 

whence from (6*2-3) we conclude that 

Vie ~ —euicy V2c = — ei22c. (6*5-21) 

Therefore the change in kinetic energy becomes simply 
AK = ^miVic^ -h \m2V2c^ ~ \rniUic^ — \m2U2c^ 

= \mi{e^ - l)uic2 + hm2{e^ - l)u2c\ (6-5-22) 

From the fact that the coefficient of restitution e is a proper 
fraction (<1) it follows that 

AK < 0. (6*5-23) 

Unless e — I, the total kinetic energy of the system of spherical 
particles decreases on collision even though the total momentum 
remains constant. The kinetic energy thus lost reappears in the 
form of heat and sound, as is clearly shown by experiment. 

6*6. The Virial of Clausius. Closely related to the energy of a 
system of particles is the virial of Clausius. Consider the following 
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scalar function of the position vectors of the n particles of the 
system 

n 

M — ^irijTj • Tj. (6*6-1) 

i=i 

Differentiating this twice with respect to the time gives 

n n 

M = £ nijtj * fy + X) (6*6-2) 

Now itf is a function of the time. If we integrate it with respect 
to the time between the limits 0 and r, where r is an arbitrarily 
long time, and divide by r, we shall obtain the time average of M 
over the time interval in question. Thus, if we use a bar to denote 
average with respect to time, we have 

M = Cm dt = ’ {Mr - Jifo), (6-6-3) 

r t/o r 

where, of course, from (6*6-1) 

n 

if = 2 wi/i • fi, (6-6-i) 

3 =1 

and Mr and Mq refer to the values of M Sitt = t and t = 0, respec¬ 
tively. If the particles are assumed to move always in a closed 
space, the magnitude of ry can never exceed a certain maximum 
value. We shall assume, moreover, that the velocities fy are 
likewise bounded, which is quite reasonable for a collection of 
particles for which the kinetic energy cannot become infinitely 
great. Hence M is bounded and as t increases 

M-^O. (6-6-5) 

Therefore from (6-6-2) 

n n 

h * tj — 2 mjXj * fy. (6*6 6) 

y=l y»=l 

Now the left-hand side of (6*6-6) is the time average of the total 
kinetic energy of the system. The right-hand side may be 
rewritten by recalling that myr’y is the resultant force Fy acting on 
the jth particle. We may then write 

U = 2 ry • Fy. 


(6*6-7) 
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The quantity Q was called by Clausius the virial of the system. 
Eq. (6*6-6) expresses the result that the average kinetic energy 
of the system of particles moving subject to the imposed conditions is 
equal to its virial. This is the virial theorem. 

An interesting application of the virial theorem is the relation 
between the average kinetic energy and average potential energy 
of a system in which the only forces acting are central forces 
between the various particles. We shall illustrate this for the 
simple case of a single particle subject to a central attractive force 
varying as the nth power of the distance to a force center. Then 
(6*6-6) reduces (with F = Cr”~^r) to 

R = -h ^ 


But from (4*3-8) the potential energy corresponding to this type 
of central field is 


F(r) = 


n i 


and consequently 

( 6 . 6 _ 8 ) 


In particular, for the inverse square field, where n = —2, the 
result becomes 

^ (6-fr-9) 

From (6*6-9) the total energy becomes 

V 

E = -y (6*6-10) 

which is, of course, negative, corresponding to the fact that the 
force is here a binding force. The generalization to a collection 
of particles is left as an exercise. 


6*7. Elementary Kinetic Theory of Gases. Equation of State 
of an Ideal Gas. One of the most important examples of a system 
of particles is provided by the kinetic theory, which considers a 
gas to be composed of a very large number of very small particles 
called molecules moving with varying velocities in every direction, 
colliding with each other and rebounding with undiminished speed 
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from the walls of the vessel in which the gas is confined. In the 
so-called ideal gas the molecules are assumed to exert no forces on 
each other and consequently the only forces on them are due to the 
impact on the walls. Let us calculate the virial for an ideal gas 
consisting of N molecules confined in a cubical box of side a. We 
suppose the gas to be in a state of equilibrium, i.e., assume that the 
spatial distribution of the molecules within the box is uniform so 
that the density is the same in all parts of the vessel and does not 
change with the time. It will be convenient to expand the scalar 
product in (6*6-7) and express the virial in terms of rectangular 
components. Thus 

Q = — ^ i^jFjx + VjFjy + ZjFjz). (6*7-1) 

i=i 

Now the forces etc., have non-vanishing values only for the 
values of Xj, Zj at the walls. These forces arise from the change 
in momentum experienced by the molecules in their reflection from 
the walls. It might seem, at first thought, difficult to compute 

recall that it is the time average 
which is involved in (6*7-1), we 
reflect that the average wall forces 
may be replaced by the integrated 
pressure p (force per unit area) 
which on the postulates of the ki¬ 
netic theory is assumed to be due 
to the average effect of the con¬ 
tinual bombardment of the walls 
by the molecules. We agree to 
establish coordinate axes as in Fig. 
6*5. To form J^XjFjx we must mul¬ 
tiply the X coordinate of each mole¬ 
cule by the x component of the 
force acting on it, sum over all molecules, and then average. Now 
the only contribution to ^XjFjx will come from the walls A and B, 
That at wall A must vanish since x is zero at all points of this wall. 
At B we may assume that each single molecule is acted on by a 
surface element dS, Hence ^XjFjx becomes 

—pa JdS = —pa®, (6-7-2) 


them. However, when we 
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for at B, Xj = a everywhere and the integration must be taken 
over the whole wall. The negative sign results from the fact that 
the wall force acts inward. The contribution of the pair of walls 
A and B to ^yjFjy and ^ZjFjz will be zero since these walls are 
normal to the x axis and the force they exert is directed wholly 
along the x axis. Proceeding similarly we find that the contribu¬ 
tion to ^yjFjy of the pair of walls E, F is —pa^ and the same is 
true of the contribution of C, D to '^ZjFjz. Hence the total virial 
due to the forces exerted by the walls becomes 

0 = fpFo, (6-7-3) 

where Vo = a® is the volume of the cubical box. The virial 
theorem (6*6-6) then gives 


= fpFo, (6-7^) 

where Vj is the resultant velocity of the jth molecule. 

The formula (6-7-4) at once gains fundamental importance for 
the thermal properties of gases if we assume that the temperature 
of an ideal gas is characterized entirely by the total average kinetic 
energy. Then constant temperature implies constant average 
kinetic energy. On this assumption (6-7-4) says that the product 
of pressure and volume for an ideal gas at constant temperature is 
constant. This is Boyle^s law. 

It may be remarked that the foregoing derivation can be 
carried through much more generally using a vessel of any size or 
shape. The reader may here refer to Lindsay, “ Physical Sta¬ 
tistics (John Wiley, New York, 1941) p. 70, for the more general 
treatment. Also consult Loeb, The Kinetic Theory of Gases.” 
(McGraw-Hill, N.Y., 1927.) 

Let us examine eq. (6-7-4) more closely. Suppose that the mole¬ 
cules are all of equal mass and moreover suppose that Vj^ is 
the same for all. This is equivalent (for this special case) to the 
assumption that the mean kinetic energy is the same for all the 
molecules, i.e., that there is equipartition of energy among them. 
This hypothesis or one closely connected with it has played 
a significant role in the development of the kinetic theory.^ 

1 See again, Lindsay, op, dt.y p. 67. 
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Eq. (6*7~4) now becomes (with — v^) 

pVo = imW, (6-7-5) 

where N is the total number of molecules in the volume Vo, and 
m is the mass of each. It should be carefully noted that repre¬ 
sents the time average of the square of the velocity, i.e., it has no 
connection with direction. If we were to consider, for example, 
the average velocity, then we should have to admit that it must be 
zero, since for every molecule traveling at a given instant in a 
definite direction with a certain speed there will be to a very high 
degree of probability another one moving in the opposite direction 
with the same speed. Now if we divide through eq. (6*7-5) by 
Fo, we have 

p = \mnv^, (6-7-6) 

where n is the number of molecules per unit of volume. Hence 
m/n = p, where p is the density of the gas, and we write finally 

P = \pV\ (6-7-7) 

This provides at once a means of calculating the mean square 
velocity of the molecules and its square root, called the root mean 
square velocity. Thus 



For oxygen at standard pressure (76 cm. of mercury) and at 
temperature 0° C., p = 0.001429 gram/cm^, and hence we cal¬ 
culate 

Vm — 461.2 meters/sec, 

approximately. The reader should calculate for himself the cor¬ 
responding values for other gases. For example, he will find it of 
interest to work out the value for hydrogen and thus obtain a clue 
to the reason why there is so little hydrogen in the earth^s atmos¬ 
phere (cf. Sec. 2-3). The foregoing is sufficient to indicate the 
order of magnitude of molecular velocities as calculated from 
kinetic theory. 

Let us now introduce a more exact connection between the 
kinetic energy of the molecules and the temperature, and assume 

mvj = SkT, (6-7-9) 
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where T is the absolute temperature. It then develops from a 
study of the experimental data on many gases that kis a, universal 
constant, depending only on the temperature scale used. It is 
usually denoted as the Boltzmann gas constant or gas constant 
per molecule. If we knew the mass of the oxygen molecule, for 
example, we could calculate the value of k from (6*7-9). The 
most reliable data yield k = (1.3708 ± 0.0014) X 10“^® ergs/de¬ 
gree C. Now substituting into (6*7-6) we have 

V = nkT, (6*7-10) 

or multiplying through by a volume Fo, 

pVo = NkT. (6*7-11) 

Eq. (6*7-11) is the general gas equation for an ideal gas, i.e., one 
in which the mutual forces of the molecules may be neglected 
compared with the forces of the walls on the molecules. It is also 
frequently called the equation of state. 


6*8. Some Consequences of the Kinetic Theory. Specific Heats 
of Gases. Several other results important for the theory of gases 
follow from the use of the virial theorem. We want to stress these 
here because they illustrate the very significant role that mechani¬ 
cal methods have played in the development of the theory of heat 
and the constitution of bodies. 

In the first place note from eq. (6*7-11) that, since is a universal 
constant, the number of molecules in volume Fo of any ideal gas, 
given by 


N = 


kT ' 


( 6 - 8 - 1 ) 


is dependent only on the pressure, volume and temperature of the 
gas. It follows at once that if we have two gases at the same 
temperature and pressure, equal volumes of the two will contain the 
same number of molecules. This is the celebrated hypothesis of 
Avogadro, so important for chemistry. It here follows directly 
from kinetic theory considerations. Incidentally we note that if 
we were to assume Avogadro's hypothesis in a priori fashion and 
combine it with (6*7-6) the result would be that ^mv’^ must be 
the same for all gases at the same temperature. This at once 
suggests a kinetic theory definition of temperature like (6*7-9). 
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The independent evidence in favor of Avogadro's hypothesis thus 
lends the greater weight to an assumption of the form (6*7-9). 
Of course, we cannot go here into the detail that a close inspection 
of this subject demands. Nevertheless the reader should see in 
it an illustration of the progressive interplay of hypotheses in 
constructing physical theories for various types of physical 
phenomena. Another conclusion closely allied to that just arrived 
at follows at once. Since nm ~ p, we have for two different ideal 
gases 

nmi = pi, 712^2 == P2. (6*8-2) 

But if the temperature and pressure are the same, Ui = as we 
have just seen. Hence under thevse conditions 


_ Pi 

W2 P2 


(6*8-3) 


that is, for constant temperature and pressure the ratio of the 
densities of two gases is equal to the ratio of the masses of their 
constituent molecules (i.e., chemically speaking the ratio of their 
molecular weights). This law was discovered originally by the 
chemist Gay-Lussac. 

If we can suppose that when a gas is allowed to effuse through 
a very small opening in a vessel the outward velocity is propor¬ 
tional to the root mean square velocity Vm, it follows from eqs. 
(6*7-9) and (6*8-3) that 



for two gases at the same temperature and pressure. This, how¬ 
ever, states in words that the effusion velocity (for gases at the 
same temperature and pressure) varies inversely as the square root 
of the gas density. This is actually satisfied experimentally to a 
considerable degree of approximation. 

Some interesting results follow from the consideration of the 
energy of the molecules. In an ideal gas the energy of the gas is 
the sum of the separate energies of motion of its molecules. The 
latter energy for each molecule can be divided into two parts, viz., 
the kinetic energy of the molecule as a whole (i.e. the kinetic 
energy of the center of mass) and the kinetic energy of the separate 
parts of the molecule (supposing it has a structure) relative to the 
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center of mass. We shall assume that the latter energy, which we 
may call the internal kinetic energy of the molecule, is a constant 
fraction of the kinetic energy of translation. So we shall write 
for the total energy of a single molecule 

E — (6-8-'5) 

where /3 is a constant which should be the same for gases of the 
same constitution. The energy for unit volume is then 

Ev = ^I3nmv^f ( 6 - 8 ~ 6 ) 

where n is the number of molecules per unit volume. Now from 
eq. (6*7~6) we may write this in the form 

Ev = fiSp, (6*8-7) 

p being the pressure of the gas. The energy per unit mass of the 
gas is then 

( 6 - 8 - 8 ) 

Z p 


where p is the density. Now the specific heat of a gas at constant 
volume cv is measured by the increase in energy per unit mass per 
unit increase in absolute temperature while the volume remains 
the same. Hence we have 


Cv = 



(6*8-9) 


This is expressed in mechanical units, i.e., ergs per degree. To 
change to calories per degree one must divide by the mechanical 
equivalent of heat, »/ = 4.2 X 10^ ergs per calorie. What we are 
here interested in is, however, the fact that for an ideal gas (6*8-9) 
yields 


Cv = 


3 jSfc 
2 m* 


( 6 * 8 - 10 ) 


This shows that for a given gas the specific heat at constant 
volume should be independent of temperature and pressure. This 
is experimentally true over a wide range, but as one might expect 
breaks down at low temperatures, i.e., under the conditions such 
that the interaction forces can no longer be neglected. From 
(6*8-10) it is clear that Cv is inversely proportional to the mass of a 
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molecule of the gas and directly proportional to If p were the 
same for a number of gases it would follow that the product of m 
by cv or that which is proportional to this, the product of cv hy the 
molecular weight, is constant. This is the celebrated law of Dulong 
and Petit as applied to gases. It holds for a great many gases but, 
of course, is not valid for all gases under all conditions. It is also 
found to hold for most solid elements (the molecular weight being 
replaced by the atomic weight) if the temperature is high enough. 
The exact study of the specific heats of substances in general is 
very intricate. It has only yielded to successful treatment by the 
use of the quantum theory of the constitution of matter.^ 

If the molecules are of non-vanishing size (and there are many 
lines of evidence to indicate that this is so) we must admit that 
with their very considerable velocities they will suffer frequent 
collisions. The time elapsing between successive collisions will 
naturally be quite varied. Nevertheless we can profitably imagine 
an average distance through which a molecule may travel before 
encountering another molecule. This distance is called the mean 
free path and is usually denoted by X. There are in kinetic theory 
several methods of estimating it. It would take us too far afield 
to enter into these here. However, it is reasonable to expect that 
the more molecules there are per unit volume, the shorter will be 
the mean free path, i.e., X varies inversely as the density. We 
should also expect the size of the molecules to affect the value of X, 
again inversely. Calculation confirms these conjectures, and 
indeed Clausius obtained the following expression for the mean 
free path 


X = -. —, 
4 mrD^ 


(6-8~ll) 


where n is as before the number of molecules per unit volume 
(assumed approximately constant), and D is the diameter of a 
molecule considered as a rigid sphere. This is an idealized pic¬ 
ture. Nevertheless it has proved extremely valuable. 

6*9. Elementary Kinetic Theory of the Viscosity of a Gas. One 

of the most interesting applications of mechanics to kinetic theory 
is provided by the theory of gas viscosity. From elementary 
physics the reader will recall that in all real fluids in motion 
1 For further discussion, cf. Lindsay, op. cit., pp. 76 ff, 218, 234, 236. 
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whether liquid or gaseous, there is always present a tendency for 
the fluid moving in one layer to retard the motion of the fluid in 
the immediately adjacent layers. This effect is attributed to a 
force of viscosity or viscous drag, which Newton assumed is directly 
proportional to the flow velocity gradient or rate of change of 
velocity with distance perpendicular to the direction of flow. It is 
moreover assumed that the viscous force is also proportional to the 
area of contiguous layers. If we denote the area in question by A, 
the flow velocity gradient by dVIds, the viscous drag Fv may then 
be written 

dV 

— y (6-9-1) 

ds 

where v is the coefficient of viscosity or, more briefly, the viscosity 
of the fluid. It is the tangential viscous drag per unit area per 
unit flow velocity gradient. In absolute units its dimensions are 
dyne second per cm^. For example, the value for water in these 
units at 20° C is 0.01, while for hydrogen at 0° C ?? is 8.4 X 10“^ 
It is of interest to note that the viscosity of liquids decreases as 
the temperature rises, whereas that of gases increases with the 
temperature. 

The viscosity of liquids finds a plausible explanation in the 
cohesive forces between the constituent parts, but this is not 
available for an ideal gas in which such forces are assumed not to 
exist or are at any rate ignored. Maxwell was the first to give a 
kinetic theory explanation of gas viscosity in terms of the motion 
of the molecules and in particular by the transfer of momentum 
from one moving layer of gas to another by the random molecular 
motion. Let us look into this matter in an elementary fashion. 
Consider a gas which has a flow movement from left to right, let 
us say in the x direction. Let the velocity in the plane AA' 
(Fig. 6*6) be denoted by Fi, while that in the lower plane BB' at a 
distance 2X from A A' is 72 < Vi, Draw the imaginary plane PP' 
half way between AA' and BB'. Now we may consider the 
molecules moving in the plane to be divided into three groups, 
namely, those traveling in the direction of the x, y and z axes 
respectively. We may suppose that if there are n molecules per 
unit volume, there will be on the average n/3 proceeding in each of 
the three directions. Hence on the average the number of mole¬ 
cules that travel across unit area of the plane PP' in the positive y 
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direction per second is n/6 • v^y where is the root mean square 
molecular velocity, and we are making the simplifying assumption 
that all the molecules may be considered as moving with this 
velocity. The same number on the average cross unit area of the 
plane in the negative y direction per second. By virtue of the way 



in which the planes A A' and are drawn, the above-mentioned 
molecules have each suffered their last collision (before striking 
PP') in either the plane AA' or BB\ since X is by definition the 
mean free path. Now the velocity gradient of the gas in the 
neighborhood of PP' is approximately 


^ _ Vi - V 2 

ds 2X 


(6-9-2) 


It is, of course, assumed that the velocities Vi and V 2 are very 
small compared with the molecular velocity We shall next 
suppose that when a molecule passes through any plane it instan¬ 
taneously acquires the velocity with which the gas as a whole is 
moving in that plane, the latter then being compounded with the 
molecular velocity. Hence we can say that the nvm/^ molecules 
which travel across unit area of the plane PP' per second coming 
from plane A A' carry with them or transfer a certain amount of 
momentum. Each such molecule has acquired what may be 
called a “ flow ” momentum (to distinguish it from the momentum 
due to its velocity Vm) equal to mVi. Hence in the passage of the 
molecules from A A' through PP' there is a transfer of momentum 
per second per unit area from the gas above PP' to the gas below 
PP' amounting to 

(6-9-3) 

o 


But we know that a change in momentum implies a force which 
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indeed is equal to the time rate of change of momentum. Hence 
we may look upon the expression (6*9-3) as representing a tan¬ 
gential force exerted by the gas above a unit area of the plane PP' 
on the gas below (tangential because the change in momentum is in 
the direction in which the gas flow is taking place). At the same 
time the passage of nvm/^ molecules per second from the layer 
beneath PP' transfers in the upward direction tangential momen¬ 
tum per second per unit area to the amount of 

— •mV,, ( 6 * 9 ^) 

6 


This represents the tangential stress exerted by the gas below the 
plane PP' on the gas above. Now by Newton^s third law (Sec. 1*7) 
the equal and opposite reaction on the gas below is —nvml^ * mV,. 
Hence the resultant tangential drag on unit area of the gas imme¬ 
diately below PP' is given by 

^ • m(F, - F 2 ). (6-9-6) 

6 


By definition this is Fv/A in (6*9-1). From this and (6*9-2) the 
viscosity of the gas comes out to be 


77 = 




(6*9-6) 


The deduction of this fundamental relationship given above is 
somewhat crude and the standard kinetic theory texts^ should be 
consulted for a more elaborate treatment. Our purpose has been 
to bring out the fundamental role played by the transfer of momen¬ 
tum. If we employ (6*7-9) and (6*8-11) the relation (6*9-6) 
takes the form 



V ZkmT 


(6-9-7) 


This indicates that the viscosity of an ideal gas is independent of 
the pressure and hence also of the density, a prediction first made 
by Maxwell and experimentally verified by him over a wide range 

1 Cf. Loeb, op. city p. 180 ff. Also E. H. Kennard, “ Kinetic Theory of 
Gases (McGraw-Hill, New York, 1938) p. 138 ff. 
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of values.^ The temperature dependence has also received ample 
verification. It is of value to emphasize that the above result in 
no way depends on any assumed forces of interaction between 
molecules. 

A number of striking numerical results can be readily obtained 
from the equations of this section and the preceding one. Thus 
using the experimental value of rj for hydrogen at O'" C. as 8.41 X 
10~® gm/cm sec we can calculate the mean free path of the hydrogen 
molecule at 0° C and atmospheric pressure. We have 

X - — - 3 X 8.41 X 10-^ 

~ pvn, ~ 8.99 X 10-^ X 1.83 X 10^ 

= 1.53 X 10“^ cm. 

This gives one a good idea of the order of magnitude of X. From 
this the average number of collisions experienced by a hydrogen 
molecule per second can at once be obtained. Thus 

1 83 X 10® 

Lastly we may obtain some conception of the size of a molecule 
from eq. (6-8-11). For 



and taking n = 2.705 X 10^® as the number of molecules per cm® 
(by Avogadro’s hypothesis this is the same for all gases at the same 
temperature and pressure),^ and using the given value above of 
X we have approximately 

D = 2.4 X 10"® cm. 

There have been many estimates of the size of molecules on the 
kinetic theory, as the reader will find by an examination of texts 
on this subject. The interesting fact is that they lall agree, so far 
as order of magnitude is concerned, with the foregoing result, 
which thus seems to have fundamental significance. Of course, 

1 At very high densities (e.g. 100 atmospheres) this result no longer follows 
and the viscosity increases more or less in proportion to the density. A 
similar result obtains at very low densities. (Cf. Kennard, op. cit, p. 150). 

* R. T. Birge, Probable Values of the General Physics Constants.” 
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we must be careful not to think of this necessarily as the diametei’ 
of a solid sphere. Modern physics has a great deal to say about 
the structure of molecules and the atoms which are their coiivst it- 
uents. We have already had occasion to note the Bohr-Ruther- 
ford theory of atomic structure. On this point of view the atom 
and molecule have very open structures, so that the quantity 
represented by D will here presumably have some connection with 
the spatial separation of the component parts. 

6*10. Virial for Interaction Forces. Kinetic Theory of a Real 
Gas. In our discussion of the kinetic theory of Secs. 6-7 and O-S 
we have confined our attention entirely to an ideal gas of freely 
moving particles with no interaction forces between them. The 
discrepancy between the results obtained (e.g. the equation of 
state) and experimental formulas has been largely attributed to the 
existence of just such forces. It may be worth while to note their 
contribution to the virial of a collection of particles. Reverting 
to the general definition of the virial in (6*0-7), if Fy has the form 
(6*5-4), we get for N particles 

■ N 

L (6*10-1) 

J\k=l 

where both j and k are summed from 1 to A but the terms cor¬ 
responding to j — k are, of course, omitted. The sum consists of 
pairs of terms of the form 

firjk){rj - Tk) • ry +f(rkj){rk - ry) • 

= f(rjk)rjk^. (6*10-2) 

Hence the contribution of these forces to the virial becomes 

N 

= -I Z /(ry.)ry,2. (6*10-3) 

y <k =*1 

Consequently the complete equation of state will not be (6*7-11) 
but rather _ 

pVo = NkT + ^ Z /(ry.)ry,l (6*10-4) 

j,k=l 

If we knew the precise character of the interaction force, i.e., the 
function/(ry;k), and could evaluate the sum in the second term on 



172 MOTION OF A SYSTEM OF PARTICLES 


the right in (6* 10-4), we should possess a theoretical deduction of 
the equation of state of a real gas. However, we do not know the 
precisely and even if we make various plausible assumptions 
the mathematical evaluation of the sum is practically impossible 
in anything like simple analytical terms. Certain approximate 
methods lead from (6*10-4) to the famous Van der Waals’ equation 
of state 

(p + ^ (Vo - i>) = NkT, (6-10-5) 

but for the discussion of tliis deduction the reader is referred to 
the standard treatises.^ 

PROBLEMS 

1. An automobile of mass 2 tons traveling due south at 50 mi/hr collides 
at an intersection with a 5-ton truck traveling due east at 30 mi/hr. Assuming 
that the two cars lock together after impact, what is the velocity in magnitude 
and direction after collision? What is the velocity (magnitude and direction) 
of the center of mass of the two cars before and after collision? Calculate the 
total kinetic energy of the cars before and after collision and comment on the 
physical meaning of the result. 

2. An alpha particle is projected from position xi in the positive x direction 
with speed Vi. At the same instant another alpha particle is projected from 
position X 2 (x 2 > Xi ) in the negative x direction with speed V 2 . Describe the 
subsequent motion of the two particles. 

3. Two particles of masses rrii and m 2 respectively move in arbitrary 
fashion. Prove that the total moment of momentum of the system about the 
center of mass is a vector at right angles to the plane containing the line joining 
the instantaneous positions of the particles and the instantaneous relative 
velocity Vr of the two particles and has the magnitude 

/ mjm2 \ 

where p is the perpendicular distance from one of the particles to the line 
through the other particle having the direction of Vr. 

4. The two particles in an Atwood’s machine have masses mi and m 2 grams 
respectively and the two strings are separated by a distance r. If the system 
is allowed to move from rest when the two masses are at the same height h from 
the floor, find the position of the center of mass after t seconds. Also find the 
kinetic energy and potential energy (with respect to the floor) of each particle 
at the end of the t seconds. 

1 A simplified version is found in Lindsay, “ Physical Statistics,” p. 96 ff. 
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5. A shell is observed to explode when at the highest point of its path. It 
splits into two parts of equal mass of which one is observed to fall vertically. 
Find the path followed by the other with respect to the ground. 


6. Two particles of masses mi and m 2 respectively move in arbitrary 
fashion. If Vc is the velocity of the center of mass and v the relative velocity 
of the two particles with respect to each other show that the total kinetic 
energy of the system is 


(mi + m2)vc^ -f 


1/ \ , 

2 \mi + m^/ 


7. Calculate the position of the center of mass of the system composed of 
the sun and the planet Jupiter. Compare the kinetic energy of the system at 
perihelion with that at aphelion. 

8. Two particles of masses mi and m .2 respectively move about each other. 
Calculate the exact expression for the periodic time, i.e., the time for one com¬ 
plete period of the motion. 

9. Two particles which move subject only to their mutual attraction are 
projected in any direction with any velocities. Show that the line joining the 
particles always remains parallel to a fixed plane. 

10. A uniform chain 2 meters long hangs over a perfectly smooth peg with 
initially 110 cm on one side and 90 cm on the other. How long will it take the 
chain to slide off the peg and what velocity will it have at that instant? 

11. A sphere of radius R contains an ideal gas. Derive the expression for 
the virial due to the impact of the molecules on the surface of the sphere. 

12. In the Bolir model of a single electron atom (see 3.9) the electron is 
assumed to possess a quantized moment of momentum (also called angular 
momentum) given by 

Pe = n$h/2Trj 

where ne is an integer. Suppose that the electron also possesses a spin about 
an axis through itself. Let this spin correspond to another quantized moment 
of momentum 

Pa = nsh/2ir, 

where n„ is integral. Recalling that the moment of momentum is a vector 
quantity, find the magnitude of the resultant moment of momentum of a 
spinning electron revolving in a quantized orbit if the two moments make 
angle 6 with each other. If the resultant moment of momentum is restricted 
in magnitude to nhl2'x where n is half-integral, show that B may not take on 
aU values. Find the allowed quantized values of B and specialize to the case 
where = ±i, ne — I and n == 1. 

13. A stationary nucleus of mass m is struck head on by a neutron of mass 
nin moving with velocity vo. If the collision is perfectly elastic, find the expres¬ 
sion for the recoil velocity of the nucleus. How could this equation be used 
to determine the mass of the neutron, even if the velocity Vo is not known? 
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14. Compare the root mean square velocity of hydrogen molecules at 
temperature 300° K with that at liquid air temperature and at the temperature 
of the sun. Carry out similar calculations for a number of other gases. Indi¬ 
cate the reason why there is little or no hydrogen in the earth’s atmosphere. 

15. Determine the dependence of the mean free path of an ideal gas on the 
pressure and temperature. Calculate the mean free path in hydrogen at 100° C 
and a pressure of 10“® atmosphere. 

16. The mass of an electron is 9 X 10~‘^* gram. Assuming a gas composed 
entirely of electrons, calculate their root mean square velocity at T = 300° K. 
Compare the pressure they would exert on the walls of a container with the 
pressure that hydrogen molecules at this temperature would exert on the walls 
of an identical container, if the concentration of particles is the same in both 
cases. 

17. Calculate the value of the gas constant per gram molecule. Use this 
to compute the specific heat at constant volume for a number of monatomic 
gases (e.g., rare gases). 

18. Derive the expression for the quantized energy of the two-particle 
system composed of an electron and a nucleus revolving about their common 
center of mass (cf. Sec. 4-4 for the equivalent one-particle problem). 



CHAPTER VII 


MECHANICS OF A RIGID BODY 

7-1. Definition of a Rigid Body. Tjrpes of Motion. Chapter VI 
was concerned with the motion of an aggregate of material particles. 
An important special case is that in which the forces of interaction 
of the particles are such that the distance between any two particles 
remains constant in time. The aggregate is then called a rigid 
body. Since the interaction forces in actual solids, though strong, 
are finite and all such solids can be deformed by sufficiently strong 
external forces, it is clear that there exist no really rigid bodies. 
Nevertheless, many bodies act sufficiently like the ideal rigid body 
just defined to make the study of their motions and general be¬ 
havior a significant branch of mechanics. 

The general theorems established in the preceding chapter may 
be applied at once to rigid bodies. But certain simplifications are 
apparent since the possible types of motion are restricted. If one 
point of the body is fixed with respect to the primary inertial 
system, the only possible motion is that in which every other point 
moves on the surface of a sphere whose radius is the invariable 
distance from the moving point to the fixed point. If two points 
of the body are fixed, the only possible motion is that in which all 
points save those on the line joining the two fixed points (extended, 
of course) move in circles about centers located on the line. 
Finally if three points of the body not in the same straight line 
are fixed, it is unable to move at all, and its position is completely 
determined. 

Motion of a rigid body in which one point is kept fixed or two 
points are kept fixed is known as motion of rotation. This is 
simpler than the general motion of the body when no point is kept 
fixed. Nevertheless, there is a special case of the latter which is 
elementary, namely, that in which all points of the body move in 
the same direction at any instant with the same velocity and 
acceleration. This is called motion of translation. The reader is 
advised to take a meter stick or similar object and exemplify to 
himself these two types of motion. They are the most important 
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types of motion of a rigid body, since it can be vshowii that every 
displacement of a rigid body can be considered as a combination 
of translations and rotations. Consider Fig. 7*1 and suppose the 
problem is to get the rigid body shown schematically there from 
position I to position III in which three points of the body which 
were originally at positions A, B, C now appear at A', R', C'. First 
translate the body so that A moves to A', its new desired position. 



Then from the definition of translation, AB will become A'S", 
where A'R" is parallel to AR, and likewise A'C" is parallel to 
AC, and R"(7" is parallel to BC. Now holding A' fixed, rotate 
the body so that J5" coincides with R', the desired final position 
of B. Without moving A' or B' it will now be possible to make 
C" coincide with C', the desired final position of C, since the 
triangle A'R'C' is congruent to the triangle A'B"C". Hence it 
has been possible to go from the original to the final position by 
a translation followed by a motion in which one point remains 
fixed, i.e. a rotation. 

The translation of a rigid body will be given by the translation 
of any point in it, e.g., the center of mass (Sec. 6*1). Hence the 
mechanics of particle motion will take care of this, and we need 
not consider it further. In what follows we shall concentrate on 
rotation. 

7-2. Rotation and Angular Velocity. Let us consider an axis 
OA fixed in space (cf. Fig. 7-2) either in the rigid body or outside 
it. From the definition given in the preceding section, if the body 
rotates about OA, it means that any point of the body such as P 
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moves in a circle with center B on the line OA (extended if neces¬ 
sary), where B is the noimal projection of P on OA. Let r be the 
position vector of P relative to 
0 as origin. Then the circle 
of motion of P lies in a plane 
perpendicular to the plane of 
r and the axis OA. The ve¬ 
locity of F, namely, f, always 
lies in the plane of the circle 
and hence is perpendicular to 0 
the plane AOP. In time dt, 7.2 

P moves through the arc 

|f| But this equals the radius BP{— r sin 0 ) multiplied by 
the angle through which BP moves. Call the latter d(t>. We 
then have 

\t\ dt = r sin 6 • dtpy (7*2-1) 

or 

I I d(i> 

Ifl = r sin 0 • — = rco sin 6, (7*2-2) 

where we have written w for d</)/dt. If we revert to Sec. 6*4 (eq. 
6*4-1) we see that it is reasonable to interpret rco sin 6 in eq. (7*2-2) 
as the magnitude of the cross product of the position vector r with 
a new vector of magnitude co whose direction makes the angle 6 
with r, in such a way that t is perpendicular to the plane of the 
new vector and r. If the new vector lies along OA and is directed 
from 0 to A, it will fulfill these requirements precisely. We shall 
call it the instantaneous angular velocity of the rigid body (it is 
the same for every particle by virtue of the definition of rigid body) 
and represent it by <•). The vector formulation corresponding to 
(7*2-2) then becomes 

f = w X r. (7*2-3) 

The connection between the definition of angular velocity g> for 
a rigid body as given here and the definition of angular speed of 
a particle moving in a circle as given in Sec. 1*4 should be carefully 
noted. 

It can be shown that co as defined above possesses the usual 
properties of vectors (cf. Sec. 1*3). In particular the resultant of 
two angular velocities passing through the same point is found by 
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using the customary parallelogram rule. Hence we can always 
resolve any angular velocity 6> into rectangular components a>x, 
coy, CO* such that 

(i> = icox “t“ 4“ kco*. (7*2—4) 


It is well to emphasize that the vector property of angular velocity 
is not shared by a finite rotation, even though the latter can be 
given a direction and a magnitude. It is not therefore customary 
to consider a finite rotation as representable by a vector. 

The time rate of change of angular velocity is termed the angular 
acceleration. Thus 


a = 


di»> 

di 


(7*2-5) 


7*3. Rotation about a Fixed Axis. The simplest case of rotation 
of a rigid body is that of rotation about an axis fixed in space. We 
suppose the axis chosen as the z axis of an appropriate system of 



coordinates and indicate the trace of the rigid body in the xy plane 
in Fig. 7*3. Consider the mass particle m* in this plane with 
coordinates Xi, yi (such that + yi^). Suppose the force 

Fi acts on the particle in the xy plane and let its x and y components 
respectively be Fi* and Fiy. These produce a force moment or 
torque (cf. Sec. 6*4) about the z axis with magnitude equal to 


Lx — XiF iy yiF i, 


miXx^i - = — [rriiixiyi 


Now from the figure we have 

Xi == Ti cos Biy yi = Ti sin Si, 


(7*3-1) 


(7*3-2) 
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whence 

Xi = — ViO) sin 6i — —coyij yi = rioycosSi = o)Xi. (7*3-3) 

Note that co = is independent of i because of the rigidity. If we 
substitute from (7*3-3) into (7*3-1) we get 

d d 

Li = — + yi^)] = — [ojmiri^. (7-3-4) 

at at 

Let us now sum over all the particles of the body and arrive at the 
magnitude of total torque about the z axis. We have a right to 
sum because all the individual torques are vectors directed along 
the z axis. Thus 

L = ZLi = (7-3-5) 

dt i 

Note the quantity which is formed by multiplying the mass 

t 

of each particle by the square of its distance to the z axis or axis of 
rotation. We call this the moment of inertia of the rigid body about 
the z axis and denote it here simply by 1. Eq. (7*3-5) then 
becomes 

L = (/a,). (7-3-6) 

dt 

The formal analogy between this and Newton^s second law (1*7-5) 
is very striking, and it is not surprising that /co is known as the 
angular momentum about the fixed axis. As presented here for the 
special case of rotation about a fixed axis it is a scalar quantity. 
We shall generalize the definition somewhat later. 

If the body is really rigid, I is independent of time and (7*3-6) 
becomes 

L = la, (73-7) 

whose analogy with F = ma is worthy of notice. 

Still restricting ourselves to the fixed axis, let us calculate the 
work done by the forces F* on the rigid body. If the particle at 
{xi, yi) makes a displacement with components dxi and dyi, respec¬ 
tively, the work done is clearly 

dWi = Ftx dXi + F,y dyi. 


(7*3-8) 
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But we have from (7*3-2) 

dxi — —Ti^mSidS = —yidOj 


dyi — Ti cos Bi do = Xi dd. 


(7*3-9) 


Here we replace dOi by dd since, when the rigid body rotates about 
the fixed axis, all particles move through the same angle for a 
given displacement. Substituting into (7*3-8) yields 

dWi = {xiFiy - yiFi:,) dd = Lidd. (7*3-10) 


Hence the work done on the whole body during a rotation from d^ 
to di becomes 

w= r'LLide= r'^iio>)de. (7-3-11) 

«/9o di 

If I is constant, this results in 

W = f losdcjd = (7*3-12) 

where o)o is the initial angular velocity magnitude, i.e., that cor¬ 
responding to the initial angle do and coi is the final angular velocity 
component. The analogy between (7*3-12) and the work- 
kinetic energy theorem for the motion of a particle (eq. 1*10-20) 
is clear. We naturally refer to Io)^/2 as the kinetic energy of 
rotation, and eq. (7*3-12) is called the work-kinetic energy theorem 
for rotation. The units of Io}^/2 are the same as those of mv^l2. 


7*4. Moment of Inertia Calculations. Since the moment of in¬ 
ertia is such an important quantity in the motion of rigid bodies 
we ought to devote some attention to its calculation in special 
cases. As we have already seen, if we consider the body in ques¬ 
tion to be a collection of discrete particles of masses mi, m 2 , . . . , m„, 
rigidly connected, the moment of inertia about the given axis of 
rotation is 

n 

/ = Z (7-4r-l) 

* =»1 

where is the perpendicular distance from the mass m* to the axis. 
In most cases arising in practice, however, the body is a continuous 
distribution of mass and for the actual calculation of / the summa- 
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tion in (7-4-1) must be replaced by the corresponding integral 
extended over the whole body, viz.; 

7 = fr^dm= J pr^dV, (7-4-2) 

where is an appropriately chosen volume element, p is the value 
of the density of the substance composing the body at the element, 
and r is the perpendicular distance from the element to the axis. 
The determination of / then reduces to the mathematical problem 
of evaluating a definite volume integral. The ease with which this 
is accomplished in a given case depends largely on the appropriate 
choice of dm or dV. 

Let us take first a very simple illustration. Find the moment 
of inertia of a homogeneous solid rod of constant linear density pi 
(grams/cm, say) and of length I about an axis perpendicular to the 



rod through one end (Fig. 74). In the figure, OL represents the 
rod and AOA' the axis. We choose the x axis of a rectangular 
system along OL extended with the origin at 0. The mass element 
here is clearly 


and hence 


dm = pidXj 


/ =jr pix^dx = mi 


P 

— f 


(74-3) 


where pi I has been replaced by ri?/, the mass of the rod. 

There is a simple but important interpretation of the result em¬ 
bodied in (74-3). We note at once that the behavior of the rod, 
in so far as its rotation about the axis AO A' is concerned, may be 
studied by replacing the rod by a particle of mass m//3 whose dis¬ 
tance from the axis is Z, or by a particle of mass mi whose distance 
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from the axis is IIV^. Ordinarily greater significance is attrib¬ 
uted to the latter type of replacement. The distance l/\^ is 
called the radius of gyration of the rod with respect to the axis 
of rotation. We may immediately generalize this definition by 
setting in all cases 



( 74 ^) 


where k is the radius of gyration of the rigid body of mass m, whose 
moment of inertia about the axis in question is 1. 

Coming back to the solid rod, if we were to calculate the value 
of I about a perpendicular axis through the center of the rod (i.e., 
in this case the center of mass), we should have 

/ +1/2 p 

Pi x^dx = mi — - (74-5) 

1/2 12 


It is seen that we have the relation 

I = Ic + m, (^ 0 ' • (7-4-6) 

This is a special case of a general law called the theorem of paral¬ 
lel axes. We may state it as follows: The moment of inertia of 
a rigid body about any axis is equal to the moment of inertia about a 

'parallel axis through the center 
of mass plus the product of the 
mass of the body and the square 
of the perpendicular distance 
between the two axes. Let us 
prove the theorem for the gen¬ 
eral case. Consulting Fig. 7 -5, 
we shall take the z axis as the 
axis of rotation and let C with 
coordinates x, y, z be the cen¬ 
ter of mass. Treating the 
Fig. 7-5 body as a set of mass parti¬ 

cles, let us suppose that a 
particle m* with coordinates x*, ?/», Zi in the original system has 
the coordinates Xt', yfy zf when referred to a set of parallel axes 
through C. Now since x' = y' — z' — 0, we must have 

'^miXi = ^m^i = ^mi^f — 0 , 



(74-7) 




MOMENT OF INERTIA CALCULATIONS 


183 


from the definition of center of mass (Sec. 6-1). By definition the 
moment of inertia about the z axis is 


But 

and hence 


1 = T,mi{xi^ + yi^). 

Xi = x/ + x, yi y/ + y, 


(74-8) 


I = ^rriiixi'^ + 2/»'^) + {x^ + y^)llrni + 2x^mix/ + 2y'Em{yi. 

(74-9) 


Now the last two terms in (74-9) vanish by virtue of (74-7). 
Then J^rrii is the total mass of the body, while x^ + y^ = P, 
where I is the perpendicular distance between the z and z' axes. 
'^mi(xi^ + 2//^) is the moment of inertia with respect to the 
axis (i.e., axis through center of mass parallel to the z axis). 
Hence in general 

/ = /e + ml^, (74-10) 


To continue our brief discussion of the calculation of I in special 
cases, let us compute the moment of inertia of a homogeneous 



Fig. 7-6 


elliptical disk of mass m, superficial density <t, and semi-axes a and 
5, about the two axes respectively (Fig. 7-6). 

If the x and y axes are chosen along the major and minor axes 
respectively the equation of the ellipse is 


- 4- = 1 


(74-11) 


First let us calculate I about the minor axis. Taking a strip of 
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width dx at distance x from the origin, we find its mass is 2<Ty dx 
and its moment of inertia about the y axis 

2<Tyx^ dx. 

Hence the total moment for the whole disk is because of symmetry 


I x^^y dx = -/ x^ V— x^ dx^ (7*4-12) 

0 d t/o 


utilizing eq. (7*4-11). From Peirce's tables (No. 145) the in¬ 
tegration is readily carried out, yielding 

r - 

ly — irab ^ (7*4-13) 


where we have placed m = airahy the area of the ellipse being wab. 
Similarly the moment of inertia about the major axis is 

b^ 

= m-- (7*4-14) 

As a final illustration let us take a solid body, say a sphere of 
radius a and calculate the moment of inertia about a diameter. 



The equation of the sphere with center at the origin is x^ + y^ + 
= a^. Consider the octant shown in Fig. 7*7 and cut out the 
slice of thickness dx at distance x from the yz plane. If now we 
can find the moment of inertia of this slice or rather the whole 
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circular disk of which this is one quadrant, about the x axis (i.e., 
perpendicular axis through the center), we can calculate the total 
moment by integration with respect to x with limits —a and +a. 
Let us consider then the 
case of the circular disk of 
radius R. As mass element 
(Fig. 7*8) take the ring of 
radius r and thickness dr. 

The superficial density being 
(7, we have 

I — 2Ta I dr = 2Ta — 

Jo 4 

- imR^ (7-4-15) 

if m is here the mass of the 
disk. 

We now utilize the foregoing 
result in the problem of the sphere. The radius of the disk in 
question is Va- — and its mass is pdx • Tr{a^ — x^), so that 
the moment about the x axis is from (7*4-15) 

• Tp(a^ — x^)^ dx. 

Hence the total moment is 

I = TTp f (a^ — x^y dx 

t/O 

8 a^ 

= ttp —• (7-4-16) 

lo 

Now the mass of the sphere is 

m = iwa^p, 

and hence we may write 

I = ima\ (7-4-17) 

The following table includes the values of the moment of inertia 
for a number of special cases which are likely to prove useful to the 
student. 
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Moment of Inertia op Various Bodies 


m = mass of the body 


Body 

Axis 

Moment of Inertia 

Thin rectangular sheet of sides 

Through the center paral- 

a2 

a and b 

lei to b 

”I2 

Thin rectangular sheet of sides 

Through the center per- 

+ 6* 

a and b 

pendicular to the sheet 

12 

Thin circular sheet of radius r 

Normal to the plate 
through the center 

r2 

”*2 

Thin circular sheet of radius r 

Along any diameter 

r2 

m — 

Thin circular ring. Radii ri 

Through center normal 

^ n* + r2^ 

and r 2 

to plane of ring 

rn 2 

Thin circular ring. Radii n 
and r 2 

A diameter 

ri2 + 

■m- ^ 

Spherical shell, very thin, 
mean radius, r 

A diameter 

2r* 

Thin cylindrical shell, radius 

Longitudinal axis 

mr^ 

r, length 1 


Right circular cylinder of 
radius r, length 1 

Longitudinal axis 

m-2 

Right cone, altitude h, radius 
of base r 

Axis of the figure 

“iV' 

Spheroid of revolution, equa¬ 
torial radius r 

Polar axis 

2r2 

^ 5 

Ellipsoid, axes 2a, 2b, 2c 

Axis 2a 

m -— 

Uniform thin rod 

Normal to the length, at 
one end 

ni 

Q 

Uniform thin rod 

Normal to the length, at 
the center 

w> - 

12 

Rectangular prism, dimen¬ 
sions 2a, 2b, 2c 

Axis 2a 

(62 + c2) 

3 

Sphere, radius r 

A diameter 

2 , 

m - r2 

o 

Rectangular parallelepiped, 

Through center perpen¬ 

a2 -h 62 
m - 

edges a, b, and c 

dicular to face ab (par¬ 
allel to edge c) 

12 

Right circular cylinder of 

Through center perpen¬ 
dicular to the axis of the 
figure 

A diameter 

/r2 ^2 \ 

radius r, length 1 

V4 ^ 12/ 

Spherical shell, external radius 
ri, internal radius r 2 

2 in” - r2‘) 

5 (r.2 - r2») 

Hollow circular cylinder, 
length 1, external radius ri, 
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+ rj2) 

2 

internal radius r 2 



Hollow circular cylinder, 
length 1, radii ri and r 2 

Transverse diameter 


Hollow circular cylinder, 
length 1, very thin, mean 

Transverse diameter 


radius r 





THE PHYSICAL PENDULUM 


187 


7*5. The Physical Pendulum. An interesting practical illus¬ 
tration of the motion of a rigid body about a fixed axis is provided 
by the oscillations due to gravity of a body suspended from a 
fixed horizontal axis. This is the so-called physical or compound 
pendulum (Fig. 7*9). In order to apply the analysis of Sec. 7*3 
to this problem, it is necessary to calculate the total torque about 
the axis of suspension through 0. In Sec. 6*1 we learned that the 
center of mass of a collection of j 
particles is the point which moves 
as if all the mass were concen¬ 
trated there and as if all the exter¬ 
nal forces acted there. In the 
present problem the external 
force acting is the force of gravity 
on every particle of the body. To 
think of all these forces acting at 
the center of mass is to suppose 
that the whole weight of the body 
mg acts at the center of mass. 

This enables us at once to calcu- Fig. 7-9 

late the resultant torque about 0. 

Assume that the center of mass (cf. Sec. 7-8 for calculations of the 
position of the center of mass of continuous aggregates) is at C, 
distant I from the axis of suspension. 

The resultant torque about the axis for any displacement B has 
therefore the magnitude 

L — mglBmS. (7*5-1) 



If we denote the radius of gyration about the center of mass by fc, 
the moment of inertia about the axis of suspension by the paral¬ 
lel axis theorem is I = m{k’^ Hence the fundamental eq. 

(7*3-6) takes the form 


or 


—mgl sin 0 = m(/c^ -f P)Sj 


gl sin 6 

+ 


(7*5-2) 


Now for small displacements sin 6^6, and hence if we confine our- 
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selves to such, we have 

+ P 


(7*5-3) 


We have met this equation before (cf. Sec. 2*2). It is indeed the 
equation of simple harmonic angular motion and the solution is 



cos 



gi 

k^ + P 


i + B\ 


(7*5-4) 


so that the frequency of the motion is 

_JL rzz 

2ir\k^ + P' 


(7*^5) 


or expressed directly in terms of the moment of inertia 1 


V 


1 jmgl 


(7*5-6) 


The amplitude A is arbitrary within the limits of the assumption 
of small displacements. The arbitrary constant B is the initial 
phase. Both A and B must be determined by the initial conditions 
of the motion. 

A special case of significance is that in which the whole mass of 
the body is concentrated at the point C, and the rest of the body 
is replaced by a theoretically massless cord of length Zi connecting 
C to the point of suspension. Then 1 = mlp at once, and we have 


g sin 6 


(7*5-7) 


which under the same approximation as before yields 

sin] 


cosJ\\Zi / 


(7*5-8) 


where the frequency and period of the motion are respectively' 



and 


(7*5-9) 
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Such a pendulum is called a simple pendulum. From (7*5-5) and 
(7*5-9) we see that the period of the physical pendulum with 
moment of inertia / and distance from the center of mass to the 
point of suspension I, is equal to the period of a simple pendulum of 
length ^ 1 , where 


L _ 

ml I 


(7*5-10) 


The length k satisfying this condition is called the length of the 
equivalent simple pendulum. This means that if we extend the 
line OC in Fig. 7*9 to a point G on the other side of C such that 
OG = hj then a simple pendulum with length k will have the same 
period as the actual physical pendulum. The point G has long 
been known as the center of oscillation. We note that since /c 0, 
G lies on the opposite side of C from 0. Moreover, suppose we 
were to suspend the body by the point G; the new moment of 
inertia about the axis of suspension would be 

/' = m/c^ + m{li — ly^ 

- + mli^ + mP' — 2mlil, 


But since Ik = k^ + the above reduces to 
r = mlp — m(A;2 + P) 
mk^ 


P 


(k^ + py 


so that the frequency of the resulting motion is 
1 / rngik - 1) 


Vi = 


27r / mk^ 

~P 


{k^ + P) 




gi 


k^ + P 


(7*5-11) 


(7*5-12) 


which, however, is precisely equal to v from eq. (7*5-5); in other 
words the frequency is the same whether the body is suspended 
from axes passing through 0 or G, the center of suspension or center 
of oscillation. These points are thus interchangeable. It is not 
difficult to show that a blow transverse to the line OG at G transfers 
no momentum to the axis of suspension at 0. Hence G is also 
called the center of percussion. 

To revert to eq. (7*5-10), if the frequency is given, the length 
of the equivalent simple pendulum is fixed and hence (7*6-10) is 



190 


MECHANICS OF A RIGID BODY 


a quadratic equation in 1. Solving we have 
_ h ± - 4fc^ 


(7-5-13) 


there are then two values of I corresponding to each frequency, viz., 
V - r - '■ - Consequently 


for any body there are two possible distances from the center of 
mass such that suspension at points at these distances yields the 
same frequency. It is a fact of considerable importance that the 
period and frequency of the simple pendulum are independent of 
the mass of the pendulum bob and of the substance of which the 
latter is made. This recalls a historical matter of some interest, 
namely the experiments of Newton using the pendulum to show 
that gravity gives the same acceleration to all rigid bodies inde¬ 
pendently of shape, constitution or mass. We must remember, 
however, that in any actual experiment the observed frequency 
will be influenced by a number of factors not accounted for in the 
simple theory presented in the previous section. Thus the air 
will provide a certain resistance to the motion (cf. Sec. 2*6). More¬ 
over, changes in temperature will affect I, and the finite size of the 
amplitude necessitates corrections to the simple assumption in¬ 
volved in sin 6 ^ 6 (see Sec. 8T). 

One of the most interesting physical uses of the pendulum is 
the evaluation of the acceleration of gravity. Consulting eq. 
(7*5-10) and combining it with (7*5-9) we have 


whence 


/C2 + P 


IP^g 

47r^ 


g = 


47r2(/c2 -b P) 
PH 




(7*5-14) 


in terms of experimentally observable quantities. Of course the 
implication is that can be calculated from a geometrical knowl¬ 
edge of the body concerned. Since this is often difficult to carry 
out exactly, it is perhaps better to use two different axes of sus- 
l>ension, corresponding to the two values of I, viz,, I a and Ibj with 
corresponding periods. Pa and Pb respectively. Then in place 
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of (7*5-14) we have the two equations 


II 

+ 

(7-5-15) 


(7-5-16) 

whence elimination of k gives finally 


4TilA^ - Ib^] 

^ IaPa^ - IbPb^ ' 

(7-5-17) 


A pendulum used in the above fashion is called a reversible pen¬ 
dulum. It was used by Kater in a careful determination of g. 


7*6. Plane Motion of a Rigid Body. Next to rotation about a 
fixed axis the most STOple case of motion of a rigid body is that 
in which all its particles move in planes parallel to a fixed plane. 
This will in general involve both translation and rotation. As a 
special case consider the rolling under gravity of a homogeneous 
right circular cylinder down a per¬ 
fectly rough plane, on which no 
slipping can take place. The situ¬ 
ation is schematically depicted in 
Fig. 7*10, which shows the cylin¬ 
der of mass m and radius a in con¬ 
tact with the plane at A. The 
inclination of the plane to the hor¬ 
izontal is 0. The forces acting on 
the cylinder are the weight mg 
acting at the center of mass 0, 
the reaction R of the plane acting 
normally to the plane at A, and Fig. 710 

the force of friction F, acting up 

the plane if the cylinder rolls down. When the cylinder rolls the 
center of mass 0 translates^ while the particles composing the 
cylinder rotate about 0. The motion therefore is a combination 
of translation and rotation which, as we have already seen (Sec. 
7*1), is true in general for rigid bodies. We are therefore led to 
suppose that we can legitimately treat the two motions separately 
(cf. Secs. 6*3 and 7*7). 
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If we denote the displacement of the center of mass parallel 
to the plane by x, its equation of motion becomes 

= mg sin 6 — F. (7-6-1) 

Now the resultant torque about O is due wholly to F, and we have 
therefore for the rotational motion about 0, 

Fa = la, (7*6-2) 


where I is the moment of inertia about the axis of the cylinder, 
and a is the angular acceleration about this axis. 

Next we note the purely kinematic relation 

^ = aa. (7*6-3) 


The combination of (7*6-1), (7*6-2) and (7*6-3) yields at once 


mg sin $ 
m + I/a^ 


(7*6-4) 


But from Sec. 7*4 we know that the moment of inertia of a homo¬ 
geneous right circular cylinder about its axis is maP‘12. Hence 
the acceleration of the center of mass becomes 

X = Isr sin 6, (7*6-5) 

whose relation with the acceleration of a sliding object of an 
inclined plane should be carefully noted, as well as the fact that 
the dimensions or constitution of the cylinder nowhere appear in 
the formula. 

It is interesting to observe that the problem of the rolling 
cylinder can also be solved by energy considerations. Conserva¬ 
tion of energy dictates that the gain in kinetic energy of the rolling 
cylinder shall be equal to the loss in potential energy. Here we 
must, however, remember that the kinetic energy consists of two 
parts, i.e., kinetic energy of translation of the center of mass and 
kinetic energy of rotation about the center of mass. If, for 
simplicity, we suppose the cylinder starts from rest and rolls a 
distance x through a vertical drop A = x sin 6, the energy equation 
takes the form 


imv^ + = mgx sin 6, 


(7*6-6) 
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Once again we have the kinematic relation between v and co, viz., 


Hence 


V — o>a. 


(7-6-7) 


2mgx sin 6 
m + I/a^ 


2x • %g sin d. 


(7-6-8) 


If we recall Sec. 2-1, it is clear that the constant acceleration of the 
center of mass is once more 

X = §g sin d. 


7-7. General Equations of Motion of a Rigid Body. Having so 
far studied the nature of the motion of a rigid body and examined 
some special illustrations of a simple character, we now find it 
advisable to set up the equations of motion in genera! form. 
Actually these are included in the general equations for a collection 
of particles as treated in Chapter VI, but we shall repeat as much 
of the former analysis as seems necessary to give a complete 
account. 

We shall agree that the translation of the rigid body is given by 
the motion of some point in it and take this as our origin. We are 
therefore here principally interested in the rotation of the body 
about this point. As we have seen in Sec. 6-3, the instantaneous 
moment of momentum about this origin of the jth particle in the 
body is given by 

Tj X rrijtj. 

But since the motion is that of a rigid body about the origin, we 
can at once replace f, by o> X ry from (7-2-3) and write for the 
total moment of momentum of the rigid body about the origin the 
vector 

n 

M = Z mjXj X (co X ry), (7-7-1) 

it being supposed that there are n particles in the body. The 
fundamental equation (6-4-10) still applies and hence we may write 

M = L, (7-7-2) 

which says that the time rate of change of the total moment of 
momentum, now to be renamed the angular momentum of the 
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rigid body, about the chosen origin is equal to the resultant torque 
of all the forces acting on the body about the chosen origin. This 
is the fundamental equation of rotational motion of the rigid body. 

Let us look a bit more carefully at M. From (7-2-4) and the 
fact that Tj ~ ixj + jyj + we can expand w X and get 
(cf. 6-4-4) 

0> X Ty = (icOx + jcOy kcOe) X (}Xj }yj + k^y) 

= \{(j)yZj ^zVj) “h yis^z^j “h 

Therefore 

Ty X X fy) ~ 11/ ^x^y)] 

+ - (^zVi) - ^A.^xyj - 0)vXj)] 

“h k[xy(6J2^y Wx^y) ^z^/i)]* (7-7—3) 

This leads to the following expanded expression for the angular 
momentum 

M = i[oiAI^mAyA + 2'j^) — osyl^'fnjXjyj — oiz^nijXjZj] 

+ }[-^xHnijXjy3 + c^yEmAxj^ + ^/) - cozUrnjyjZj] 

4” k[ COxX^WyXy^y "h O^z^'tfljixA "f* 2/y^)]* (7-7’4:) 

By the introduction of simplifying notation we may write this in 
the form 

“ l(ci?x7xx xy OJglxz'} 

4” j( <>^zlyx 4" ^y^yy ^zlyA) 

4- k(--COx/zx — 0)ylzy 4" 0)zlzz)j (7-7-5) 

where evidently Ixx, lyy, hz from their makeup are the moments 
of inertia of the rigid body with respect to the x, y^ z axes respec¬ 
tively. The quantities I xy, lyzy etc., are less familiar and we have 
not had to mention them in our earlier analysis. Iry is termed the 
product of inertia with respect to the x and y axes, etc. Clearly 
we have I xy = lyxj etc. 

Eq. (7*7-2) reduces to component equations of which the one 
corresponding to the x axis is 

d)xf XX <j^ylxy (^z^xz 4“ ^xlxx 03ylxy ^zJxz ~ Lx, (7*7—6) 

where L* is the component of the resultant torque about the x axis. 
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Note that the moments and products of inertia being calculated 
with respect to axes fixed in space will in general change with the 
time. Hence the general component equations of rotational 
motion are complicated. Obviously if the motion of the rigid 
body is restricted to rotation about the fixed x axis so that ooy = 
C 02 = 0 at all times, eq. 7-7-6 reduces to 

7, (/xx<o.) = L., 

at 

i.e., of the same form as (7-3-6). 

We have already shown in Secs. 6-1 and 6-4 that the motion 
of a general collection of particles subject to arbitrary external and 
internal forces can be reduced to the motion of the center of mass, 
given by eq. (6-4-13) and the motion relative to the center of mass, 
given by eq. (6-4-14). This result holds, of course, for a rigid body 
as a special collection of particles. In the case of a rigid body, 
however, motion relative to the center of mass means rotational 
motion about the center of mass. Hence we can now state without 
further demonstration that the motion of a rigid body can be com¬ 
pletely described by: (1), the translational motion of the center of 
mass, given by the equation 

mi = F, (7-7-7) 

where F denotes the vector sum of all the forces applied to the 
body, m is the mass of the body, and f the position vector of the 
center of mass, and (2), the rotational motion about the center of 
mass, given by 

Me = Lo, (7-7-8) 

where Me is the angular momentum measured with respect to the 
center of mass as origin, and Lc is the resultant torque due to the 
applied forces about the center of mass. In other words we can 
apply (7-7-8) to the center of mass just as if it were fixed. This 
may be called the principle of the independence of translational 
and rotational motions of a rigid body already illustrated in the 
treatment of plane motion in Sec. 7-6. It focusses attention on 
the great importance of the center of mass of a rigid body and 
hence makes the determination of the latter point of considerable 
significance. Before we go on to discuss examples of eq. (7-7-8) it 
will therefore be well to give some attention to the center of mass. 
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7*8. Center of Mass of a Rigid Body, The center of mass of a 
discrete collection of particles has already been defined as the 
point with the position vector [eq. (6*1-7)] 


f = 


Hrriiti 

-f 

m 


(7*8-1) 


where r* is the position vector of the ith particle, and nii is its mass. 
The mass of the whole collection is m = 'Xlnii. We have dis¬ 
cussed an illustration of (7*8-1) in the two-particle problem of 
Sec. 6*3. Most rigid bodies, however, have to be considered as 
essentially continuous collections of particles and therefore (7*8-1) 
must be generalized as far as its mathematical calculation is 
concerned, though its physical meaning remains the same. From 
integral calculus we know that we can replace the limit of a sum 
such as that in (7*8-1) as the number of particles grows very large 
and the mass of each grows very small by a definite integral taken 
over the whole body. Thus, to go over to the rectangular co¬ 
ordinates, we must now replace (7*8-1) by 


X = Jxdm // dm, 
y = Jy dm j J'dm, 
S = Jzdm // dm. 


(7*8-2) 


Here dm denotes the mass of the element of volume of the body 
whose rectangular coordinates are Xy yy z. Though no limits are 
indicated, it is understood that the integration is to be conducted 
over the whole volume of the body. We denote the mass m by 

J* dm. 

A simple illustration of (7*8-2) is provided by a homogeneous 
infinitely thin rod of line density p, extending along the x axis a 
distance I from the origin. We at once have y - z = Oy whereas 
X is calculated by taking dm = p dx, where dx is the element of 
length at distance x from the origin. We then have 



pdx 1/2, 


(7-8-3) 
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The center of mass is at the geometrical center of the rod, which 
is indeed intuitively clear from symmetry considerations. 

We are often guided by symmetry in determining the center of 
mass of a rigid body without eval- . 

uating integrals. A simple example ^ 

is a homogeneous sphere for which 
the center of mass is evidently at the ^ N. 

center. We can make the general ^ ^ \ 

statement that the center of mass of \ 

any homogeneous rigid body lies at-^-h . x 

its geometrical center or center of ^ / 

symmetry. ^ / 

As another example of the general Ci ^ 
formulas (7*8-2) let us calculate the 
center of mass of a semicircular, ho¬ 
mogeneous flat plate of radius a. We 7.11 

take the axes as in Fig. 7*11. From 

symmetry the center of mass must lie on the x axis, i.e., as we 
have chosen our axes 


^ = 0 , 

- = /!- 


(7-8-A) 


Now dm ^ pdA, where dA is an area element and p is the super¬ 
ficial density which is constant here. Then x reduces to the 
center of area (or centroidj as it is often called), viz., 


(7-8-5) 


where A is the area of the plate. The problem now is essentially 
mathematical in nature: the appropriate choice of the area element 
dA and the carrying out of the integration. For example, if we 
choose as our element the strip of width dx as illustrated in the 
figure, 

dA = 2Va* - a:* dx. 
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Therefore 


2jr“xv^ 


dx 


X = 


Tra^l2 


4a 

Stt 


(7-8-6) 


For 2 we have, of course, by symmetry h/2, where h is the thickness 
of the plate. 

As a second illustration, let us consider the center of mass of a 
semicircular infinitely thin wire of uniform line density and radius 
a. With axes as before the equation of the circle with center at 
the origin is 

+ = a2. (7-8-7) 

In this case symmetry again tells us that the center of mass is on 
the line 2/ = 6 (the semicircular arc being the periphery of the 
semicircle considered previously). We have dm = pds where p 
is the line density (i.e., mass per unit length) and ds is the element 
of arc of the circle. Now 


ds 

and from eq. (7-8-7) 


On substitution into the 

X 


T 




dx, 


(7-8-8) 


dx 


X 

y 


expression for x, we finally obtain 
X dx 


_ 2 _X 

ttJo y/~^ 


2a 


(7-8-9) 


The same result can be achieved m^re simply by the use of polar 
coordinates. Let us, for example,' take the more general case of 
any circular arc subtending the angle 2a at the center (see Fig. 
7-12). Then ds ^ add and x — a cos 6. Hence 




a cos 6 ' add 



sin a 

= a - 

a 


(7-8-10) 


For a ~ 7r/2, this yields x = 2c,/ir, the special result (7-8-9). 
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Cases where the body considered is non-homogeneous (i.e., of 
variable density) are sometimes important. For example, let us 
find the center of mass of the quadrant of an elliptical plate of 
constant thickness enclosed by the two semi-axes (Fig. 7T3). The 




density is supposed to vary in such a way that at any point it is 
directly proportional to the distance from the point to the major 
axis. Symbolically, p == hy. Hence 


while 


J pxd A J yxdA 
JpdA Jy dA 


(7-8-11) 


Jy'^ dA 

y = —;- (7*8-12) 

J ydA 


To get y, choose dA — xdy = a/h • Vh^ — y^ dy (the equation of 
the ellipse.being x^/a^ + y^/h^ = !)• Then 


y = 



(7-8-13) 


To get Xf let us note that the center of mass of each of the hori¬ 
zontal strips, one of which is indicated in the figure, is x/2 which 
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equals a/26 * Thus the whole mass of each strip 

(ky • dy • a/h • a/6^ — y^) may be considered to be located at the 
distance a/26 • -- y'^ from the y axis. Therefore 


Xv'^' 


yi- ■ Vb^ - 
b 


ydy 


X = 


a 1 

b's 


¥ 


8 


■ a. 


(7-8-14) 


\8 ' 16 / 


The center of mass of the quadrant is then the point 

So far we have confined our attention to the center of mass of 
plane plates or lamina. It remains to consider surfaces in general 
and volumes. The center of mass of any surface will be given by 


/ 


(TX dS 


X == 


/-« / 


J'aydS 

y=— -, z = — 


<jz dS 


dS 


J dS 


(7-8-15) 


where dS is the element of area and a is the mass per unit area 
(surface density). Perhaps the most important case of this kind 
is that of a surface of revolution. Let the x axis be the axis of 
symmetry. Then y = z — Oj and we have for the area element 

dS = 2Tyyjl + dx, (7-8-16) 


where y = f(x) is the equation of the generating curve. We can 
use this formula to obtain, for example, the center of mass of the 
curved surface of a right circular cone. Letting the vertex be at 
the origin we have 

2/ = /(^) = (7-8-17) 


where 6 is the slope of the generator. For constant surface den¬ 
sity there results 


j'2Tyx ^ 


\dxj 

2 

1 dx 

f2ryyj 

■ + ( 

fYdx 

\dx/ 


(7-8-18) 
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from which on substitution we obtain 


ph 

I 

Jo 


+ 6^ dx 


X = 


f\vT 

Jo 


+ dx 




(7-8-19) 


where h is the height of the cone. 

For the volume enclosed by a surface we have 

J 

X = - -- * etc., 


f.dV 


(7-8-20) 


where p is the volume density and dV the volume element. Thus 
for the special case of the volume of the right circular cone above 
considered, 


and 


dV == iry^ dx = TrbV dx. 

(7-8~21) 

ph 


1 wbV dx 

Jo 3 , 

(7-8-22) 

1 TrhV dx 

Jo 



The difference between (7-8-22) and (7*8-19) should be noted. 

The more general problem of finding the center of mass for any 
solid introduces the general volume element. In rectangular 
coordinates 

dV = dxdydz, (7-8-23) 


and the cdculation involves a triple integration. As a type prob¬ 
lem let us consider the center of mass of that portion of the ellip¬ 
soid with equation 


+ + 1 


(7-8-24) 


which is included in one octant, as is indicated in Fig. 7-14. We 
must choose the limits of integration of Xj y, z,- At x draw a thin 
slice dx parallel to the yz plane. Its volume is dx times one- 
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quarter of the area of the ellipse cut out by a plane parallel to the 
yz plane at this point. Since the area of an ellipse is tt times the 



product of the semi-major and semi-minor axes, the volume in 
question is j yz dx^ where, however, 


Therefore 


Similarly 



(7-8-25) 


(7-8-26) 

(7-8-27) 


The reader should carry out the problem for the case where the 
density is variable. 


7*9. Equilibrium of a Rigid Body. Center of Gravity. In 

Chapter V we agreed to say that a particle is in equilibrium under 
the action of a set of forces if its acceleration with respect to the 
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primary inertial system vanishes. We have now to decide what 
we shall mean by the equilibrium of a rigid body. Clearly if the 
center of mass of the body remains at rest or moves with constant 
velocity in a straight line it will be appropriate to say that the 
body is in translational equilibrium. In this condition, however, 
it still might suffer rotational acceleration about the center of mass 
and in this case we should not wish to say it is in equilibrium with 
respect to rotation. The natural definition of the latter is the 
absence of rotational acceleration about any axis through the 
center of mass or indeed any other point; this will ensue (from 



Fig. 715 


eq, (7*7-8)) if the resultant torque of the applied forces about the 
center of mass vanishes. In this case it may readily be shown that 
the torque will also vanish about any axis whatever, provided the 
forces also satisfy the condition of translational equilibrium. 
There are thus two conditions of equilibrium of a rigid body.^ 

A simple case of a rigid body in translational equilibrium but 
not necessarily in rotational equilibrium is provided by a homo¬ 
geneous rod of length I supported by a fulcrum at its center of mass. 
This is shown schematically in Fig. 7*15. We imagine that forces 
Fi and F 2 act in the same plane at the left and right ends of the rod, 
respectively. Clearly, as long as the fulcrum can exert an upward 
reaction force on the rod equal in magnitude to jFi -f- F 2 I the center 
of mass will remain at rest. However, the resultant torque about 

^ More careful consideration into which we shall not enter here (but cf. 
eq. 7*11-15 and accompanying discussion) discloses that this definition has 
defects. Actually it turns out that it is possible to have a rigid body rotate 
with angular acceleration about a certain axis if the resultant torque is zero, 
provided it already has an angular velocity to begin with. It is also possible 
to envisage a situation in which a resultant torque will accompany constant 
angular velocity about some axis. To avoid these difficulties we shall actually 
confine our association of the term rotational equilibrium with a rigid body 
to the case of rest. 
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the center of mass has the magnitude (in the clockwise direction) 

F 2 Z/2 - Fi Z/2, 

and this will in general produce a rotational acceleration about C 
(clockwise if F 2 > Fi and counterclockwise if F 2 < F{). To 
assure rotational equilibrium it is necessary to have 

Fi = F 2 . (7*9-1) 

Note that if F 2 is directed upward and Fi directed downwardy 
(7*9-1) could not produce equilibrium unless both forces have 
zero magnitude. The particular case 

Fi ^ --F 2 (7*9-2) 

is interesting. Here Fi and F 2 are said to form a couple. A rigid 
body acted on by a couple will be in translational equilibrium so 

-F 


F 

Fia. 7*16 

far as the forces of the couple are concerned but cannot be in 
rotational equilibrium. 

From Fig. 7-lG it is clear that the torque produced by the 
couple about the center of mass C (strictly the torque about an 
axis through C perpendicular to the plane of the forces) has the 
magnitude 

FI. 

This is often termed the moment of the couple. The perpendicular 
distance (in this case 1) between the lines of action of the forces of 
the couple is termed the arm of the couple. The reader may show 
that the moment of the couple has the same value about any axis 
perpendicular to the plane. It is also simple to prove that, so 
far as its rotational action on a rigid body is concerned, a couple 
may be replaced by any other couple with the same moment in 
the same plane. 

Since a couple involves parallel forces in a plane, it will be well 
to consider the general problem of the composition of coplanar 
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parallel forces acting on a rigid body. Consulting Fig. 7*17 let us 
assume that the coplanar forces Fi, F 2 and F 3 act at points Oi, O 2 
and O 3 , respectively, of the body schematically indicated. Now 
the resultant of the forces is the vector Fi + F 2 + F 3 with magni¬ 
tude Fi + F 2 + Fs. Unfortunately the method of vector summa¬ 
tion does not prescribe the line of action of the resultant and hence 
in this case we must settle this by arbitrary definition. Here it is 
appropriate to agree that the resultant force must produce the 
same translational and rotational 
effects as the forces individually. 

The former effect is, of course, in¬ 
dependent of the resultant line of 
action. The latter, however, de¬ 
mands that the moment or torque 
of the resultant about any axis 
perpendicular to the plane shall 
be equal to the sum of the mo¬ 
ments of the individual forces 

about the same axis. Consider any point P and draw the line 
PACE perpendicular to the three forces and intersecting their 
lines of action at A, B, C, respectively, with PA == a, PB = h 
and PC = c. We now must suppose the resultant R to be 
drawn parallel to the individual forces and at distance PH == h 
from P such that 



aF 1 hF 2 + cF 3 

Fi + F 2 + F3 


(7-9-3) 


This fixes the line of action of R, although it does not determine 
its point of application. 

The most important case of parallel, but not necessarily coplanar, 
forces acting on a rigid body is provided by the force of gravity. 
In Fig. 7-18 we imagine a rigid body referred to the set of axes 
indicated. We think of it as composed of the collection of mass 
particles mi, m 2 , m 3 , . . . possessing weights mig^ m 2 ^, . . . which 

are all parallel forces in so far as we can consider g to have the 
same direction for all the particles of the body. If the body is 
very large, this is not strictly true, but is sufficiently so if the body 
is not too extended. Clearly, 


W = Zwiig 


(7*9-4) 
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is the weight of the body if the sum is extended over all its particles. 
Along what line now does the weight act? Let us denote the 
coordinates of the ith particle by 2 /*, If we apply the criterion 



of the previous paragraph, it follows that the resultant W will lie 
in a plane parallel to the yz plane with perpendicular distance from 
the latter given by 

X = ^rriipCig/mg, (7-9-5) 


where 


m = 


(7-9-6) 


is the total mass of the body. This results from the requirement 
that the moment of W about the z axis must be the sum of the 
separate moments about the z axis of all the individual particle 
weights. Taking moments in similar fashion about the x axis, we 
find that the resultant must also lie in a plane parallel to the xy 
plane and distant from the latter by 

z = Ij^iZigjmg, (7-9-7) 

Finally if we turn the whole body around through an angle of 90° 
about the z axis, so that the gravity forces act parallel to the 
X axis, we find, taking moments once more about the z axis that 
the resultant must lie in a plane parallel to the zx plane and at 
distance from it 

y = T.miy,^lmg. (7-9-8) 

The three planes thus determined meet in the point (x, y, i), which 
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is thus the center of the rigid body as far as the action of the parallel 
gravity forces is concerned. It is the point through which the 
resultant force of gravity always acts no matter how the body is 
placed and is termed therefore the center of gravity. The formulas 
(7*9-5), (7*9-7) and (7*9-8) suffice to determine its position with 
respect to any set of axes for a body made up of discrete parts. 
For a continuous body, however, the summations must be replaced 
by integrations. In this case we have for x, y, z, precisely the 
equations (7-8-2) from which the g, being constant, has disap¬ 
peared. What we have actually shown then is that the center of 
gravity for a body of extent small compared with the earth coin¬ 
cides approximately with the center of mass. For a rigid body of 
large extent the center of gravity can not be obtained by eqs. 
(7*8-2) since the weight forces on the various portions of the body 
will then no longer be parallel, since g is no longer to be considered 
(constant either in magnitude or direction over the whole body. In 
this case the center of gravity and the center of mass do not 
coincide. The coincidence, however, will naturally be almost 
exactly tme for any body used, for example, for engineering pur¬ 
poses on the earth's surface. Since the mass concept is inde¬ 
pendent of gravitation in classical mechanics and since the mass 
of any particle remains constant everywhere at all times, the 
center of mass of a rigid body is a more fundamental quantity 
than the center of gravity. 

We may appropriately point out here that the center of gravity 
and center of mass are but two illustrations of the general concept 
of center of mean position with respect to any set of effects. For 
example, in a given country we can ascertain the center of pop¬ 
ulation with coordinates Xp and yp, where 


TNiXi l^Niyi 

Xp- ^ > yp- ^ » 

where Ni is the number of people in an arbitrarily chosen area ele¬ 
ment of the country with co5rdinates Xi and yi with respect to some 
chosen origin, and N is the total number of people in the country. 
Other more physical illustrations are center of pressure (see Chap. 
XI), center of area and center of volume. In each case the 
problem is one of finding the mean position with respect to some 
property of the body or some outside influence on the body. 



208 


MECHANICS OF A RIGID BODY 


An interesting and important illustration of the concept of center 
of gravity, particularly with reference to parallel forces, is to be 
found in the common balance used for the measurement of mass. 
Consulting Fig. 7*19, imagine AB to represent schematically a 
rigid rod with center of gravity at C, a distance OC = a below the 
point 0 which is half-way between A and R, with AO = OB — 1. 
Let the mass of the rod be m. Assume that the rod is supported at 
0 and that at A and B there are suspended masses Mi and M 2 



respectively. Then the rod will assume for equilibrium a position 
A'B' making the angle d with AB. If the rod is not too long the 
equilibrium may be considered as due to the parallel forces Mig, 
mg and M2g. {Strictly speaking these forces are never exactly 
parallel nor is the value of g exactly the same for each mass. But 
since the rod is small compared with the earth, the approximation 
is an extraordinarily good one for all practical purposes.) Taking 
moments about 0 we have 

g{Mi — M2)1 cos B — gma sin 0 = 0 

or 

Ml — M 2 = ^tan^. (7*9--9) 

In this way the two masses Mi and M 2 may be compared, and we 
have then a method of measuring mass which is of greater prac¬ 
tical value than the ideal scheme on which the definition of mass 
used in this text has been based (Sec. 1-6). The reader will, 
however, easily convince himself that while the balance affords 
an accurate practical method of mass measurement, it does not 
provide a satisfactory method for defining mass. 
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There are several ways of using a balance for the attainment of 
maximum accuracy. The method of waiting for the attainment 
of the equilibrium indicated in eq. (7*9-9) is usually a slow process, 
for the balance will oscillate about the equilibrium position before 
coming to rest. A pointer is usually attached to the balance beam 
at 0 and is arranged to move over a fixed scale. Equality of the 
masses Mi and is then assumed when the amplitudes of the 
pointer movements to the right and left of a point vertically 
under 0 are equal. This of course assumes that the arms (i.e., 
AO and OB) are really of the same length I, To avoid errors due 
to a possible difference here, Gauss suggested that the body whose 
mass is being measured be weighed first on one side and then on the 
other. If the two results are denoted by M' and Af", the reader 
may show that the actual mass is given by 

M = VM'AT". (7*9-10) 


7*10. Equilibrium imder Coplanar Forces. Illustrations. The 
conditions of equilibrium of a rigid body can be most readily 
visualized when the forces acting on it lie in a plane. To proceed 
with this let us note an important result about couples: a co¬ 
planar force and couple act¬ 
ing on a rigid body are 
equivalent in their action 
to a single force. Thus 
consider the couple consist¬ 
ing of the pair of forces F 
with the arm Z, and the i I 
additional force G acting 
at A (cf. Fig. 7*20). Now 
the couple may be replaced 
by any other couple in the 

same plane with a moment equal in magnitude and direction 
without changing its effect on the body. Let us then replace the 
original couple by another with the extremities of its arm at A and 
D and with moment of magnitude 




GV = FI, 

From the Way the new but equivalent couple has been chosen, one 
of its forces is equal and opposite to G so that the two <^ncel each 
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other in their action on the rigid body, and there remains effectively 
the force G acting in a line parallel to the original force but at a 
perpendicular distance V = Fl/G from the line of application of 
the latter. This proves the result stated above. 

We can now appreciate the important fact that if a force and 
a couple act in a single plane they can not produce equilibrium. 
We can also use the above proposition to prove at once that a 
given force F acting at a point A of a rigid body can be replaced 
by an equal force acting at any other point B of the body, together 


ky 



with a couple with moment equal to the moment of F about an 
axis through B perpendicular to the plane of the forces. Suppose 
now we have acting on a rigid body the coplanar forces Fi, F 2 , , . ., 
Fn. We proceed in the usual way to find a resultant (cf. Sec. 1-3), 
i.e., we translate the line of action of F 2 so that its origin is at the 
end of Fi, and find the resultant of Fi and F 2 which we may call 
Ri 2 . We then compound this with F 3 to get R 123 , etc., until we 
finally have R 123 . • . n, the sum of all the forces, viz., 

Ri 2 . . . ti = Fi + F 2 + • • • + Fn. (7-10-1) 

However we must be careful to note the possibility that R 12 . . . n~i 
and Fn may form a couple, and hence can not be reduced to a 
single force whose effect on the rigid body is the same as that of 
aU the n forces acting together. Consider for example the special 
case of a rigid rod AB of length Z, and assume that the coplanar 
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forces Fi, F 2 , and F 3 act at A, B and G respectively, where, to be 
specific, di = 02 = 45® and AC = Z/4; also Fi sin Ox + F 2 sin 62 = 
F 3 and Fi cos di = F 2 cos 62 , i.e., the forces are in equilibrium with 
respect to translations (cf. Fig. 7*21). That is, 

ZF - 0. (7-10-2) 

Let us take any point P in the plane of the rod and forces, and cal¬ 
culate the moment of the forces or torque about a perpendicular 
axis through this point keeping $1 and 62 perfectly general. Let 
the perpendicular distances from P to the lines of action of the 
forces be pi, p 2 and pz respectively. Then the resultant counter¬ 
clockwise torque has the magnitude 

~PiFi + pzF 2 + pzF 3 . (7*10—3) 


Suppose the coordinates of P with respect to A as origin are 
Xi, yi, taking the x axis along the rod. The equation of the line 
of action of Fi is 


y — X tan di. 


(7-10-^) 


That of the line of action of F 2 is 

2 / = —{x — 1) tan 02 , (7*10-5) 


and finally that of the line of action of F 3 is here equivalent to 



(7*10-6) 


Now the perpendicular distance from the point {xx, yx) to the line 
whose equation is 

Ax + By + C = (7*10-7) 


is from analytic geometry given by 

Axx + Byx + C 
V =- 7 - —■ — 

Va^ + 


(7-10-8) 


On substitution we finally have in our special case 
yx — Xx tan Bx 

Px = -> 

sec 01 

xx tan 02 + yi — I tan 02 

P2 = -> f 

sec 02 


I 

Pz = -Xx + - * 


(7*10-9) 
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The expression for the resultant moment then becomes 

— PiFi + P 2 F 2 + pzPz = Fs 7 — F sin 62 , (7*10—10) 

4 

i.e., a constant independent of the position of P, Moreover it is 
different from zero unless 

Fz = 4F 2 sin 02, (7*10—11) 

which in turn is incompatible with the assumed relation ( 7 * 10 - 2 ), 
unless we have the relation between the angles 

3 tan 02 = tan 0 i. (7*10-12) 

The latter is the condition that, in addition to translational equi¬ 
librium, rotational equilibrium shall also be maintained. In general, 
however, as in the present case, this condition will not be satisfied 
and there will be a resultant moment so that the three forces will 
be equivalent to a couple with this moment. The arm of this 
couple may be chosen anywhere in the plane of the forces. 

To summarize: If we have a system of forces in a plane they 
may either have a single force as a resultant or reduce to a couple. 

Suppose now that the forces 
actually have a resultant. 
Consulting Fig. 7*22, where 
the three parallel forces Fi, 
F 2 and F 3 are represented as 
acting on a rigid body at 
the three points A, B and 
C respectively, we proceed 
to find the resultant R pass¬ 
ing through the line PP'. 
Now it is sometimes con¬ 
venient to consider this re¬ 
sultant R as acting at some 
other point, such as 0 in 
the figure. In order to do 
this we must, however, in¬ 
troduce at 0 another force 
R equal in magnitude and opposite in direction. This will then 
not alter the situation. But the new force will form with the 
original force a couple of moment = Rl in magnitude, where I is 




EQUILIBRIUM UNDER COPLANAR FORCES 213 


the perpendicular distance from 0 to PP\ Hence we have 
replaced the single resultant force by a force of equal magnitude 
acting at the point 0 and a couple of moment Rl, which in the 
example used is clockwise. By simple analysis it can be shown 
that the moment Rl is the sum of the moments of the original 
forces Fi, F 2 and F 3 about the point 0. Hence the system reduces 
to the force R and couple of moment M where 

R = LF., ] 

and ^ (7-10-13) 

M = 

li being the perpendicular distance from the line of action of the 
fth force to 0. The reader should carry out the analysis proving 
the similar result for a system of coplanar, non-parallel forces. 

Finally it can be shown^ that any system of forces (not neces¬ 
sarily parallel or coplanar) acting on a rigid body can be replaced 
by a force acting at any particular chosen point and a couple. 

It can further be proved that any system of forces acting on a 
rigid body can be replaced by a force and a couple whose axis is 
parallel to the line of action of the force. 

It being now clear that any system of forces acting on a rigid 
body can be replaced by a single force acting at any arbitrarily 
chosen point and a couple, under what conditions will the body 
be in equilibrium? We have already noted that a single non¬ 
vanishing force and a couple in the same plane can not produce 
equilibrium. The same result follows even if the force and the 
couple are not coplanar. For we may always transfer the couple 
in its plane so that one of its forces, say F, intersects the line of 
action of the given force R. The resultant of the two forces F and 
R can not equilibrate the other force of the couple, and hence the 
general statement follows. It therefore results that for the rigid 
body to be in equilibrium the single force must be equal to zero 
and the moment of the couple must likewise vanish. If the former 
(i.e., the force) is denoted by R and the latter (i.e., the moment of 
the couple) by L, the conditions of equilibrium may be written in 
the form 

R = 0, (7-ia-14) 

L = 0. (7T0-15) 

^ Cf. Jeans, Theoretical Mechanics ” (Ginn & Co., 1907), p. 106 ff. 
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As an illustration of the application of the principles of equilib¬ 
rium to a rigid body, consider the simple case of a ladder AB 
resting with one end against a smooth wall, and the other on the 

ground. We suppose that 
the ladder is of uniform 
density. Hence by sym¬ 
metry the center of mass 
is at the geometrical center. 
Its length is Z, and it rests 
so that it makes an angle 
d with the ground (see Fig. 
7-23). The various forces 
acting on the ladder may 
then be tabulated as fol¬ 
lows: (1) the reaction G of 
the wall, which, since the 
surface is smooth, is normal 
to the surface; (2) the re¬ 
action of the ground F 
which, on the other hand, 
will not be normal to the 
Fj ground, for it is a rough re- 

Fig. 7-23 action; (3) the weight W 

acting at the center of mass. 
Since the direction of F is unknown, we find it most simple to 
consider the horizontal and vertical components Fi and as 
our two unknowns (though of course we could take F and the 
angle </> it makes with the ground). We then proceed to write the 
conditions of equilibrium. First the condition for translational 
equilibrium, viz., 

= 0 , 

T.Fy = 0. 



These give respectively 


W = mg = Fi, 
Fi = G. 


(7-10-16) 


The condition for rotational equilibrium we may write in a variety 
of ways, for the total moment of all the forces about any point in 
the plane is zero. We shall preferably choose the point in such a 
way as to render as small as possible the number of forces having a 
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moment different from zero. In the present case we shall thus 
naturally choose the point A. Then 

I 

Gl sin 6 — mg- cos ^ = 0, 
or 

G = ^cote = Fi. (7-10-17) 

The magnitude of F may be found at once. For 

F = yJmY + mY = mg yjl + > (7-10-18) 

and the angle </> is given by 

(t> = arc tan = arc tan (2 tan d). (7T0-19) 

We may note an interesting thing about this problem. There are 
effectively three forces acting on the ladder, G, W and F. If we 
extend the lines of action of these forces suffi¬ 
ciently they will meet in a point. This will 
be true of any three coplanar non-parallel 
forces in equilibrium. We can prove the 
theorem very simply. Let the lines of action 
of the forces G and F meet at the point C. 

Now let us take moments about an axis 
through C normal to the plane of the forces. 

The moments of G and F will of course be 
zero since the moment arms vanish. But 
since the total moment of all the forces must 
be zero about ( 7 , that of W must be also. 

Hence the line of action of W must pass 
through C, and the theorem is proved. It is 
worth noting that we can use the latter to 
solve other problems involving the equilibrium 
of three non-parallel coplanar forces. For if 
we represent the angles made at the point 
C by the lines of action of the three forces with each other as ai, 
0 : 2 , ^3 respectively (Fig. 7-24), we have from the law of sines 

W _ F_ _ G 

sin ai sin a 2 sin az 



(740-20) 
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as we have already noted in the previous chapter in the case of 
three forces acting at a point. 

However, in most practical cases the reader will probably find 
the method used in eq. (7'10-16) (the so-called method of com- 
ponents) the most advantageous one for problems involving co- 
planar forces. It is of course not restricted to the case of three 
forces only, but always yields three independent equations from 
which three unknowns may be evaluated. The student should 
convince himself by trial that instead of the two equations 
ZFr = 0 , i:Fy = 0 , we could use two other equations obtained 
by setting equal to zero the torque about two different axes (each 
different from the one chosen already for the eq. = 0). 

7-11. Moving Axes. We now return to the problem of the 
motion of a rigid body, the general equations for which were set 
up in Sec. 7*7, and indeed expressed in most general form in eqs. 
(7*7-7) and (7*7--8). It will be recalled that these equations refer 
to axes fixed in space, i.e., the primary inertial system. We 
commented on the fact that as the body rotates about the center 
of mass (or any other point for that matter) the moments and 
products of inertia entering into the angular momentum M (eq. 
7*7-5) will change, and that consequently the rotational equation 
of motion (7*7-8) will, in general, be very complicated. Much of 
this complexity can be removed by a rather simple expedient, 
namely, referring the rotational motion to axes which are fixed in 
the body and hence move with the body. We refer to these as 
moving axes and now wish to give some attention to them. With 
respect to these axes the products and moments of inertia remain 
invariant, so that, in M, terms like Ixx and Ixy vanish. It must 
be pointed out, to be sure, that there is the usual compensation for 
this gain in simplification: we can now no longer look upon the 
unit vectors i, j, k as constant in time. As the body moves they 
will change, and this change will be reflected in M. Thus, de¬ 
noting the components of M along the new axes (fixed in the body) 
as Mx, My^ ilf z, we must now write 

M = iM. + jiif, + kM. + il/.J + Mvf + (7-11-1) 

cH ut dt 

Here the last three terms represent the contribution to M due to 
the rotation of the axes. We proceed to evaluate di/dt, etc., on 
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the assumption that the origin of the moving axes is fixed in space, 
so that the only possible motion of the axes is one of rotation about 
a fixed point. 

Since i is a unit vector, dxjdi must be perpendicular to i and 
hence must lie in the plane of j and k. Therefore we can write 

j = A3i-Aik, (7-11-2) 

dt 


where As and A 2 are coefficients which are initially undetermined. 
Similarly 

^ ^ i - BJ. (7-11-3) 

dt dt 

But we recall from (64-4) that 

i = j X k; j = k X i; k = i X j. 


Hence 


d\ d\ ^ . c/k 


(741-4) 


and therefore from (741-2) and (741-3) 

Asj -- A2k = (Aik - iSs i) X k + j X (^2 i ~ ^ij). (741-5) 

From this it follows by comparing coefficients of identical unit 
vectors that 

As = Bs and A 2 = B 2 . (741—6) 


Similarly we can show that Ai = Bi so that the six coefficients are 
reduced to three independent ones. Hence finally 


dt 


di 


dk 


= Asj - A2k; “ = Aik - Agi; — = A2i - AJ. 


dt 


(741-7) 


To see the significance of the coefficients Ai, A 2 , As, dot multiply 
di/dt with j etc., and get (recalling k • j = 0, etc.) 



k-^- A,- 




('7.11-81 
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This means, for example, that As is the component of di/dt along 
the y axis and that j * ^/i = A^dt is the component of di along the 
y axis. We represent this in Fig. 7-25 in which j • di clearly is the 



angle dB through which the x axis rotates about the z axis due to 
the change di during the time dt. But dd is di by definition 
(cf. 7*2-4) and hence we have 

As = cc,. (7*11-9) 

Similarly it can be shown that 

Al = CxJx’j A2 — Oiy. (7*11-10) 

We can now go back to (7*11-1) and write 
M = iMx + }My + 

+ i{MzO)y — My(j3z) + }{M xijiz ~ Af^Wx) 

+ k(Mj/aJx — Mz^y) 

= iiffx “b jA/y “b iS-Mz “b ( 1 ) X M, (7*11—11) 

utilizing the fact that 

ci> X M = (iojx + }oiy + kojz) X (iAfx + ]My + kAf^) 

= i(AfzC0y — MyOiz) + }{Mj^z — AfzCOx) 

+ k(Af,cox -MxO^y) (7*11-12) 

by the use of the distributive rule and the relations (6*4-4).^ It 

1 It should perhaps be emphasized that the method of expressing M in 
terms of moving axes leading to (7-11-11) can be applied to any vector. This 
fact will be utilized in the following section. 
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is often valuable to express the cross product in determinant form 
to facilitate its expansion into components. Thus 


0) X M 


i j k 

a)x Oiy 

M:z My Mz 


(7-11-13) 


Equation (7-11-11) is a general equation whose physical meaning 
will become clearer if we consider some special cases. First 
suppose that instead of a single point being fixed, there is a fixed 
line of points or axis and take this as the z axis. The x and y axes 
rotate then with the body about the z axis, and we have cux == 
ojy = 0 and <jiz = 0 ). Consequently from (7-7-5) 

M = - }Iyz + k/..), (7-11-14) 


and the equation of motion (7-7-2) (or (7-7-8) if the fixed axis 
passes through the center of mass) becomes^ 


L = i(—7x2^ “t“ Jyz^^) + j(“7y2a) — I “h k/z^d). (7-11—15) 


If we specialize still further and suppose that the body is sym¬ 
metrical about a plane perpendicular to the axis of rotation, 
lyz = Ixz = Oand (7-11-15) reduces to 

L = k/zzw, (7-11-16) 

which is recognized as equivalent to the equation (7-3-7) for 
rotational acceleration about a fixed axis. 


7-12. More About Moving Axes. Motion of a Particle on the 
Earth’s Surface. The use of moving axes is of sufficient im¬ 
portance to warrant further consideration from a somewhat more 
general point of view, which is indeed not restricted to rigid bodies 
but may refer equally well to particles in general. In Fig. 7-26 we 
represent a set of rectangular axes, fixed with respect to the 
primary inertial system, in which the position of the point P is 
given by the coordinates x/, y/, Zf, with origin at Of. Similarly 
we introduce a set of moving rectangular axes 2/m, Zm with 
center at 0^, whose position vector in the fixed system is ro. This, 

1 We note from (7*11-15) the interesting fact that, if the body has at any 
instant an angular velocity there will also exist an angular acceleration ca 
even if L = 0. This has a bearing on the difficulty of defining the rotational 
equilibrium of a rigid body already mentioned in Sec. 7-9. Of course, the 
difficulty vanishes if the rotation takes place about an axis of symmetry. 
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of course, can change with the time. The position vector of a 
particle at P in the moving system is Xm while in the fixed system 
it is Xf. From the figure we have 

Tru = r/ - To, (7 •12-1) 

and likewise for the corresponding velocities 

^Xf- fu, (7-12-2) 

Let the unit vectors in the fixed system be i/, j/, k/ and those in 
the moving system be iw) jw, k^rt* The former remain unchanged in 



time, whereas the latter change with the time, since the directions 
of the moving axes vary with time with respect to the fixed axes. 
Hence we can write in analogy with (7*11-1) 


ifn — ^mPC’in “j" “f" kj^^m “f” 


dim 

dt 


I I 

+ Vm + Zm 

at 


di 

(7*12-3) 


The first three terms yield the apparent velocity of P relative to the 
moving axes, whereas the last three terms represent the contribu¬ 
tion to the velocity of P due to the rotation of the moving axes. 
We have already worked out the expressions for dimldt, etc., in 
Sec. 7*11 and hence can replace (7*12-3) by 


+ u) X r„ 


(7-12-4) 


where ima is the apparent velocity of P in the moving system. 
We need, however, to m^e sure of the meaning of «. Actually it 
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is the angular velocity of the moving axes about the instantaneous 
axis of rotation through Om^ We shall show first that o has the 
direction of the instantaneous axis of rotation through 0^. Since 
this axis is the locus of points which have at the instant in question 
zero linear velocity as far as rotation is concerned, if P lies on the 
axis through Om so that Tm is the axis, we must have from (7*12-3) 

d\in , d^m ^ /^7 i o p \ 

ym ,, “h — 0. (7*12—5) 

dt dt dt 

But this means 

6> X r,„ = 0, (7*12-6) 

whence o and Xm are parallel. Hence g> has the same direction as 
the axis of rotation through 0^. We can next show that the 
magnitude of o) is equal to that of the angular velocity of the 
axes about the instantaneous axis through Om- Consider a point 
P not on the axis of rotation. Its translational velocity due to 
the rotation of the axes has the magnitude sin where B is 
the angle between Xm and <*). Moreover, the direction of the 
translational velocity is at right angles to the plane of o> and Xm- 
This velocity is therefore precisely that of a point moving in a 
circle of radius Vm sin 6 with angular speed co about the center, 
which in this case lies on the axis of rotation. Finally, the sign of 
(i) agrees with that of the rotation of the axes as is clear from 
(7*12-4). 

We can now go back to (7*12-2) and write for the general rela¬ 
tion between velocity in the fixed system and that in the moving 
system 

f/ = fo + fma + 0> X r^. (7*12-7) 

Before using (7*12-7) for further discussion of the motion of a 
rigid body it will be of interest to apply it to the motion of a 
single particle. An obvious case of great significance in which 
the motion of a particle is referred to moving axes is that of 
a particle on the surface of the earth related to axes fixed in 
the earth and therefore rotating with the earth. To express the 
motion of such a particle with respect to a fixed system having the 
same origin, viz., the center of the earth, we must use eq. (7*12-7), 
noting that fo — 0 in this case. 

To write the equation of motion, we must differentiate (7*12-7) 
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with respect to the time. Thus the acceleration of the particle in 
the fixed system becomes 

i*/ = '^ma + <0 X fm, (7*12-8) 

since (o = 0, if we treat the angular velocity of the earth as ap¬ 
proximately constant. We now use (7-12-4) in (7*12-8) and get 

i*/ = i‘ma + O) X ima + (*) X (<i> X T^m)> (7*12-0) 


But we must look into tma more closely. From (7*12-3) 

fma ~ im^m J2/m H” (7*12—10) 


Therefore 


^ma im^m 2mym “f“ 

. , difu ^ d^m , d^rn 

+ + 2 /„—+ 2 „ — 


(7-12-11) 


But from (7*11-11) (which is perfectly general and not restricted 
to M) this can be written 

r’ma = + 0 > X fma, (7*12-12) 

where am is the apparent acceleration of the particle in the moving 
system, neglecting the rotation of the axes. Then (7*12-9) 
becomes 

r/ - am + 2(0 X fm« + (0 X (co X Tm), <7*12-13) 


and the corresponding resultant force on the particle of mass m 
in the fixed system becomes 

F = mf/ = mam + 2m(o X ima + mco X ((o X Tm). (7*12-14) 


We may rewrite this in terms of the apparent acceleration relative 
to the moving axes (i.e., those fixed in the earth) thus 

am = F/m - 2(0 X fma - a> X (co X Im). (7*12-15) 

From its form it seems clear that the term (o X ((o X fm) corre¬ 
sponds to the well-known centripetal acceleration. On the other 
hand the term 2(o X ima is relatively unfamiliar, though if we go 
back to eq. (3*6-9) we shall see that we have actually encountered 
it in connection with central field motion. There it is completely 
balanced by the acceleration due to angular acceleration. The 
acceleration 2(o X ima is called the Coriolis acceleration. Its 
importance will be appreciated in a moment. 
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If the particle is subject only to the attraction of the earth we 
must write^ 

F = mg + mo) X (to X r„t). (7T2-16) 

This combined with (7-12-15) yields 

am = g - 2cO X tma (7-12-17) 

for the actual apparent acceleration relative to the earth. This is 
the quantity which is actually measured when we observe a falling 
body on the surface of the earth. If we write (7-12-17) in terms 
of the rectangular components we get 

Qx “ 1 “ ^^ymay 

jjm ~ Qy (7-12 18) 

~ QZ) 

recalling that cox = = 0, and coz = o) in this special case. In 

Fig. 7-27 let us consider rectangular axes set up at the center of the 
earth 0 as indicated and let APB be one (quarter of the trace of the 
earth’s surface on the yz plane. Unit vectors i, j, k are set up at P, 
and the horizon plane is indicated by WPN with N indicating the 
north, etc. Pt7 is the zenith direction. The direction of the 
earth’s axis is given by k which makes angle X with PN. Suppose 
a particle is dropped from rest at P in latitude X. We then have 
Qx = 0, Qy — grcosX, Qz = — grsinX. Let v be the observed 
speed of fall at any instant. Eqs. (7-12-18) then become 

Xm = — 2cx3V cos X, 

Pm = —g cos X + 2o)v sin X, (7-12-19) 

Zm = -grsinX. 

The first equation shows that in addition to the acceleration due to 
gravity the falling particle also experiences an additional accelera¬ 
tion directed at right angles to the meridian plane in which it 

1 It should be emphasized that in (7-12-16) g is really defined in such a way 

as to agree with Newton^s law of gravitation, i.e., mg - ^ roi, where 

M = mass of earth, R — radius of earth, and foi = unit vector. Moreover 
the particle is assumed to have no initial velocity. 
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starts to fall. This acceleration has the magnitude 2oiV cos X, is 
entirely a Coriolis effect, and is always directed toward the east 
as should be clear from the diagram. 



Since v = gty approximately, the magnitude of the easterly 
acceleration becomes 

|^,nl = 2o}gt cos X, (7*12-20) 

and hence the total easterly deflection after time t from rest is 
approximately 

cogt^ 2 l2h^ ^ 

Xm = --Tr- cos X = - w ^ — cos X, (7*12-21) 

o S M g 

if we use h = ^gt^ as the height from which the fall has taken 
place. 

The Coriolis acceleration gives rise to cyclonic wind movements 
on the earth’s surface.^ 

* Cf. Page, Introduction to Theoretical Physics ” (D. Van Nostrand, New 
York, 2nd ed.), p. 107 ff. 
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7-13. Klinetic Energy of a Rigid Body. Let us revert to eq. 
(7‘12-7) for the velocity of any point of a rigid body in the fixed 
set of axes, i.e., the axes fixed in space, and assume that one point 
of the body is fixed. The body then performs rotation about this 
point. It follows that both fo = 0 and tma — 0, the latter being 
true since the moving axes are fixed in the body. Hence (7*12-7) 
reduces to 

f/ = o> X r,, (7*13-1) 

where tm is the position vector of the point P with respect to axes 
fixed in the body, and f / is the velocity of the corresponding point 
with respect to the axes fixed in space. 

Let us now form the expression for the kinetic energy of the 
rigid body relative to the axes fixed in space. We have 

— m' _ m * 

K = tfi = Z y (co X r,.,) * (g> X (7*13-2) 

wherein the sums are extended over all the particles of the body 
and the subscript i refers to any one particle. Now if we carry 
out the multiplication indicated in the right-hand term in (7*13-2) 
we can readily verify that 

(<0 X Tmi) * (0> X Tmi) = a> * [Tmi X (o> X T^i)]. (7*13-3) 

This is an important vector identity. In the present case it 
enables us to write (7*13-2) in the form 

K - * M, (7*13-4) 

where, of course, we are introducing again the angular momentum 
M from (7*7-1). We should expect a connection between K in 
(7*13-4) and the work done by the resultant torque during the 
rotation of the rigid body, similar to that connecting the kinetic 
energy of translation of a particle and the work done by the result¬ 
ant force during the translation [cf. eqs. (1*10-19, 20)]. From 
(7*13-1) it follows that during time dt, the work done is 

dW = ZFi * tfidt=j:{u>X r^i) * Fi dL (7*13-5) 

But inspection shows that we can write (w X r^*) • = w (r,„t X 

Ft) and hence have in place of (7-13-5) 

dW = ZLt •« di = L • <0 (7*13-6) 

where L is the resultant torque about the fixed point measured 
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with respect to axes fixed in the body. Now we revert to (7*7-5) 
and form the change in M, namely, dM, remembering that since 
the axes are fixed in the body the etc., do not change. Thus 
we have 

dJSa. — l(-7xx do)X Ixy d(j3y Ixz diCg^ 

I J ( Iyx do)X I ^yy do)y Iyz do)g^ 

+ Izx do)x — Izydo)y + Izzdo)z). (7*13-7) 

Let us form <*> * dM with the result 


0} * dj^/!L — 0) X XX do) X 7 xy do)y — J xz do) z ) 

I ^1/( ^yx do)x I ^yy do)y lyz do)z'} 

i W* ( Izx do)X Izy do)y Izz do )^). 

(7*13-8) 

Next we write out the kinetic energy (7*13-4) as follows: 

= Wo)x{,Ix3^x ^xy^y 7 xz^z^ 


"f* 0 )y{ lyx^x “f" lyy^y lyz^z^ 

“f" ^z(, Izx^x zy^y “f" J-zz^z^\» 

(7*13-9) 


Finally form the differential of * M. Thus 


d{^2^ * 1^) — Wx(7xx do) X 1 xy do)y I xz do)z^ 


1 Wy ( lyx do) X ”1“ 7yy do)y lyz doJz'} 

”1“ Wz t I zx do)x 7 zy do)y ”f” 7x2 do)z') 

= 6> • dM, (7*13-10) 


where we have, of course, utilized the fact that lyx — Ixyj etc. 
The upshot is that 

CO * dM = L * CO = dW — dK^ (7*13-11) 

and therefore 

IF = 7Ci - TCo (7*13-12) 


on integration between any two configurations of the body. This 
is the general work-kinetic energy relation for rotation of a rigid 
body with one point fixed. 
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The special case of zero resultant torque is of particular interest. 
From (7-7-2) there follows here 

M = Const., (713-13) 

and hence from (7*13-10) we also have 

2K = w • M = Const. (7-13-14) 

Consider now an angular velocity space in which every point 
corresponds to a set of values of COx, C*)y, COg. Since from (7-13-9) 
twice the kinetic energy becomes 

to * INA — Ixx^x I' ^yy^y I J’zz^z 

— 2Ixy0i3^y — 2IygCt)yC»)z — 2/exW*a)x, (7*13-15) 

it follows that (7*13-14) is the equation of a quadric surface in 
this space. By proper choice of the axes fixed in the body the 
products of inertia may be made to vanish^ and the equation of 
the quadric surface becomes 

/XXCO/ + lyyCCy^ + = 2K. (7*13-16) 

This is the equation of an ellipsoid in the angular velocity space 
with its center at the origin. The magnitude of the vector from 
the origin of coordinates in the co space to any point on the ellip¬ 
soid (7*13-16) represents a possible value of the angular speed 
consistent with the given kinetic energy. The ellipsoid has been 
called the momental ellipsoid or ellipsoid of Poinsot. It is clear 
that in the direction corresponding to the minor axis of the 
ellipsoid (the principal axis corresponding to maximum moment 
of inertia) the angular speed is least, whereas in the direction of 
the major axis the angular speed is greatest. 

The change in <i> in passing from one point of the momental 
ellipsoid to another is given by 

do • M = 0. (7*13-17) 

Now do must lie in the plane tangent to the ellipsoid at the point 
in question. Hence the tangent plane is perpendicular to M. 
But M is a constant vector since we are stiU considering the re¬ 
sultant torque to be zero. Therefore in this case the tangent 

1 Cf., for example, Smith and Gale, “New Analytic Geometry ’’ (Ginn & 
Co., Boston, 1912), p. 317 ff. 
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plane remains fixed in position relative to a set of fixed axes. If 
we set 

p = M/2A, 7*13-18) 


the vector p is normal to the tangent plane, 
becomes 

6) • p = 1. 


and eq. (7*13-14) 
(7*13-19) 


But o) • p is p times the projection of co along the normal to the 
tangent plane. It follows that the tangent plane remains at a 
constant distance from the origin as the motion goes on. The 
motion of the rigid body then can be represented by a rolling 
(without slipping) of the momental ellipsoid on the fixed tangent 
plane. During the rolling the vector o> traces out a cone relative 
to the axes fixed in the body with vertex at the fixed point. This 
cone intersects the momental ellipsoid in a curve called by Poinsot 
the polhode. It intersects the invariable tangent plane in a curve 
called the herpolhode. For illustrations of these curves, A. G. 
Webster^s Dynamics ” may be consulted. 


7*14. Euler’s Equations of Motion. We have not yet exhausted 
the utility of axes fixed in the rigid body. We shall continue 
to restrict our attention to the case in which one point is fixed 
and take this as the origin of rectangular coordinates fixed in 
the body. However, we shall now insist that the axes are so 
chosen that the products of inertia Ixyj etc., all vanish, leaving 
only the moments of inertia J^x, etc., in the expression for M in 
(7*7-5). Axes for which this is true are termed the principal axes 
and there exist mathematical methods for finding them in each 
case. If the body is symmetrical about the fixed point, the three 
mutually perpendicular axes of symmetry through this point will 
be principal axes. We have then 

M —• icOxIxz “P i^y^yy ^Ci)glzz^ (7*14—1) 

Now from (7*11-11) we have 

M = i/xx«® + + kIzzOOz 

+ 0) X M 

“b ll^W^y “b (Izx 

+ + {lyy ~ Ixx)<^Z^yl (7-14-2) 
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The fundamental equation of rotational motion (7*7-2) then takes 
a particularly simple form and in tenns of rectangular components 
becomes the three equations 

Jxx^x d” ilzz iyy)^y^z ~ Lxy 

lyyd)y + (I XX — Izz)o>zO)x = Ly, (7*14-3) 

Izz(^z d” Ixo^^x^y ~ Lz, 

These are known as Euler’s equations of motion of the rigid body 
with one point fixed. 

Let us specialize to the case in which the resultant torque 
vanishes, i.e., Lx — Ly = Lz — 0. Then multiply through the 
resulting equations by cox, ^>iyj o)z, respectively, and add. The 
algebra gives 

J. [IxxCOx^ + lyyOJy^ + hgO^z^] = 0 , 

at 

or 

Ixx^x^ + Jyy^y"^ + IzzO^z'^ = COUSt. (7*14-4) 

From (7*13-15) the expression on the left is simply twice the 
kinetic energy of the body (recalling that the products of inertia 
are now zero) and we have again the fact that the kinetic energy 
remains constant under the action of zero resultant torque. It 
is appropriate to point out at this place that the constancy of the 
kinetic energy does not necessarily imply that there is no angular 
acceleration, since in (7*14-4) 
o)xy o)yy and co^ may change with 
the time without invalidating 
the equation. 

7*15. The Motion of a Top. 

This is probably the most inter¬ 
esting elementary application of 
Euler’s equations. The top is 
assumed to be a solid of revo¬ 
lution with one end of the axis 
of symmetry (i.e., the peg) fixed 
in space. This axis is also 
taken as the spin axis. The 
fixed point (cf. Fig. 7-28) is taken as the origin 0 of a set of axes 
fixed in space x/, ?//, 2 /. With 0 as origin we also set up another 
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set of axes Xm, 2 :^ in which is fixed to the body along its 
axis of symmetry. Ordinarily we should also expect to fix 
the axes x^ and ym to the body, but it now proves more con¬ 
venient to let Xm and 2 /m rotate with angular velocity co which is 
different from that of spin, which we denote by s. This will not 
affect the application of our previous reasoning since the moments 
of inertia about all axes perpendicular to the axis of spin are the 
same (i.e., Ixx = lyy) and do not change with the time as the axes 
Xm and 2/m rotate. We choose as the Xm axis the line of intersection 
of the plane through 0 perpendicular to the Zm axis and the Xf y/ 
plane. Let the angle between Xm and Xf he and that between 
Zm and Zf he 6. These are usually known as the Eulerian angles. 
There is a third, namely, </>, which a line OQ in the Xmym plane 
rotating with the top makes with the Xm axis. The components 
03xf oiy, about the Xm^ ym, and Zm axes can b(^ expressed in terms of 
B and \l/ as follows: 

wx = B, 

(x>y — ^ sin (7T5-1) 

cx)z = yp cos B. 

Note that the Xm axis always lies in the x/y/ plane. This accounts 
for the expression for cox. Note also that Zf, Zm, and ym are all in 
the same plane. As the figure indicates, i/' is the angular velocity 
of the rotating axes about the Zf axis. It is known as the preces- 
sional velocity of the top. 

The resultant torque on the top is due to gravity. If we denote 
the mass as m and locate it as usual at the center of mass C (with 
OC = 1) the component torque about the Xm axis is mgl sin B, 
The components about the ym and Zm axes vanish. Before we can 
write Euler^s equations we must rewrite M to take account of the 
spin velocity s. Thus we now write (recalling that Ixx = lyy) 

M = + \Ix7fsiv + k/,*(coas + s)y (7T5-~2) 

whence 

M = ilxx^x + jlxxf^y + iulzzioig + s) 

+ i[c0y7*,(c0* + s) — C0*/xxWy] 

+ iWzIxxf^x — 0)xlzz{03z + S)] 

*4“ k[c0x7xx^l/ ““ ^y7x»CiJx]* 


(7*15-3) 
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Hence Euler^s equations (7T4-3) now take the form 

Ixx03x + {Izz — Ixx)o)vO)z + IzzC^yS = TTigl SlU B, 

I xx^v “f" (I XX ^ ZZ^(^xf^Z Izz^x8 — 0, (7T5 4) 

Jzz{^z + S) =0. 

These can be somewhat simplified by writing s + ccz = so that 

Ixx^x Ixx^yi^z “b zz^y ~ TTIQI Sin By 

Ixx^y “I” Ixx^x^z 81 zz^x ~ (7*15 5) 

IzzS = 0 . 

The last equation says that the resultant angular speed about the 
Zm axis is constant. If we multiply the first equation by oj^, the 
second by 03yy and the third by S and add, we obtain, after inte¬ 
grating, 

xxij^x^ ^ 2 /^) "t" zz8^ H” Tifigl cos B = E, (7*15—6) 

where E is the total energy of the motion, mgl cos B is the potential 
energy with respect to the horizontal plane, and the rest of the left- 
hand side is the resultant kinetic energy. Eq. (7*15-6) is then 
the energy equation of the top. 

A special case of the first equation in (7*15-5) is not without 
interest. Suppose that the spin speed s is so large that the term 
SIzzO)y dominates the right-hand side. Then I xx^x I xx^y^z 
may be neglected and the equation becomes 

Shzyt' = mgly (7*15-7) 

which says that the processional velocity is inversely proportional 
to the spin velocity and the moment of inertia about the spin axis. 
This is the familiar result of the elementary theory of the simple 
gyroscope. 

To treat, the problem more generally we note that the torque 
about the Zf axis is zero and hence the angular momentum about 
this axis is constant. But the latter is the sum of the components 
of M along Zf. We therefore have 

IzzS cos B -b Ixx03y sin 0 = A = constant. (7*15-8) 
Written in terms of the precessional velocity this yields 
, A — IzzS cos B 


IXX sin^ B 


(7*15-9) 
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Moreover the energy equation (7-15-6) can be written 
A, , ■ ,n 2E - 2mgl cos e - I 

02 + ^2 gjjj2 0 ^ - -- 

X XX 

With the introduction of the new quantities 
a = AflxX) ^ “ IzzS/IxXy 
2E - 


(7-15-10) 


(7-15-11) 


a = 


) 5 = 2mglllx 


eqs. (7*15-9) and (7*15-10) take on the simpler form 

, a — cos 6 

w = -rTT— > 

sin^ 6 

^2 ^2 gjj ^2 $ =z a — b cos d. 

The elimination of rp between these equations yields 


(7-15-12) 


6 = - 


(a — /3 cos 0)^ 


*+• a — 6 cos 0. (7-15-13) 


sin^ 0 

Letting u = cos 0, we get 

= (a — 6u)(l — u^) — (a — = /(w). (7-15-14) 

Evidently the variation of 0 with time depends on the quadrature 

du 


=/ 




+ constant, 


(7*15^15) 


which in turn can be expressed only in terms of elliptic functions. 
However, we can learn something about the top^s behavior with¬ 
out carrying out the integration 
in (7*15-15). Clearly J{u) must 
be positive to insure the reality 
of u, and, further, u must he 
between 0 and +1. The func¬ 
tion /(w) is a cubic with three 
roots of which two must lie be¬ 
tween 0 and -hi. The situation 
is depicted in Fig. 7*29. We shall 
call the roots of /(w) lying in the 
allowed interval ui and W 2 . It follows that the inclination of the 
top^s axis to the vertical is restricted to he within the limiting 
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angles di = arc cos ui and 62 = arc cos U 2 . More elaborate con¬ 
sideration of the problem shows that 6 varies periodically between 
these limits. This motion is known as nutation. In general the 
spinning of a top or gyroscope is accompanied by both precession 
and nutation. Under certain conditions the nutation vanishes: 
this demands, of course, that 61 — 62 always. Hence Ui = U 2 must 
be a double root of /(u), and for vanishing nutation we must be 
able to write this function in the form 

S{u) = B(u- u,)(u ~ Wi)2, (7*15-16) 

where B is constant. It is clear that u = Ui must satisfy both 
f{u) = 0 and df/du = 0. This will suffice to fix 2 ^ 1 , and the pre- 
cessional velocity given by the first equation in (7*15-12), 
becomes in terms of Ui 

.A = -^ [1 ± Vl - 2bui/fi^]. (7-15-17) 


For each ui there are then two possible precessional velocities. 

If the spin velocity is so great that ^ 2buif the two values of 
J/ are 

= mgllhA (7*15-18) 


IzzS ^ mgluihz l ^ 


(7*15-19) 


Evidently xj/i *C ^ 2 . The slower precession is usually the one 
observed. 

Suppose the top is started with axis vertical and S — Sj i.e., 
with spin velocity only. This leads at once to a = ^3 and a = b. 
The roots oi f(u) then become 

Ui = -\-lf 2/2 = ”hl, 2/3 = ct^/a — 1. 

As long as > Arngllzzlht^y uz > 1, and the motion of the top 
is confined to simple rotation about the vertical axis with no 
precession or nutation, i.e., the top sleeps. As a result of friction 
at the point of support, energy may be lost until < ^mgllI 
when uz becomes less than unity, and precession sets in with 
nutation between the angles ^ = 0 and 6 = 02 , where 

cos 02 = ItM^S^/2mglIxx — 1. (7*15-20) 

This means the top begins to wobble. With the continued decrease 
of Sf 02 increases until the top falls down. 
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PROBLEMS 

1. A rigid body possesses velocity of translation v and rotational velocity 
w. What is the velocity of a point P of the rigid body with position vector r 
with respect to a fixed origin? If v and w are constant in time, what is the path 
of the point P and what is its equation? 

2. A flat cylindrical disc of brass 10 cm in diameter and 2 cm in thickness 
has coiled about its edge a light flexible and inextensible string. If the free 
end of the string is attached to a fixed point and the disc is allowed to fall, what 

will be its total kinetic energy at the end of 2 
seconds? 

3. A steel ring in the form of a torus with 
inside diameter 50 cm and outside diameter 52 
cm is allowed to perform small oscillations in a 
vertical plane about a rod on which the ring is 
hung. (See figure.) Calculate the frequency of 
the vibrations. How much torque is needed to 
displace the ring through an angle of 5° from its 
equilibrium position? 

4. An elliptical disc of brass of major and 
minor axes 20 cm and 10 cm respectively and 2 cm thick may rotate about 
an axis through one focus and perpendicular to the disc. If the disc is 
displaced so that its major axis is horizontal and let go, find the angular 
velocity of the disc at the instant when the major axis is vertical. 

5. Consider two particles of mass rn joined by a weightless rod of length 1. 
The system is assumed to rotate about an axis through the center of the rod 
and perpendicular to it. The quantum theory requires that only those rota¬ 
tional motions are possible for which the angular integral of the angular mo- 

X 27r 

M d0) is equal to some multiple 

of Planck’s constant h. Find the expression for the allowed values of the 
energy of rotation and compare with the similar expressions for the quantized 
energy states of a hydrogen atom (Sec. 4.4). 

6. A non-homogeneous circular rod has line density varying with distance 
X along it of the form p = po + The length of the rod is 1. The rod falls 
from rest in a vertical position to a horizontal floor. If the bottom in contact 
with the floor does not slip, with what kinetic energy will it strike? What wdll 
be the velocity of the top end? 

7. Calculate the translational acceleration of a sphere rolling down an 
inclined plane of angle $. First solve the problem by the torque equation and 
then by energy considerations. 

8* The ring of Problem 3 rolls down a 30° incline. How much velocity 
does it gain in 1 second? 
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9. Find the period of the small oscillations of a cube of side a about one 

2V2 

edge and show that the length of the equivalent simple pendulum is .- ■ - a. 

o 

Also find the center of oscillation. 

10. Show that the moment of inertia of a thin rectangular sheet with sides a 
and b about an axis through the center and parallel to the side b is ma^/12, 
where m is the mass of the sheet. 


11. Prove that the moment of inertia of a homogeneous spherical shell with 
internal and external radii ri and respectively about any diameter is 

2 r2® - n® 

~ m -- 

5 r2® — n® 

12. Prove that the moment of inertia of a solid homogeneous sphere about 
an axis tangent to the sphere is ^ • ma^, where m is the mass and a the radius 
of the sphere. 

13. Prove that the moment of inertia of a homogeneous plane triangular 
plate about any axis in its plane is equal to the moment of inertia about the 
same axis of three masses each placed at a midpoint of a side of the triangle and 
each equal to one third the mass of the plate. 

14. Consider a non-homogeneous ellipsoid with semi-axes a, b, c respectively 
and with density varying directly as the distance from the center along the 
longest axis (the layers of equal density being concentric elliptical sheets per¬ 
pendicular to the longest axis). Show that the moment of inertia of the ellip¬ 
soid with respect to its longest axis is w(62 -}- c^). 

15. Prove that the product of inertia of a rigid body with respect to any 
two mutually perpendicular rectangular coordinate axes is equal to the product 
of inertia with respect to two parallel axes tlu-ough the center of mass plus the 
product of inertia of the whole mass of the body located at the center of mass 
with respect to the original axes. 

16. A uniform wire is bent into the form of a triangle. Find the position 
of the center of mass. 


17. Out of a uniform circular disc of radius a, one quadrant is cut. Find 
the center of mass of the remainder. 


18. A uniform flexible cord is suspended between two points in the same 
horizontal line. Calculate the position of the center of mass of the cord. 

19. In a hemisphere of radius a the density varies inversely as the distance 
from the center. Determine the position of the center of mass. 

20. Find the center of mass of one octant of a homogeneous sphere. 

21. Determine the coordinates of the center of mass of one octant of the 

ellipsoid x^/a^ + y^/b^ 4- = 1, in which the density is a linear function 

of the distance along the x axis. 
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22. Prove that the moment of a couple has the same value about any axis 
perpendicular to the plane of the couple. 

23. Show that a couple may be replaced by any other couple with the same 
moment in the same plane. 


24. A uniform rod of mass m and length I rests on two inclined planes AB 
and BC (see figure), with their line of intersection lying in a horizontal plane. 

^ The rod lies in a vertical plane perpendicular 
to the line of intersection. The angles of 
the planes are 6i and $2 respectively. Find 
the position of equilibrium of the rod if its 
contact with both planes is smooth. Cal¬ 
culate the normal thrusts. What would be 
the effect on the foregoing result if one 
plane only is smooth and the other rough? 



25. A uniform ladder rests with one end against a rough horizontal plane 
and the other end against an equally rough vertical plane. What is the 
smallest coefficient of friction that will allow the ladder to rest in all positions? 


26. A uniform rod of length I and mass m rests against the horizontal rim 
of a hemispherical bowl of radius a, its lower end touching the inside of the 
bowl. Find the position it will assume for equilibrium. 


27. Given a circular table with three legs vertically below the rim and form¬ 
ing an equilateral triangle. Find the smallest weight which when placed on 
the table is able to upset it. 


28. Write the equation of motion of a general rigid body which rotates about 
the fixed z axis and show that in general in addition to the torque component 
about the x axis (due to gravity, for example) there must be torque components 
about the y and z axes as well. What is the nature of the forces producing the 
latter torques? 


29. Calculate the magnitude of the easterly deflection from the plumb line 
experienced by a particle dropped from rest at a height of 500 feet in latitude 
45° N. 


30. A railroad train of mass 100 tons moves due east in latitude 45° N with 
constant velocity of 60 mi/hr. Find the magnitude of the force at right angles 
to the direction of motion. How is it directed? 


31. A particle is thrown vertically upward in a vacuum with velocity v. 

4a)t^® 

Prove that on its return it hits the ground a distance —- • cos X west of the 

place from which it was thrown. (The latitude is X and w is the angular veloo- 
ity of the earth.) 

32. A simple pendulum has its point of suspension directly over the center 
of a horizontal turntable rotating with angular velocity «. If the bob is pulled 
aside and let go, what sort of curve will it trace out on the turntable? 
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33. A bullet is fired horizontally with a velocity of 1000 meters/sec in lati¬ 
tude 45° N. What is the deflection from the plane of projection in direction 
and magnitude after 1 second of flight? 

34. Find the equation of the momental ellipsoid of a homogeneous elhptical 
plate in the xy plane with semi-major and semi-minor axes a and h respectively. 

35. Prove that the momental ellipsoid of any regular polyhedron with its 
center at the origin of rectangular coordinates is a sphere. Speciahze to the 
case of a cube and find the radius of the corresponding sphere. 

36. An airplane motor and propeller has a moment of inertia about the axis 
of spin of 25 kilogram meters^. If it is moving instantaneously in a curved 
path with a radius of curvature of 150 meters with a velocity of 300 km/hr, 
what is the torque (direction and magnitude) tending to make the plane move 
vertically? Where does the counter torque 
come from? 

37. A simple top may be formed by pierc¬ 
ing the center of a uniform disc of radius a 
and mass m. We may assume that the mass 
of the pin is negligible compared with the 
mass of the disc. Calculate the moment of 
inertia about the mutually perpendicular axes 
passing through 0, the point of contact of 
the pin with the floor, the pin itself being 
taken as the z axis. Compute the minimum 
will “ sleep.” At what spin velocity will the top begin to roll on the ground? 

38. The equation of motion for an electron of mass m and charge e moving 
in an electric field F and magnetic field H is in vector form 

ma. = eF 4- - V X H 
c 

where v is the velocity of the electron and c is numerically equal to the velocity 
of light. The first term on the right is the force due to the electric field, 
whereas the second is that due to the magnetic field. (See, for example. Page 
and Adams, Principles of Electricity^ D. Van Nostrand Co., N. Y., 1931, 
Chap. VIII.) Find the form assumed by this equation when the motion of 
the electron is referred to a system of axes rotating about the direction of the 

e 

magnetic field with constant angular velocity w = — -— H. In particular 

2inc 

show that if terms proportional to are neglected the equation of motion in 
the moving system reduces to the form 

wEm = eF. 

This is known as Larmor’s theorem, and the angular velocity of the rotating 
axes is called the Larmor precession. It is of vital importance in the study of 
the effect of a magnetic field on an atom. 



spin velocity at which the top 
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39. Using the appropriate values for e, m, and c, calculate the value of the 
Larmor precession in the preceding problem for a magnetic field of 10,000 
gauss. Consider an electron moving in the circular orbit of smallest quantum 
number (viz., ni + ^2 = 1) in the Bohr model of the hydrogen atom (see 
Sec. 3.9 and Fig. 3.9). Calculate the numerical magnitudes of the Coriolis 
force, viz., 2m<d X Va and the centripetal force, ma> X (o) X fm), acting on the 
electron in the axes rotating with the above precessional velocity w. Compare 
the latter with the actual centripetal force on the electron in its circular orbit 
about the nucleus, unaffected by the field. 



CHAPTER VIII 


CONSTRAINED MOTION 

8*1. Simple Types of Constraints. The Simple Pendulum. 

There are many important cases of motion of a particle in which 
the latter is compelled by the geometry of its environment to 
move on some specified curve or surface. We have already en¬ 
countered in Chapter II a simple illustration in motion on an in¬ 
clined plane. Another example is furnished by the simple pen¬ 
dulum, where the motion of the bob must take place along the 



arc of a circle due to the invariable length of the string. We have 
indeed taken up already the approximate case of small motions in 
connection with the physical pendulum. This will be a good 
place to investigate the more general case where the swing may be 
of arbitrary amplitude. Consider Fig? 8T where the bob P, 
which for our purposes here is to be considered a single particle, 
is suspended by a string of length I from the fixed point 0. The 
bob is in equilibrium under gravity when OP is vertical, i.e., 
coincides with OE, We wish to determine the motion resulting 
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when the bob is pulled aside through any arbitrary arc (less than 
7r/2 for our convenience) and then let go. 

The force on the bob in the direction of the motion is of mag¬ 
nitude mg sin d. If we denote the displacement along the arc by s, 
the equation of motion is 

ms = —mgsmB. (8*1-1) 

Now 8 = Id and hence (8*1-1) becomes 

S = ^ sin (8*1-2) 

A first integration may be carried out by multiplying both sides by 
6 dt, whence 

=-cose + Cl. (8-1-3) 

The constant Ci may be evaluated by the initial condition that 
6 = zero for a value of ^ the amplitude angle. Then there 
results 

1 ^2 _ ? ((JQg 0 _ (JQg (8*1-4) 

2 t 


Now if the initial angle Bo is small (say < 10®) we may write 

B^ 

cosB = 1 — (8*1-5) 

and on substitution and rearrangement 


dB 

Vbo^ - 



Integration yields 



( 8 - 1 - 6 ) 


(8-1-7) 


In this case the motion is simple harmonic with frequency 
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Look now at the motion in the case of arbitrary amplitude; we 
have the general integral 


de 


Vcos 6 — cos i 

From elementary trigonometry 




(8-1-9) 


COS ^ = 1 — 2 sin^ (- 


On substitution into (8*1-9) we have therefore 


d a 




-yfidt. 


( 8 * 1 - 10 ) 


We shall now introduce a new angle <t> defined by the relation 


sm ] = sin 


sm(l> = k sin 0, 


whence 


so that 


- = arc sin (k sin </>), 

A 


k cos (^) d(l> 


2/ Vl — k^ sin^ (p 

We can see the physical meaning of the angle <l> by letting the 
initial position of P be Po (Fig. 8*1), so that Z EOPo = do. Then 
draw PoD normal to DE and construct the circle with diameter 
ED. Let the perpendicular PF from P to ED cut this circle at 
Q. Then the angle EDQ = (p. For 

e\ 


EF = Z(1 — cos 6) = 21 sin^ > 
and assuming that Z EDQ really is (p, have 


EQ 


= sin <p 


EF 


so that 


E3 

EF = E3 sin^ <pj 
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which from Fig. 8T becomes 

EF ^ 21 sin2 


sin^ (f). 


Hence sin = sin * sin as above. Substitution into 


(8T-10) now yields 


d4> 


\/ 1 — /c“ sin^ <#> 
and on integration we have 


6 \ ^ 




d(j> 


g Jo VT — sin^ 


( 8 - 1 - 11 ) 


( 8 - 1 - 12 ) 


where t is the time taken by the particle in moving between the 
positions 6 — 6 and 0 = 0. The integral appearing here is the 
well known elliptic integral F(ky <^) connected with the elliptic 
functions. ^ Its values are tabulated in Peirce’s Table of Integrals. 
Let us note a few special cases. For example, take 0o = 10° and 
calculate the quarter period, i.e., let 4> = x/2. Then k = .0872 
and we have, denoting the period by P, 

P = 6.2952 J- • 

^9 

To the same number of places, 2ir = 6.2832. This indicates that 
the simple formula (8*1-8) is accurate for amplitude angles less 
than 10° with an error of less than .2%. For 6o = 20° we have 
k — .1736 and P = 6.3312 ^/T/g. The error for a single period is 
still less than 1%. For many practical purposes the integrand 
in (8-l“-12) may be expanded in a series and the integration carried 
out term by term. Thus expanding (1 — k^ sin^ <^)~^ 


t = 


ll 

ig*/o 




(1 + sin^ 4> + • • •) d<t} 




<t> + -r {<t> -- i sin 2<^) + 
4 


(8-1-13) 


'See E. B. Wilson, Advanced Calculus ” (Ginn & Co., Boston, 1911), p. 
503. 
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Hence for the period P we have 



(8-1-14) 


if we recall that k — sin 0o/2 = Bq/2, if 6^ is small. The formula 
(8-1-14) is frequently very useful for small initial amplitudes.^ 


8-2. Motion of a Particle on a Smooth Surface of Arbitrary 
Form. Let us suppose that the equation of the surface on which a 
particle is constrained to move is given by 

<^(x, y, z) = 0. (8-2-1) 

The particle (of mass m) is acted on by the external force F with 
components while the surface exerts on it a reaction 

force R, with components Fx, Ryy Rz. Now if the surface is smooth 
the force R acts along the normal and hence 

Fx = XF, Ry = mF, Rz = rF, (8-2-2) 


where X, jjl, v are the direction cosines of the normal drawn in the 
direction of R, and will be functions of x, y, and z in general, being 
constant only for the case of a plane. The component equations 
of motion of the particle are then 


mx = Fx + XF, 
my = Fy + /xF, 
mz = Fx + vR. 


(8-2-3) 


Let us multiply these equations through by x, y, z respectively and 
add. We then get 

m d(i2) m d(^2) m d{z^) 1 d(y^) 

— - j_ — - — - — — - 

2 dt 2 dt 2 dt 2 dt 

= xF X + yFy zF z 

+ R{xk + + ^j')- (8-2-4) 

Now X, 2/, 2 are proportional at any point to the direction cosines 
of the tangent to the surface at that point since the particle is 

1 For further discussion of the pendulum, reference may be made to P. G. 
Tait and W. J. Steele, “ Dynamics of a Particle ” (Macmillan, 7th ed., London, 
1900), Chap. VI. 
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constrained to remain on the surface. Hence x\ + yix + zv is 
proportional to the cosine of the angle between the tangent and 
the normal to the surface and is thus zero. Eq. (8*2-4) may 
then be written 

\md{v^) = Fx dx + Fy dy + F, dz. (8*2-5) 

Integration yields 

= J* {Fxdx + Fydy + F^dz) + C. (8*2-6) 

If the external forces involved are conservative (Sec. 4*1), we may 
write the integral as — 7 (x, y, z) and have 

+ V (x, y, z) = C, (8*2-7) 

where C is a constant. This is the energy equation and we note 
the interesting fact that as might have been anticipated the con¬ 
straints do not enter it. The actual path followed by the particle 
can obviously not be determined by the second integration of 
(8*2-7) alone for this furnishes but one of the necessary equations. 
As long as the time is involved the number of the latter is three 
(i.e., we must express x, y, z in terms of t). We get the remaining 
two by eliminating R among the eqs. (8*2-3). These yield 

~ Pz ^ my - Fy ^ mz - F, _ (8-2-8) 

\ fX V 

On integrating these two equations we get two relations involving 
X, yj Zj and t. Elimination of the time yields a relation among 
X, y, and z^ which represents a second surface. The intersection 
of this with the surface <^>(x, t/, 2 ) = 0 is the path of the particle, 
while the equation (8*2-7) can then be used to give the “ time 
equation,that is, the equation which expresses the rate at which 
the motion takes place along the path. This is, in formal outline, 
the general method for solving a problem in constrained motion 
on a smooth surface. 

As an illustration of the preceding general method let us con¬ 
sider some aspects of the motion of a material particle under the 
influence of gravity, but constrained to move in a smooth hemi¬ 
spherical bowl. For the sake of simplicity we shall choose the 
z axis vertical and directed downward, and take the origin at the 
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center of the sphere. At the point P(x, y, z) the direction cosines 
of the inward drawn normal (R is directed in) are (Fig. 8-2) 

(8-2-9) 

a a a 


X 


Fig. 8-2 

if a is the radius of the bowl. Moreover 

Fx = 0, Fy = 0, Fz — mg, (8-2-10) 

Therefore the equations of motion (8-2-3) become 

Rx Ry Rz _ ^ 

--, niy --> mz — mg -- (8-2-11) 

a a a 

The “ power equation [i.e. (8-2-4) — that which gives the time 
rate of change of energy] then becomes 

i m ^ (x^ + j/' + z^) = mgz. (8-2-12) 

Incidentally we can readily verify that 

x\ + yy + zv = 0, 

a relation which we have just shown must hold from general con¬ 
siderations. In the present case it becomes 

XX + yy -jr zz — 0. (8*2-13) 

But since the equation of the surface is 

x^ + y^ + — a^, 



(8-2-14) 
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eq. (8*2-13) follows at once by differentiation with respect to 
the time. Integration of eq. (8*2-12) gives 

W = gz + c, (8*2-15) 


where c is a constant of integration. If the initial value of z 
is Zo and the initial velocity Vo, then c = — g^o. The case 

where = 0 for z = Zo is sl special one and will be treated later. 
Here we wish to discuss the general case. Now eliminating R 
among the equations ( 8 - 2 - 11 ) we have 


? = t ~ g) 

X y z 


(8-2-16) 


The first equation can be integrated once. Thus 

yx — xy bj (8*2-17) 


where b is an arbitrary constant. It is not easy to integrate the 
other equation, but we can obviate this difficulty by recalling from 
eq. (8*2-13) that 

XX + yy = —zz. (8*2-18) 


Now if we square the eqs. (8*2-17) and (8*2-18) and add, the 
result is 

(x^ + 2 /^)(^^ + y"^) = + zH'^. (8-2-19) 

This may be reduced very easily to the form 

+ + - 7^—7 * (8-2-19a) 

— z^ 


Combining (8-2-19a) with (8-2-15), however, gives 

2{gz + c)(a 2 - ^ 2 ) _ ^2 

2^2 = -^- 

a2 


On separating the variables 

dz dt 

\^2{gz + c){a^ — z^) — 6 ^ ^ 


( 8 - 2 - 20 ) 


( 8 * 2 - 21 ) 


The integral involved here is an elliptic integral. Much may be 
learned about the resultant motion without actually evaluating it. 
Thus we note first that the expression under the radical must be 
real. Let us investigate its roots, noting that in our problem z is 
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necessarily restricted to the region 0 ^ z ^ a. If we call the 
expression, the following relations are true 


while 


^(a) = -62, ^(-a) = -h\ (8*2-22) 

^(zo) > 0, 


and hence z may not in general take on the value a. Since ^{z) 
is positive for z = Zq and negative for z = a, it must have at least 
one root between Zo and a. Moreover since 4^ (— a) is also negative, 
there is another root between z ^ Zo and z = —a. As a matter of 
fact, there is a third root between z — —a and 2 : = — oo, since 
^ (_ 00 ) = + C 30 . Call the three roots a, and 7 . In the type 
of motion in which we are interested both a and ^ are positive and 
the result is that the motion of the particle takes place between the 
two horizontal circles corresponding to 2 : = a and z — 

Now let 

(X 8 ot — 8 

= /, = h, (8-2-23) 


and introduce the angular variable <j), where 
2 = / + 6 cos 2(t>. 


Then 

while 

Since 


z — a = z 


if + h) = —2h sin^ <^, 
z — P = z — (f — h) — 2h cos^ 0 . 


(8*2-24) 

(8*2-25) 

(8*2-26) 


^(z) = -2giz - a){z - fi){z - y), 

it therefore follows that 

'^(z) = Sgh^ sin^ <t> cos^ <t> * y) 

= Sgh^ sin^ 0 cos^ <t> • (f — y + h cos 2(t>). (8*2-27) 


We now recall from ( 8 * 2 - 20 ) that 


But from (8-2-24) 


z = —2h^ sin 2<t>. 


(8-2-28) 

(8-2-29) 
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The combination of 


(8-2-29), (8-2-28), and (8-2-27) yieldsfinally 

(8-2-30) 


where 




2h 

f + h - y 


(8*2-31) 


Separating the variables in (8*2-30) gives 

d4> ^ dt 

Vl — ^ ak 


(8*2-32) 


so that the time corresponding to any value of </> is 
/ _ 

V1 -- k^ sin^ <f> 


(8*2-33) 


This expression is in the same form as (8*1-12) encountered in the 
study of the simple pendulum. Hence as far as motion in the 
z direction is concerned the particle oscillates approximately as a 
simple pendulum. When = 0, z f + while for (f> = 7r/2, 
z = f — h. Since in our case both a and /3 are positive, ii a > 
f and h are both positive and the integration from 0 == 0 to = 
Tr/2 corresponds to the motion from z — a to z == i.e., a half- 

period. We then have, if P represents the period of the motion 
in the z direction, 


where 



(8*2-34) 


K = 



d(t> 

— k^ sin^ 0 



Now the 
8 *1) by 


quarter period of a simple pendulum is given (see Sec. 


P 

4 



(8*2-35) 


Hence the length of the simple pendulum which will have the same 
period as the motion in the z direction of the particle here con- 
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sidered will be given by 



(8*2-36) 


A more detailed discussion together with the treatment of the 
motion in x and y with diagrams of actual experiments will be 
found in Webster’s Dynamics (p. 48 ff.). 

We ought, however, to note the special case where 2 ;o = 0 for 
z = Zq [see eq. (8*2-15)]. This corresponds to the case where the 



particle is let go from rest at any point. What is the result? 
In this case we have 

c = -gz^. (8*2-37) 

But since z must also be zero initially (i.e., when z = ^o) it follows 
from eq. ( 8 * 2 - 20 ) that 

6 = 0. (8*2-38) 

If now we introduce spherical coordinates defined as in Fig. 8*3, 
with 

X = a sin 0 cos 0, 

2 / = a sin 0 sin <>, 

2 : = a cos 6, (8*2-39) 

eq. (8*2-17) with 6 = 0 becomes 

—sin® @ • <#► = 0. 


(8*2-40) 
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Now let us look at eq. (8*2-15) which since 

^ sjn2 0 , ^2)^ (8*2-41) 

becomes [recalling (8*2-40)] 

= 2(gz + c) 

= 2(^a cos 6 + c). (8*2-42) 

If now we differentiate with respect to the time we have 

2a^d6 = —2ag^ sin 0 , 
or 

(5i+^sine = 0. (8-2-43) 

a 

But this is the equation of the simple pendulum swinging in a 
plane — the problem already discussed fully in Sec. 8 * 1 . Hence 
when the particle is allowed to drop from rest from its initial 
position the motion is that of a simple pendulum. The more 
complicated motion previously discussed results when the initial 
motion implies an initial velocity different from zero and arbi¬ 
trarily directed. It should be noted, of course, that even if the 
initial velocity is not zero, if it is directed in the great circle con¬ 
taining the lowest point of the bowl, the motion is that of a simple 
pendulum. For in this case the particle must remain in the initial 
diametral plane. 

8*3. Constraints and the Principles of Mechanics. D’Alem¬ 
bert’s Principle — Dynamics Reduced to Statics. Thus far our 
study of dynamics has been based on our interpretation of New- 
ton^s three laws of motion outlined in Chapter I. It is important 
to realize, however, that there are other ways of stating the 
principles of mechanics. Two of these are closely connected with 
the motion of particles subject to constraints and hence we may 
well consider them at this place. The first is the celebrated 
principle of D^Alembert, enunciated in 1743, which provides a 
foundation for mechanics that effectively reduces dynamics to 
statics. We shall confine our attention to this principle in the 
present section and use Machos method of presenting it.^ 

1 Ernst Mach, “ The Science of Mechanics (English translation, Open 
Court Publishing Company, Chicago). An extremely valuable storehouse of 
information on the principles of mechanics. Every serious student of me¬ 
chanics should read it. 
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Consider the system of n particles of masses mi, m 2 ,..., mn, 
three of which are indicated in Fig. 8-4. Suppose that the forces 
Fi*, F 2 V • * j act on them respectively We shall call these the 
impressed forces. If the masses were subject to no constraints 
(i.e., if they were not connected in any way or forced to move along 
certain curves or suri*aces) they would then move with accelera¬ 
tions given by ai = FiVmi, etc. Let us suppose, however, that 



due to the constraints the actual motions are such as would be 
produced in free bodies by the action of the forces Fi®, F 2 ‘’,..., 
Fn*. That is to say, Fn® = mna„, where an is the actual acceleration 
of the nth particle. These may be termed the effective forces. 
Now let us form the vector differences 


Fi^ Fi« = Vi, 
F2* - F2‘’ = V2, 


(8-3-1) 


Fn‘ ~ F„* == V, 


D’Alembert^s principle then consists in the hypothesis that if the 
system of forces Vi, V2,.., Vn (sometimes referred to as lost 
forces) alone were to act the system would remain in equilibrium. 
This can be expressed analytically by the use of the principle of 
virtual work (Secs. 5*7 and 5*8) in the form 

Z: V; • dry = 0. (8-3-2) 

It is important to emphasize that (8-3"-2) does not by any means 
necessarily mean that Z)Vy = 0. The dynamical problem is 
essentially reduced to one in static equilibrium. In the employ¬ 
ment of D^Alembert^s principle the essential problem is the 
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correct choice of the impressed forces. The constraint forces do 
not enter, but one must be careful not to treat a genuine impressed 

force as a constraint force and 
leave it out. 

A better understanding of 
the principle may be gained 
by a few simple examples. 
First let us take the case of a 
single particle on a smooth in¬ 
clined plane. Consulting Fig. 
8-5 we see that the impressed 
force in this case is the weight, 
of magnitude while the 
effective force is F® acting along the plane. In this case there 
is but one particle and a single V = F" — F®. 

Application of (8*3-2) leads at once to 

(F* - F'^) * dr = 0, (8*3-3) 

where dr is taken down the plane. 

Hence 




F* • dr = mgr sin 0 dr, 

while 

F* • dr = dr — ma dr. 


H 



We therefore have finally since dr is arbitrary, 


or 


F* = ma = mg sin 6, 




a — gsiii By 


(8*3-4) 


Fig. 8*6 


the usual expression for the acceleration of the particle down the 
plane. This is doubtless a rather long-winded way of getting at a 
simple result. Nevertheless it is often desirable to emphasize the 
meaning of a general principle by the use of a very simple example. 
Let us try another illustration, this time one involving two parti¬ 
cles. The simplest case of this kind is probably Atwood^s machine, 
already worked out in Sec. 2*1 by means of Newton^s laws. Con¬ 
sulting Fig. 8*6 we see that the impressed forces are the weights 
mig and mjg respectively. The tensions Ti and T 2 are constraint 
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forces and do not enter the expression of the principle. The 
latter now takes the form 

(mig — • dti + (m2g — * dX2 = 0. (8*3-5) 


If we follow the pattern of Sec. 5*8 we find it convenient to repre¬ 
sent dxi and dt^ as both directed vertically. The expansion of the 
dot product in (8*3-5) then yields 

{m^g — rriiai) dvi + (m^ig — m2fi2) dr2 = 0. (8*3-6) 

But from the geometry of the constraints we must have 

dvi = —dr 2, ai = — a2. (8*3-7) 


Therefore the solution (with dn arbitrary) follows in the usual 
form 


mi — m2 

-i- 

mi + m2 


(8*3-8) 


The reader should work out other and more complicated examples 
using the principle. (See, for instance, the problems at the end 
of the chapter.) 

In advanced texts on mechanics D^Alembert’s principle is 
often made the starting point for the development of the whole 
subject. This is true, for example, in the celebrated treatise 
“ Mechanique Analytique’’ of Lagrange (1811). This work 
should be of considerable historical interest to the student, for it 
marks the climax of the eighteenth century attempts to make 
mechanics a branch of mathematical analysis. In the preface the 
author proudly boasts: There are no figures in this work.'^ 
It constitutes a monument of analysis. We shall have occasion 
in Chapter XII to refer to Lagrange^s form of the equations of 
motion of a dynamical system. 


8*4. Gauss’ Principle of Least Constraint. Another very sig¬ 
nificant principle of mechanics closely connected with the idea of 
motion subject to constraint is due to Gauss. It was elaborated 
by him in 1829 in an attempt to reduce all mechanics to a single 
generalization. 

Suppose that we have given a system of n particles of masses 
mi, m 2 , ms,..., mn occupying the positions Ai -, An- Three 
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of them are indicated in the accompanying figure (Fig. 8-7). Let 
us now imagine that if the particles were perfectly free to move 
under the action of certain external forces, they would undergo 
during an infinitesimal time interval dr the infinitesimal displace¬ 
ments AiBiy A 2 R 2 , • • AnRn. The system being subjected to 
certain constraints (i.e., the masses being perhaps connected to 



Ai C 2 ^8 


Fig. 8-7 

each other by rods or cords, or constrained to move along certain 
curves or surfaces), suppose that the actual displacements during 
the above time interval are AiCi, A 2 C 2 ,. AnCn. Gauss^ 
principle now states that the actual displacement of the system 
under the constraints is such that the sum 

m\B\Ci + * * • + mnBnCn, (8*4r“l) 

is a minimum, that is, less for the actual motion than for any other 
possible motion of the same system under the same constraints. 
This sum may be looked upon as the analytical expression for the 
total constraint, and hence the principle is known as that of least 
constraint. It is interesting to note that the static case is in¬ 
cluded in this principle, for if the total constraint for every possible 
motion is greater than it would be for rest, equilibrium will pre¬ 
vail, i.e., the system once at rest will remain at rest. 

Gauss intended this as a fundamental postulate by the assump¬ 
tion of which all the problems of mechanics can be solved. It is 
necessarily connected with the Newtonian laws of motion and 
D'Alembert’s principle, and indeed we shall show that it may be 
deduced from the latter. Nevertheless for the moment let us 
assume it and work out a fairly simple problem in dynamics to 
understand its essential content. 

We choose the Atwood machine again. Examining the situation 
once more as in Fig. 8*8 we note that if mi and m 2 were free of 
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constraint, in the time dr they would each fall vertically/rom rest 
the distance 

S = hg{dr)\ (8*4-2) 


Actually, however, rrii falls with acceleration of magnitude a and 
hence in time dr travels the distance 


s' = \a{drY. (8*4-3) 

The total constraint is thus 

^ (a - gYidrY + ^ (-a - gYidrY- 

(8*4-4) 

This, according to the principle, is to be a 
minimum. Hence, differentiating with re¬ 
spect to a and setting the result equal to 
zero, we have 



m. 


Y (a - g){drY + ^ + g)idTY = 0, 


or 

and therefore 


a(mi + m2) = gimi - m2), 


(8*4-5) 


mi — m2 

—;— 
mi + m2 


(8*4-6) 


as usual. 

Let us now show that the principle of least constraint follows 
from that of D’Alembert. _ 

Referring again to Fig. 8*7, we recall that AjE, is the displace¬ 
ment which the mass mj would undergo under the application of the 
impressed force FY if it were free to do so. Afij is the displace¬ 
ment it actually undergoes under the action of the effective force 
F/, the deviation due to the constraints being BjCj. Now 
imagine (see Fig. 8*9) that instead of going to Cj the particle 
were to go to Dj with a corresponding deviation BjDj. Let us 
denote CjDj by 5ry, and suppose it makes the angle Bj with CjBj. 
We then have 


BjD/ = CjBY -h drY ~ 2 drjCjBj cos Bj, 


(8*4-7) 
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whence multiplying by m,- and summing up over all the particles 
there results 

= 'E.rrij drj^ 

— i^nijCjBj 8rj cos Bj. (84-8) 

Now since all the above displacements are supposed to take place 
from rest in the same time dr, it follows that 

AjBj = kaijj AjCj = ka^j, CjBj = kacj, (84-9) 

where A; is a constant and an and Uej are the magnitudes of the 
accelerations produced by the impressed and effective forces 



Ci 

Fig. 8*9 


respectively and an is the magnitude of the acceleration that 
would correspond to the particular constraint which acts here 
(assuming it were able to produce an acceleration). Thus we may 
think of the actual (effective) acceleration as produced by sub¬ 
tracting an “ equivalent acceleration due to the constraint from 
the acceleration that would be produced in the particle if it were 
free to move. Then 

rrijAjBj = kFj\ nijAfij == kFj% rrijCjBj = kV j, (84-10) 
Now according to Alembert’s principle 

i:Vi-6ry= 0. (8*4-11) 

Therefore from eq. (8*4-10) 

2^mjCjBj dvj cos Bj == 0, (8*4-12) 

and finally from (8*4-8) 

^rrijBjDj^ — = J^nij (8*4-13) 

The right-hand side of this equation is always positive. 

It follows then from (8*4-13) that the ^mfijB^ must be less 
for the actual motion than for any other alternative motion 
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compatible with the constraints. This is the essential content 
of the principle of least constraint. 

The student will do well to apply the principles of D^Alembert 
and least constraint to other simple examples. In a later portion 
of the book it will be shown how still more general mechanical 
principles may replace or supplement them. Their introduction 
in this place is for the purpose of emphasizing the important fact 
that there are several ways of expressing the laws of mechanics, 
depending on the point of view which is taken. 

PROBLEMS 

1. A particle is constrained to move under gravity in a vertical circle of 
radius R. If it starts from rest where the tangent to the circle is vertical, how 
long will it take it to reach the lowest point of the circle? 

2. In Problem 1, find the expression for the reaction of the circle on the 
particle as a function of vertical distance above the lowest point. 

3. A particle of mass m is fixed to one end of a string of length I and the 
other end is attached to a fixed point. The particle is then constrained to 
move in a horizontal circle with uniform angular velocity a>. Find the inclina¬ 
tion of the string to the vertical and the relation between the tension in the 
string and the angular velocity. Compute the length of the equivalent simple 
pendulum. (This arrangement is known as a conical pendulum. Suggest a 
practical use of it.) 

4. The cycloid is the locus of a fixed point on a circle which rolls along a 
fixed axis. Show that the parametric equations of an inverted cycloid with its 
lowest point at the origin (see figure) are x — aid sin d)^ y = a(l — cos B). 
Find the time it takes for a particle to descend under gravity from rest from 



independent of the point from which the descent takes place. Comment on 
the significance of this result and its possible practical application. 

5. A particle moves under the influence of gravity on the convex side of a 
vertical circle with center at the ground. If it starts from rest at the top, 
where will it leave the circle? 
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6. A particle is constrained to move in a straight line under the influence 
of a force directed toward a fixed point at a perpendicular distance a from the 
line and varying inversely as the square of the distance from the point. Dis¬ 
cuss the motion and in particular compute the approximate time required by 
the particle to travel from x = h to x — 0, where x =» 0 corresponds to the 
position of the fixed point, and A <K a. 



7. A smooth inclined plane of mass M and 
angle a is free to move on a perfectly smooth 
horizontal plane. A particle of mass m is free to 
move on the inclined plane. Discuss the motion 
of both particle and inclined plane. 

8. Use the principle of D'Alembert to obtain 
the motion of the simple pendulum. Solve the 
same problem with the principle of least constraint. 


mi# 


9. Solve the problem of the simple lever by the 
principles of D'Alembert and least constraint. 


i lO. A mass nti is attached to a string wrapped 
1Tl2 about a wheel of mass M and radius Rj while a 
mass m 2 is attached to a string wrapped about 
the axle of mass m and radius r. Find the accelerations of mi and m 2 
respectively by the principles of D'Alembert and least constraint. 
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9 - 1 . A Simple Problem in Vibration. Some of the most im¬ 
portant cases of constrained motion are those in which the particles 
are connected by rods and strings. Thus consider the following 
simple example later to be generalized. Imagine (Fig. 9T) a 
particle of mass m attached at the point P to a horizontal, elastic 
string (whose mass is so small in comparison with m that it may 
be considered negligible) fastened at the two ends A and B and 
stretched with tension r. 

P' 


>1 


The distances AP and PB 
are represented by h and U 
respectively. The particle is 
pulled aside a short distance ^2 

PP' perpendicular to AB and Fig. 9*1 

let go. We are to find the 

resulting motion, assumed to be rectilinear. Call the displace¬ 
ment at any instant ^ and suppose it is very much less than 
^(=^1 + ^ 2 ). We shall make the simplifying assumption that 
the alteration in the tension with the stretching of the string 
is too slight to be taken into account. The total vertical com¬ 
ponent of force on the particle is then 


— r(cos $1 + cos ^ 2 ). 


Now 


cos 01 = 




cos 02 


VW+i? 
ve + w 


(9-1-1) 


(9-1-2) 


But if f and { <§: hj as we have assumed, we can write to a suf¬ 
ficiently good approximation 

£ f 

cos 0 = y > COS 02 = 7 » (9-1-3) 

12 
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so that the equation of motion of the particle becomes 


(9*1-4) 


This is the equation of simple harmonic motion (see Sec. 2*2) with 
frequency 


irih +^ 2 ) ^ 

2t \ mlih 27r \ mUh 


(9*1-5) 


where I is the total length of the string, 
the simple case 



If h = U — i/2, we get 


(9*1-6) 


This problem should be compared with the simple pendulum and 
the simple spring treated previously (Secs. 2*2 and 8*1). It 
affords a simple illustration of the small oscillations of a dynamical 
system about a position of equilibrium. We may use it indeed as 
an introduction to a more extended discussion of this important 
topic. 


9*2. Oscillations of a Djmamical System with One Degree of 
Freedom — Dissipation. We have had occasion in several pre¬ 
ceding sections so far to note the occurrence of simple harmonic 
oscillations of small amplitude. We need recall only the simple 
pendulum, the simple spring and the mass particle fixed on a 
horizontal string (Sec. 9*1). Such oscillations are so important 
throughout all physics that it will be desirable to discuss their 
general features with greater elaboration. 

We shall at first restrict ourselves to the case of a system with 
a single degree of freedom. By this is meant a particle or col¬ 
lection of particles whose state of motion at any instant is com¬ 
pletely determined by one variable, which may of course be quite 
general in nature, i.e., a linear displacement, angular displacement 
or some complicated combination of these. In our present dis¬ 
cussion we shall be content to use a linear displacement as our 
variable, and shall denote it by the letter Associated with the 
system will be a certain mass designated by m and a certain stiff¬ 
ness denoted by /. The meaning of the latter is as follows. Sup- 
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pose that a static force Fi is necessary to produce a static displace¬ 
ment of the system of magnitude fi. Then 



(9-2~l) 


is defined as the stiffness coefficient or more simply the stiffness of 
the system.^ If now the latter is displaced a slight amount from 
its equilibrium position and then allowed to move freely the equa¬ 
tion of motion is clearly 

mi = -/f, (9*2-2) 


leading to simple harmonic motion with frequency p 


- 1 ^ 
2t yim 


and period P = 2Tr 



Thus in the case of the vibration prob¬ 


lem treated in Sec. 9*1, the effective stiffness is represented by 
/ = rl/hh, while the mass is the mass of the particle. It may be 
pointed out that there are certain cases where the equivalent mass 
(i.e., that entering into the formula) is not the whole mass of the 
oscillating system. This is notably true in the case of a membrane 
or diaphragm. 

However, at present we are more interested in another matter. 
We have already noted the fact that the eq. (9*2-2) can never 
adequately represent the true state of affairs for any oscillatory 
motion occurring in nature, since it implies that once the system is 
oscillating it continues so indefinitely; this is contrary to experi¬ 
ence. We must recognize that there is always present a certain 
resistance to the motion leading to dissipation, so that ultimately 
unless some external influence intervenes, rest results. The 
question arises: how shall this resistance be introduced into the 
equation of motion? Obviously the resistance may be thought of 
as equivalent to a force, in nature somewhat like the force of 
friction in that it is always opposite in direction to the motion. 
It can hardly be supposed to be proportional to the displacement 
or any function thereof. On the other hand it does seem reasonable 


^ It is here assumed that the stiffness remains constant, i.e., every time the 
static force is Fi the corresponding displacement is fi. This implies, as we 
shall see later in Chap. X, that the system is elastic. But see the comments 
at the end of this section. 
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to assume that it is a function of the velocity. Let us therefore 
suppose that in addition to the restoring force of magnitude 
due to the stiffness there is present a resistance force of magnitude 
where R will be termed the damping factor or coefficient. 
It must be emphasized that this is a pure hypothesis, since we have 
no a priori justification for the first power rather than the second 
or higher. And the essential confirmation of the correctness of 
this assumption will appear only after the equation of motion thus 
constructed has been integrated and the resulting motion com¬ 
pared with experience. 

The equation of motion on this hypothesis now becomes 


or more simply 


mi = -/? - Rl 
= 0 . 


(9-2-3) 


The solution of this equation is given in texts on differential equa¬ 
tions, but we may proceed rather simply as follows. The form of 
the left-hand side indicates an exponential function of the time. 
Hence we assume for our solution 


i = Ae^\ (9*2-4) 

where A is an arbitrary constant and X is to be determined. We 
then have 

I = A\e^\ ^ = AXVS 


and therefore on substitution 

m\^ + R\+f= 0. (9-2-5) 


This is the condition which X must satisfy in order that (9*2-4) 
may be a solution of the equation (9*2-3). Solving we find 




2m \ 4m^ m 


(9*2-6) 


and consequently the solution becomes 

j g• t-f/m • t ^ ~ -//m •«j^ (9.2~7) 

where now the two arbitrary constants A and B must enter since 
we get a solution with the minus sign as well as with the plus sign. 
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There are three special cases to consider according as 

4771^ < m 


(9-2-8) 


Let us take first the case where <jlm^ i.e., where the 

damping factor R is relatively small. The radical is then imagi¬ 
nary and we may write 

I _ g -R/2m • t -i2V4m®• i jgg -iVf/m (9*2—9) 

with i — y/ — 1. It will be necessary here to recall one or two facts 
about complex numbers. Any such number may be represented 
by a point P in the xy plane with coordinates x and y. The 
number itself is then written 

z ^ X + iy. (9*2-10) 

But there is another way of express¬ 
ing this, namely in terms of polar 
coordinates, for a: = r cos B and y — r 
sin 6 (Fig. 9-2), whence 

z = r(cos 0 + i sin 9), (9-2-11) 

The angle 6 is called the amplitude 
or argument of the complex number while r is called its modulus 
or absolute value. Thus 

Now consider the complex number 

w = cos 6 + i sin 6. (9*2-12) 

This has the modulus unity and we may represent it by a point P 
in our diagram for which r = 1. If we displace P to P5*^n the 
unit circle, w changes to w + dw and 6 changes to 6 + dO. But 
we have from (9*2-12) at once 

dw = ( — sin 6 + i cos B) dd 

== i(cos B + ism. B) dS^ (9-2-13) 



whence 


dw = iw d$. 


(9*2-14) 
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Integrating, 


log w = is + C, 


or 

w = C'e" 

and since ly = 1 for ^ = 0 , C' = 1 and hence 

w — e^. 


(9-2~15) 

(9*2-16) 


This extremely important connection between the imaginary ex¬ 
ponential and the circular functions enables us to write at once in 
place of (9*2-9) 

f + B) cos yt+ {A- B)i sin yt], (9-2-17) 

where for simplicity we have set y = Vfim — In ex- 

pressing the result in this form it is necessary to admit that A and 
B may be complex numbers. Write A = ai + m 2 while B = 
hi + ib 2 . Then if we separate f into real and imaginary parts we 
have 

i + 61 ) cos yt — (a 2 — ^ 2 ) sin yt 

+ if (^2 + ^> 2 ) cos yt + (ai — bi) sin yt]]. (9*2-18) 

From the form of the solution it is seen that both the real and 
imaginary parts are equally solutions and moreover are essentially 
of the same form. We shall choose to use the real part (and indeed 
make this our general rule in problems of this kind), and writing 
ax+ bi — A' and 02 — ^2 = B\ our result is 

j cos yt - B' sin yt]. (9-2-19) 


This result can be put into even more compact form if we introduce 
the new variables C and e where 

A' == C cos € and B^ = C sin c. (9*2-20) 

With these new constants we get for the displacement of the 
system 

f ^ (9*2-21) 


We are now ready to interpret the final answer physically. If we 
plot f as a function of t the result is indicated in Fig. 9*3 and 
represents an oscillation of frequency 

X 

2ir 


V 


(9*2-22) 
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the amplitude of which decays steadily with the progress of time. 
It is often called a damped oscillation. Two arbitrary constants 
are involved: C, the initial amplitude, and €, the initial phase. By 
definition the phase of the motion at any instant i is 

<j> = yt (9*2—23) 

With regard to the frequency we note that if the damping is small, 
i.e., if <^ilm, the frequency does not differ noticeably 



from that of the corresponding undamped oscillator. Thus slight 
damping has little effect on the frequency of a simple harmonic 
oscillator. This is well borne out by experiments on pendulums, 
springs, tuning forks, etc., and serves as one check on the reason¬ 
ableness of our equation of motion for the oscillator. 

The magnitude of the damping effect is given by the term /2/2m. 
The reciprocal of this quantity, viz., 2m/i2, is often called the 
“ decay modulus ”: it represents the time taken for the oscillation 
amplitude to decay to 1/eth of its original value. For small 
damping it is accordingly very large. Another commonly used 
measure of the damping is the so-called “ logarithmic decrement.” 
It is the logarithm to the base e of the ratio of two successive 
amplitudes. Thus if P(= l/v) is one period of the motion, 

log ^ (9*2-24) 

is the logarithmic decrement. 

It will be worth while to pause and consider a little the evalua- 
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tion of the constants C and € from the initial conditions. Suppose 
that when ^ = 0, f = fo. We then have from (9*2-21) 

fo = C cos c. (9*2-25) 

This alone is not sufficient to determine both constants. We 
might of course note the displacement at some later time and so 
obtain another relation from which together with (9*2-25) C and € 
may be calculated. Actually it is simpler to use the initial ve¬ 
locity for this purpose. Thus differentiating (9*2-21) with respect 
to the time yields 

c ( - (9-2-26) 

\ 2m/ 

Now when ^ = 0, if | = jo we have 
, RC 

lo = — — cos € — Cy sin c, (9*2-27) 

2m 


whence we find using (9*2-25) 


tan € = — 

while C is finally obtained as 






(9*2-28) 


(9*2-29) 


In case the damping is so slight as to be negligible, i.e., R/2m 1, 
we have approximately 



(9-2-30) 
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Before entering upon further discussion of these damped oscil¬ 
lations and their interesting analogies throughout the realm of 
physics we must dispose of the other two cases indicated in (9*2-8). 
Take first the rather unusual case where 


/ 

m 4m^ 


(9*2-32) 


Here the roots of (9*2-5) are both equal to —R/2m and our pro¬ 
cedure must be somewhat modified. Instead of substituting 
^ as in (9*2-4) we let 

k (9*2-33) 

where x(0 is at first an undetermined function of L Then 

i + e^'x, 

I = X^e^'x + 2Xe^'x + e^% 
and on substitution into the equation of motion 

m{\\ + 2Xx + x) + R{\x + x) +/x = 0, (9*2-34) 

or rearranging 

x(mX2 + /ex + /) + x(2mX + /2) + mx = 0. (9*2-35) 

Now since (9*1-5) is satisfied by X = '-RI2m, the above reduces to 

X = 0. (9*2-36) 

Therefore 

X-= A+Bt, (9*2-37) 

where A and B are arbitrary constants, will satisfy the equation. 
The solution in this case then becomes 

{ = + Bt). (9*2-38) 

We note at once that (9*1-31) does not represent an oscillation. 
Depending on the initial conditions there are various possible 
types of curves. Taking the case where A and B are both positive 
if 4 < 2mBIRj a curve of type I with a maximum displaced from 
t = 0 results, while if A == 2mBIR the curve is of type II with 
maximum at the origin, and finally if A > 2mBIR^ there is no 

maximum but f decreases steadily to zero as time progresses. All 
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three represent what is called critically damped motion. Ob¬ 
viously if A and B are of different signs, ^ will become zero for 

finite ty and somewhat more 
J ^ complicated curves than 

those shown in Fig. 9*4 will 
^ result. The reader should 

investigate these for him- 

N. finally consider the 

case where > f/rriy 

^— - -- i.e., 7 imaginary. Here 

0 again, as inspection of eq. 

9.4 (9*2-7) shows, no oscilla¬ 

tions are present. We can 
represent the result somewhat more simply if we introduce some 
simple initial conditions, say f and ^ = 0 for ^ = 0. Then 
with 7 ' = iy (where 7 ' is real) the solution (9*2-7) is 


The initial condition gives 


while since 


^0 = A + By 


«/2m.f(^7,^y, - By'e-y'^)y 


(9*2-39) 


for t — 0 , we have 


0= - — {A+B)+Y{A-B) 
2m 


” 

1— 

1 

r . Ri 

7 ' - 

1 

+ 

2mJ 

L 2m J 


(9*2-40) 


Solving for A and B from (9*2-39) and (9*2-40), we have 


2y' 


( 9 - 2 - 41 ) 
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Then for the displacement there results 

y -R/2m‘tr p “j 

f + e~y'^) + — (e^'^ - e-y '^)J • (9-2-42) 

Now using hyperbolic functions we may write 
ey'^ + e~y'^ = 2 cosh 7 % 
ey'*‘ — e~y'*^ = 2 sinh 7 '^, 
whence it follows that the displacement is 

^ = J- - - y'l J . (9.2-43) 

The reader should plot this as an exercise. 

Physically the last two cases, in which ^ flm^ corre¬ 

spond to rather considerable damping such as may be made 
manifest by the motion of a pendulum in a very viscous fluid like 
molasses or heavy tar. Strictly speaking they thus lie outside the 
realm of oscillations which are the theme of this chapter. Never¬ 
theless there are some interesting analogies in other branches of 
physics. 

A rather interesting case of damped motion occurs when the mass 
of the system is so small that the term mj* in (9-2-3) can be neg¬ 
lected. The equation of motion ’’ then becomes 

= 0, (9-2-44) 

with solution 

f (9-2-45) 

This means physically that the system has been started off with 
initial displacement fo and initial velocity —^of/R- Obviously 
the displacement goes asymptotically to zero as t increases and 
there is no oscillation. In time r = R/f^ f becomes {o/e and it is 
said that the system has relaxed to 1 /eth of the initial displace¬ 
ment. The time R/f is then called the “ relaxation time.” 

The notion of relaxation time is important in many physical 
phenomena. Thus when we try to stretch a wire by hanging a 
weight on it the increase in length given by Hookers law does not 
immediately take place. The elementary physics relation 

F = /f (9-2-46) 

for the stretching force corresponding to stretch f assumes an 
equilibrium condition which does not prevail at the instant that 
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the force is applied. Hence to study the problem of stretching a 
wire dynamically we must replace (9*2-46) by an equation which 
takes account of the velocity with which the stretching process 
proceeds. The simplest form of such an equation is 

F + Ri (9*2-47) 

which for constant applied force F has the solution 

f = F//* (1 - e-/^/«). (9*2-48) 

After time r = R/fy ^ reaches to within 1/6 of F/fy which is the 
final stretch. Hence once more we term R/f the relaxation time 
of the process. 

Every physical phenomenon in which there is a time lag in the 
attainment of the effect of a given cause will show a relaxation 
time. Hence the notion is of considerable importance in physics. 

9*3. Energy of Damped Oscillations. Time Averages. Let us 

revert to the oscillations discussed in the previous section and 
consider them from the standpoint of the energy involved. It 
will be recalled that eq. (9*2-2) refers to the motion of a conservative 
system (Sec. 4*1), for on multiplying through both sides by 
we have 

d(M^) + d{W) = 0, 

or 

= C. (9*3-1) 

The first term on the left is the kinetic energy K of the oscilla¬ 
tor, while the second term is the potential energy F, for by defi¬ 
nition it is the work done while the oscillator is displaced an amount 
{ against the restoring force —/{. The sum of the kinetic and 

potential energies is the total energy, which in this case is constant. 

The situation is different, however, as soon as dissipation is 
taken into account. Thus if we multiply eq. (9*2-3) by we 
obtain 

R + ^ = (J, (9.3-2) 

where the total energy is represented by U, In other words the 
energy of the system is decreasing with the time at the rate 
This is then the rate of dissipation of energy and one-half of it 
has been called by Lord Rayleigh^ the dissipation function. The 


1 “ Theory of Sound,” Vol. I, §81. 
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system under consideration is no longer a conservative but a 
dissipative system. 

Let us digress for a moment to note that an important concept 
in connection with oscillating systems is that of time average. 
Just as one forms the arith¬ 
metical mean or average of a z ^ 
number of similar quantities 
by adding them and dividing 
by the number, so one may 
form the average of the func¬ 
tion of a variable over a given 
range or interval of values of 
the variable by integrating the 

function over this interval and- 

dividing the result by the ^ 
magnitude of the interval. Fig. 9-5 

Considering the matter geo¬ 
metrically, if 2 = f{t) is tlie function and we plot it as in the at¬ 
tached illustrative figure (Fig. 9*5), the average of f{t) over the 

t 

interval from t = U to t ti'm denoted by / {t) (the t above the 
bar may be left off if it is perfectly definite that the average is 
with respect to t), where 

m = • r'/(0 dt. (9-3-3) 

h — CO 



It is thus evident that / (t) is the ordinate which when multiplied 
by the magnitude of the interval gives an area equal to the actual 
area between the curve and the t axis from to to ^i. 

We may now discuss K and V for the case of an oscillator. 
Taking first for simplicity the case of an undamped oscillator we 
have 

i — A cos (^'Kvt + «), (9 •3-4) 


where v is the frequency, A the amplitude and € the initial phase. 

I = —2TrvA sin (2Tvt •+• c). (9*3-5) 


The kinetic and potential energies become respectively 
K = 2TrVAhn sin® {2Trvt + c), 

V = i/A® cos® {2wvt + e), 


(9*3-6) 

(9*3-7) 
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and we note that K + V = constant, as must necessarily be the 
case. The averages over a single period P = \/v are then 

^ = - - - / sin® {2Trvt + e) dt^ (9-3-8) 

r «/o 

F = r^cos* (2irvt + «) dt. (9-3-9) 

t/0 

Now 

— f sin® {2Tvt + €)dt = ; f {2Trvt + e) — | sin 2(2irpt + e)l • 
*/o 4:tpP L Jo 

Since sin2(2ir + e) = sin 26, the above reduces to and hence 


Similarly 

1 

*— I cos® (2'irptA‘ e) dt 

F t/o 


K = irVmA\ r9-3-10) 

^ ^ (27rpt 4- «) + 4 sin 2 (2wpt + «) J 


= h 

and therefore 

M® 

F =^—• (9-3-11) 


But the frequency of the oscillation is 

so that / = 47r®v®m. It thus develops that 

K^V (9-3-12) 


over a single period. Obviously the same result will hold over any 
number of periods. In fact it may be noted that since 


1 

T 



(27rj'^ + €) = 4> 


(9*3-13) 


as the time interval r grows greater, even if it is not a multiple of 
one period, the average kinetic energy over any interval of time 
lai^e compared with one period is equal to the average potential 
eneigy. In general in what follows, when we speak of a time 
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average for an oscillating system we shall mean that taken over 
such an interval. 

The reader may find it of interest to compare with the above 
the space averages of V and K, though the latter are not usually of 
such physical interest as the time average. . 

9-4. Forced Oscillations of a Dissipative System. The oscil¬ 
lations discussed in the previous two sections are what may be 
called “ free ” or natural ” oscillations. Suppose now that a 
periodic force of frequency v = 03 /2t and amplitude Fq is applied 
to a dynamical system with one degree of freedom. The differ¬ 
ential equation of the motion is then 

ml + R^+Ji^ Fo cos o 3 L (9*4-1) 

We shall find that there is considerable advantage in using complex 
quantities rather freely in this problem. Thus instead of using 
merely the real part of a complex force on the right side of (9*4-1), 
let us use i.e., a complex force. The actual justification 

of this step may be made in the following manner. The oscil¬ 
lator equation may just as well be written 

+ Ff' +/^' = Fo sin o)L (9*4-2) 

If now we multiply through (9*4-2) by i and add to (9*4-1 )we 
obtain 

+ tj*') + + i^') +/(« + iO = (9*4-3) 

This equation may be written 

mi+ (9*4-4) 

if we agree to let { now represent a complex displacement as in 
(9*4-3). On solving (9*4-4) we must ultimately take the real part 
of the resulting f (although, of course, the imaginary part would 
likewise describe equally well the behavior of the system under 
the influence of the force). The solution of (9*4-4) consists really 
of two parts, of which the first is that which has already been ob¬ 
tained in Sec. 9*2, while the second is that which on substitution 
will yield Foe'"* on the right side instead of zero. The first is 
called the transient, for in any case it is more or less rapidly damped 
to zero. It is the second, or what may be called the steady state, 
solution in which we are interested here. 
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From the form of the right side, we are led at once to substitute 


whence 




On substitution there follows for A 


(94-5) 

(94-6) 


icjR + / — mo3^ 

and the steady state solution is then 


(94-7) 




(94-8) 


The real part of this is now found at once by rationalizing the 
denominator. We multiply both numerator and denominator by 
—zcjjB +/ — and have 


Therefore 


Fol^iojR + / — 

(/ - mco2)2 + 0)2/22 


Fo{ (/ ~ ma)2) cos wt + sin cat} 

+ (/ - maj2)2 


Let us introduce the angle a where 

/ — 

cos a = ■ / .: zr ; 


(/ — + o)^R^ 


(94-9) 


(94-10) 


tan a == 


/ — mo)^ 


Our expression for the displacement then becomes 
— ^0 cos {o3t — a) 

y/(o^R^ + (/ ~ 


( 9 - 4 - 11 ) 


( 94 - 12 ) 


The angle a is the phase difference between the force and the dis- 



FORCED OSCILLATIONS 


275 


placement. Before we discuss the displacement further it will 
be worth while to obtain the expression for the velocity, which 
is often more important in application than { itself. From 
(94-6) we have 

I = fwj. (94-13) 


Hence from (94-8) there follows 


k = 


Foe'“‘ 


R+i 



(94-14) 


and if we evaluate the real part as above we get 

Fo cos (ciit — /S) 

where 


mo) - 

CO 

tan 13 = --— 


(9*4-15) 


(9*4-16) 


and /3 is the phase difference between the force and the velocity. 
Comparing (9*4-16) with (9*4-11) we see that 


Hence 


tan a = 


1 

tan 0 


a — 0 = 


T 

2 ’ 


(9*4-17) 

(9*4-18) 


This means that | and | differ in phase by 7r/2. 

Now if we examine the expressions for f^eai and iresd we note that 
the system is always/orced to oscillate under the action of the peri¬ 
odic force, but that the ampUtvde of the resulting oscillation de¬ 
pends on the magnitudes of 72, /, m, and co, and of course may be 
very small indeed. On the other hand it may also be rather 
large. We note that if the characteristics of the system (i?, /, m) 
are fixed, there is a value of the frequency of the applied force 
which makes VR^ + {mco —//a>)2 a minimum and hence the 
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amplitude of |reai ^ maximum. This happens for 

[f 

C4> = Wo == \ — • 

Mm 


(9*4-19) 


When this occurs, the system is said to be in resonance with the 
force and the corresponding frequency 

^ £ (9-4-20) 

2ir 2ir \m 

is called the resonance frequency. For resonance then we have 

(9*4-21) 


free. = ” * COS 


since the phase difference /3o for resonance is equal to zero. On the 
other hand the resonance displacement is 

^ ^ ~ 2) ■ (9-4-22) 


It is easily seen that the amplitude of the displacement is not 
quite a maximum for the resonance frequency. It reaches its 
maximum for that frequency for which V+ (y — mw^)^ is a 
minimum. The usual test shows that this takes place for 


CO = COi = 



(9*4-23) 


As a matter of fact if the damping is small the term R'^/2m^ is 
negligible compared with//m and wo = wi approximately. More¬ 
over, if we recall (9*2-22) we remember that the so-called natural 
or free oscillation frequency is l/2ir • s/fjm — R'^l^m^ and this for 
small damping is approximately the same as the resonance fre¬ 
quency. We shall then attach most significance to the latter 
frequency. 

Coming back to the phase we see that for resonance the force 
and the velocity of the ^stem are exactly in phase, while the dis¬ 
placement and the force are out of phase by 7r/2. Any one who 
has pushed a swing will recall that the way to produce swings of 
large amplitude is to time the pushes so that they reach their 
maximum force when the displacement from equilibrium is 
smallest^ not at the end of each swing. 
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The question of energy dissipation is an interesting one. As 
we have already shown in Sec. 9-3, the rate of dissipation is 
Hence the average rate (in time of course) is 

t> = - rRi^dt 

T *yo 

^ —fv ~Jo 

f Wlco — 

Now we have already shown (Sec. 9-3) that 

~ f cos2 (o)t - fi)dt = i (9-4-25) 

r vO 


if r is much greater than a single period P = 


2t 


Incidentally 


the student should show that on the other hand the average of 
sin (cat — /3) cos (cot — iS) is zero. These results will be useful in 
the solution of special problems, and will be assumed from now on. 
We thus have 




2 72 ^ + {moo — 


(9-4-26) 


This may be put into simpler form if we recall that 

R 


cos /8 = 




Therefore 


_ V 2 

= -^ cos® /3. 
2R 


(9-4-27) 


(9-4-28) 


This form is particularly interesting becaiMe it is clear from it that 
when iS = 0, i.e., when resonance ensues, Z) is a maximum equal to 

F<? 


i)r». = 


2R 


(9-4-280) 


On the other hand when jS = ir/2, i.e., when force and velocity are 
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out of phase (or force and displacement in phase or differing by tt), 

5 = 0 . 

We have now to ask what connection D has with the rate of 
contribution of energy by the force to the system. The latter will 
clearly be 

W = |Fo cos Oil, (94-29) 


that is, the product of the force by the velocity (which is the 
power). For the average we then have 


W = 


1 Fq^ cos 13 


cos • cos {cct — 13) 


whence from (94-27) 


(94-30) 


Tf = cos^ p = 6. 


(94-31) 


In words, the rate at which the force contributes energy to the 
system is on the average just equal to the rate at which the system 
has its energy dissipated. This could indeed have been predicted 
from general considerations. The interesting thing is that when 
the system is in resonance with the force, the flow of energy into 
the system as well as the rate of dissipation by the system is a 
maximum. 

The damping exercises a very important and characteristic 
effect on the resonance. Let us look into this. Writing (94-30) 
again we have 



1 Fom 

2 


( 9 * 4 - 32 ) 
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where we have put for convenience 


0 ) 6Jo 

0)0 0) 


(94-33) 


If now we plot W as a function of x we get curves of the type 
indicated in the following figure (Fig. 9*6). When x 0, oj = wo, 
and hence the value of W at the origin represents the resonance or 



maximum value. As co deviates from wo, W falls off to either side. 
The rapidity of the dropping off determines the sharpness or 
broadness of the resonance. The latter is fixed by the value of 
dW/dx. Thus 


^ _ Fo^Rm^o)o^x 

dx 


(9*4-34) 


For X > Oj i.e., co > wo, - 7 — is negative and varies with R in such 

doc '' v 

dW 

a way that the smaller R is, the greater is the absolute value of —- * 

dx 

On the other hand at co = wo for small i2, W is large. We may 
summarize by saying that for small dahiping factor the resonance 
peak is high but sharp, whereas for large damping factor the peak 
is low and blunt, i.e., the resonance is broad. This may be seen 
even more simply by a direct inspection of (9*4-32). The relation 
of the height of the peak to R can be seen by substituting x = 0, 
and the relative sharpness of the peaks can be inferred from the 
fact that when R is large one has to choose a larger value of x to 
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reduce the value of W in the same proportion than when R is 
smaller. 

Recent research in connection with mechanical oscillations has 
shown the value of introducing a notation borrowed from the theory 
of electrical oscillations. To go back to the expression for ^ 
[eq. (9*4-14)] the amplitude of the velocity is controlled by the 
expression in the denominator, viz., 

R + i ^mo) - • (9-4-35) 


This quantity will be denoted by Z and will be termed the me- 
chanical impedance of the oscillating system. It is a complex 
quantity. If we split it into real and imaginary parts 


we have 
and 


Z = Zl + iZ^y 
Zl = Ry 

y / 

Z2 = ww-- 


(9*4-36) 

(9*4-37) 

(9*4-38) 


The real part is called the mechanical resistancCy while the imaginary 
part is called the mechanical reactance. The absolute value of 
the impedance is 


\Z\ = 


SO that we may write 


Ireal = • COS {ut - jS), 


( 9 - 4 - 39 ) 

( 9 - 4 - 40 ) 


i.e., for a given force the velocity amplitude varies inversely as 
the absolute value of the impedance. For the resonance case the 
impedance becomes real and reduces to the resistance. The 
significance of these terms will become clearer when we have dis¬ 
cussed the electrical circuit analogy (cf. Sec. 9*6). But this nota¬ 
tion has proved of value even in connection with mechanical 
problems.^ 

1 A very useful book on mechanical oscillations is that of J. P. Den Hartog, 
** Mechanical Vibrations ” (McGraw-Hill, 2nd ed., New York, 1940). 
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9*5. The Acoustic Resonator as an Illustration of Oscillatory 
Motion. In order to emphasize the importance of the mechanics of 
simple oscillating systems, we may well pause here to consider some 
applications to physical problems. These are very numerous. We 
shall choose only a few typical illustrations. 

Consider first the action of an acoustic resonator. This in¬ 
strument (indicated diagrammatically in Fig. 9*7) consists usually 
of a hollow metal sphere with a small opening which may or may 
not have the form of a tubular neck. When a number of vibrating 
tuning forks of various frequencies are brought near the opening 
successively, it may be found that for one particular fork the reso¬ 
nator appears to amplify the sound 
many times, while for the others little 
effect of this nature is observed. This 
phenomenon reminds one at once of 
the resonance condition discussed in 
Sec. 94 Hence we try to treat the 
action as a mechanical problem. The 
student will find that this is a characteristic attitude taken by the 
physicist. Whenever an experimental phenomenon shows signs of 
similarity with some result of classical mechanics, the tempta¬ 
tion is very strong to apply mechanical reasoning to the more 
exact description of the phenomenon. The justification of this 
process has come in the remarkable success which has so far at¬ 
tended it. It should be remarked, to be sure, that very recent 
physics has shown a tendency to get away from this program. 
However, we may well doubt that this tendency will ever be com¬ 
pletely successful, so strong is the feeling of human minds for 
mechanical pictures. In any case we can hardly exaggerate in 
emphasizing the importance of mechanical methods in all the 
branches of physics. 

Now if the acoustic resonator is a problem in mechanics we must 
decide what it is that moves. Here of course it is necessary to 
make an assumption, which however is not so very arbitrary. We 
postulate that the thing which moves is the air in the opening, 
and that there is a certain amount of it which moves approximately 
as a whole. If there is a neck (and this is the case we shall discuss 
here) we shall take as the mass of the moving air 



m = plSy 


(9*6^1) 
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where p is the density of the air, Z the length of the neck and S 
its area of cross-section. If we denote the displacement of the air 
by the kinetic reaction then is 

plSl (9*5-2) 


We must next look for the stiffness of the system. It seems reason¬ 
able that this will be found in the air in the chamber of the reso¬ 
nator which is alternately compressed and expanded as the air in 
the neck moves in and outy and hence acts like an elastic cushion for 
the latter. In order now to find the stiffness coefficient we must 
avail ourselves of a little elementary knowledge of elasticity and 
fluids (cf. Chapters X and XI). If a fluid of volume V changes 
its volume by an amount dV under the influence of pressure p 
(force per unit area — see Sec. 11*1 on hydrostatics) the necessary 
pressure is related to d 7 in the following way 


V 


= ky 


(9*5-3) 


where k is the so-called volume elasticity or bulk modulus. The 
relation (9*5-3) is indeed the form Hooke's law (see Sec. 10*1) 
takes for fluids. Now in the problem under discussion, V will 
represent the volume of the resonator chamber and dV will be the 
change brought about in V by the motion of the plug " of air in 
the neck. Hence we have 

dV = (9*5-4) 


for the volume change accompanying the air displacement The 
stiffness coefficient / has been defined previously to be the ratio 
of the force necessary to produce the displacement { to { itself. 
We therefore have 


/ = 


Sp 

T 


and using eqs. (9*5-3) and (9*5-4) this becomes 


V ’ 


(9*5-5) 


We have finally to look for the damping factor. This is much 
the most difficult task. It might be thought that we shall find 
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dissipation in the viscous resistance of the air itself and also in 
the friction at and absorption by the walls of the neck. These 
factors certainly enter but a more elaborate calculation than is 
appropriate for this book indicates that they alone are incom¬ 
petent to account for the observed dissipation. Rather it develops 
that we must consider the radiation of sound energy from the 
opening of the resonator. From elementary physical principles 
it is clear that this radiation must exist, otherwise the ampli¬ 
fication of the resonator at resonance could not be at all so evident. 
Its analytical calculation, however, is a rather difficult matter, 
since it is dependent on concepts connected with wave motion 
which we shall not discuss until Chapter X. However, it will do 
no harm to state here the result: the radiation produces a damping 
force of the following magnitude 




2TrC 


(9-5-6) 


where c is the velocity of sound and a? = 2wv, v being the frequency 
of the radiated sound. The interesting point to note is that the 
damping force proves to be proportional to ^ as we assumed in 
the general mechanical case (Sec. 9-2). This furnishes a useful 
confirmation of our previous assumption. We may now write the 
equation of motion for the resonator as follows 

pm + 1 + (9-5-7) 

where is the external force acting on the resonator due to 

the tuning fork, microphone or whatever other source of sound is 
used. We note at once the mathematical similarity between this 
equation and (9*4--I). It is not necessary to carry through the 
solution. As an exercise the reader may show, for example, that 
the resonance frequency of the resonator is given approximately 
by 

iM- 

Here c = the usual expression for the velocity of sound in a 

fluid (see Sec. 11-6). The form (9-5-8) would be strictly exact 
were it not for the damping which introduces a small correction 
term similar to that noted in the mechanical problem [eq. (9-2-22)]. 
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Further details about the resonator, including for example the 
case of a resonator with no neck, and the general expression for the 
amplification are to be found in textbooks on acoustics.^ Our 
purpose here has been to emphasize the mechanical analogy, and 
it should be stressed that every theoretical development for the 
mechanical system in Sec. 9*4 has its counterpart in the acoustical 
system constituted by the resonator. 


9*6. Electrical Oscillations. The concepts developed in Sec. 
9-4 are of great value in electricity also, as we shall now proceed to 
illustrate with the simplest possible example. In developing it we 
shall assume merely the most elementary facts about electric 
currents such as the student should know from his first course in 
physics. 

Let us suppose that we join a coil of heavy wire having induc¬ 
tance L but negligible resistance in series with a coil of wire of 
resistance R (wound back on itself to render its inductance 

negligible), and also insert in the 
circuit a condenser of capacity 
C. A source of alternating 
electromotive force E = 
is now placed across all three 
(see the diagrammatic sketch 
in Fig. 9*8). As in the case of 
the mechanical system we may 
consider this circuit a system 
having a certain mass (in¬ 
ertia), stiffness coefficient and 
damping factor. The quantity which here corresponds to the 
mechanical displacement is the charge q. The kinetic reaction 
of the system is Lq = L/, where ^ the current flowing 
in the circuit; for Ll is the back electromotive force due to 
the change of current (and hence of flux) through the inductance. 
We therefore look upon L as the effective mass of the circuit. 
An electromotive force Ee placed across the condenser of capacity 
C produces a charge Q = FcC, and hence the stiffness coefficient, 
which is the ratio of force to corresponding displacement in the 
pure mechanical case, and which therefore would naturally be the 



^See, for example, Stewart and Lindsay, ” Acoustics (D. Van Nostrand, 
New York, 1930), p. 47 ff. 
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ratio of electromotive force to electric displacement (or charge), 
in the present case is l/C. Finally the damping force is RI == 
for this is of course the meaning of electrical resistance. The 
complete equation of motion for the forced oscillations of such a 
system is then 

+ = (9-6-1) 


Once again the form is mathematically equivalent to eq. (9*4-4). 
The solution leads to the resonance frequency 


6)0 = 



(9*6-2) 


which is the frequency for which the current is a maximum. The 
frequency for which 5 is a maximum is, corresponding to (9*4-23), 


6)1 



(9*6-3) 


which again does not usually differ very much from 6 ) 0 , unless the 
resistance is very large. The absolute value of the impedance of 
the electrical circuit is _ 

Z = + ^Lo) — —^ ; (9*6-4) 


and we note its analogy with the mechanical impedance (9*4-39). 
The reader is advised to find the electrical analogy for every im¬ 
portant fact concerning the mechanical system, and refer for the 
physical significance to some text on electrical oscillations.^ 


9*7. The Oscillator in Atomic Theory. Other important appli¬ 
cations of harmonic oscillations are encountered in atomic theory. 
It will be recalled that in the atomic theory of the constitution of 
matter all bodies are assumed to be composed of small particles 
called molecules whose constituents in turn are atoms consisting of 
electrically charged particles called electrons and nuclei. We have 

1 See, for example, G. W. Pierce, ** Electric Oscillations and Electric Waves 
(McGraw-HUl, New York, 1920). See also L. Page and N. I. Adams, Prin¬ 
ciples of Electricity ” (D. Van Nostrand, New York, 1931). Consult also 
J. H. Morecroft, Elements of Radio Communication ” (Wiley, New York, 
1929). 



286 


OSCILLATIONS 


already had occasion in Sec. 3*9 to note the Bohr theory of the 
structure of hydrogen, the simplest of the atoms. Here the 
nucleus is a simple positively charged particle with most of the 
mass of the atom, and moving about it is a single electron nega¬ 
tively charged to the same magnitude as the positive charge of 
the nucleus, namely 4.8 X 10“^^ electrostatic units. The nucleus 
of the hydrogen atom is called the 'proton. This is one of the 
constituents of the nuclei of other and more massive atoms. Be¬ 
sides protons, nuclei also contain neutrons, which are elementary 
particles possessing no electrical charge but having mass approxi¬ 
mately equal to that of the proton. The positive charge of the 
nucleus is due to the protons alone, whereas the mass of the nucleus 
comes from the protons and neutrons together. 

The atoms in a molecule are held together by mutual forces 
among their constituent particles. To assess these completely is 
indeed a complicated problem. However, to a first approximation 
much may be accomplished by lumping all the attractive forces 
between two atoms of a molecule into a single term varying with 
some appropriate power of the distance of separation, and doing 
likewise with the repulsive forces. This formulation seems 
reasonable from an examination of the individual electrostatic 
forces of attraction and repulsion between the individual particles 
of positive and negative sign. In general then we may write for 
the magnitude of the force between two atoms 

F = a/rp - 6/r«, (9-7-1) 

where p and q are usually two different integers, and a and h are 
constants. Here r is the separation of the two atoms. Now from 
the discussion in Chapter VI (Sec. 6*1) it follows that we can 
reduce the motion of the two atoms subject only to their mutual 
force interaction to the motion of a single particle with the reduced 
mass and with displacement coordinate equal to r. Since the 
molecule must have some stability, it follows that for a certain 
value of r, say ro, /^ = 0. However in the neighborhood of this 
equilibrium position, certain motions are possible. Thus let r = 
ro + X, where x is very small compared with ro. Then 

(ro + xy (ro + xY 
_^ h / pa qb \ 


(9-7-2) 
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Now if a: is small enough the expansion may be cut off at the second 
term. Moreover from the equilibrium condition just mentioned 

a/ro” - 6/ro« = 0. (9-7-3) 


Hence the net force corresponding to displacement x from equi¬ 
librium is 


F = - 


/ pa 
Vro^+i 


^)x. 

ro’+V 


(9-7-4) 


If the term in the parentheses is positive, it is clear that the motion 
of the two atoms will be simple harmonic along the line joining 
them and indeed with frequency 

1 



where m is the reduced mass. If the term in the parentheses were 
to be negative, we should not get harmonic motion, but in this 
case it is clear that the equilibrium at r = ro could not be stable. 

The whole analysis of this chapter may be applied to the oscilla¬ 
tions of charged particles like those mentioned in the preceding 
paragraph. Many actual cases have been studied ideally by 
supposing that the electrons attached to atoms vibrate as hnear 
oscillators. In particular they may be considered to be subjected 
to damping forces which must be compensated for by external 
periodic forces to keep the vibrations going. The latter wiU in 
this case clearly be electric fields which, for example, may be due 
to radiation falling on the substance which is composed of the 
charged particles. If the frequency of an imposed field is equal 
to the natural frequency of the oscillator we shall expect all the 
phenomena of resonance^ with resulting absorption of the incident 
radiation. This is properly the subject of investigation by the 
electromagnetic theory of optics, which is too imposing a region 
for us to enter here. The student, however, will find there ample 
illustration of the properties of oscillations discussed from the 
mechanical point of view in this chapter. 

The following interesting question may be raised: since the 
Bohr theory is based on the idea that not all the possible mechanical 
motions of the electrons in an atom are allowed but only certain 
ones, specifically picked out by a process of quantization (Sec. 3«9), 
should not the same treatment be appUed to the harmonic oscil¬ 
lator? The answer to this question is in the affirmative. 
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The total energy of such an oscillator assumed for simplicity 
to be undamped [Sec. 9*3, eqs. (9*3-6) and (9*3-7)] is given by 

C/ = r + F = 2mT?h^A\ (9*7-6) 

where m is the mass, v the frequency and A the amplitude of the 
oscillator. As far as classical mechanics is concerned, for a given 
oscillator this may have any value whatever, depending on the 
choice of amplitude. Of course in most mechanical problems the 
amplitude must not be too great if the oscillation is to be simple 
harmonic at all — but within this range all values are mechanically 
possible. However, the quantum theory prescribes that the 
oscillator may exist only in those states of motion for which the 
space integral of the momentum over a complete cycle is equal to an 
integral multiple of the fundamental constant of action, viz., 
the so-called Planck^s constant We may write the quantum 
condition (cf. 3*9-1) in the case of linear oscillatory motion thus: 

r-\-A 

2 I mxdx = nh, (9*7-7) 


when n is an integer. The factor 2 enters since the integration 
must be extended from x = +A to x = —A and back to x = +A. 
Since 

X = A sin {2Trvt + c) 


we have 


X = 2irvA cos {27rvt d" e) 


= 27ryA 



(9*7-8) 


and therefore on substituting into the integral the result is 

J*^ VA^ — x^dx = 2Tr^pmA^ = nh. (9*7-9) 


This at once yields for the allowed energy values 

Un = 27rWA2 = nhv, (9*7-10) 

It then develops that the permitted energy values for the simple 
harmonic oscillator are integral multiples of the quantity hv^ 
which thus appears as a fundamental unit of energy in atomic 
theory. It is called the energy quantum and plays a role of over- 
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whelming importance in the modem theory of atomic stmcture. * 
What we wish to emphasize at this place, however, is the fact that 
the imposition of the quantum condition leads to the introduction 
of a certain discreteness into the problem of oscillator motion, a dis¬ 
creteness which contrasts markedly with the essential continuity of 
the possible states of motion in classical mechanics. The necessity 
for this discreteness arises from the fact that any theory of atomic 
structure must account for the essentially discontinuous nature of 
atomic phenomena. It is pertinent to remark further that the 
method of quantization used in the Bohr theory has been replaced 
recently by a new one, namely that of the so-called wave mechanics. 
A brief survey of this is presented in Sec. 124, and the problem of 
the oscillator is there worked out on the basis of the new view. 

9-8. Oscillations of a System with Several Degrees of Freedom. 

So far in our study of oscillations we have restricted ourselves to 
systems with one degree of freedom. There are, however, many 
interesting features associated with systems of two or more de¬ 
grees of freedom. The following is a simple example. Consider 



Fig. 9-9 


the case of a horizontal string AB (Fig. 9*9) of negligible mass 
loaded with two mass particles at Pi and P 2 . We let APi = P^B 
= P 1 P 2 = o, for simplicity. The mass of the particle at Pi is mi 
while that at P 2 is m 2 . The ends A and B are fastened, the string 
being stretched with tension r.^ The particles are displaced 
slightly from their equilibrium position and then let go; we have 
to determine their subsequent motion, assumed to lie in the vertical 
plane through the string. Let the displacements at any instant 

1 The student may here refer again to Ruark and Urey, Atoms, Molecules, 
and Quanta, for further information on the quantum theory. 

* Actually, of course, the weight of the particles will keep the string from 
maintaining an exact horizontal line in the equilibrium position. Neverthe¬ 
less if the tension is sufficiently great the deviation is for our purposes negligible. 
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be and {2 respectively. We have then to write down the equa¬ 
tions of motion. Consulting the figure, we see that the restoring 
force on the first particle, assuming the tension is unaltered by 
the displacement, is 

r [- - = - [2fi - {d, (9-8-1) 

La a J a 

while that on the second is 

T [- + = - [2b - ?,]. (9-8-2) 

La a J a 


The equations of motion when the system is free are therefore^ 


mii'i + - (2fi - ^ 2 ) = 0, 
a 

^2^2 + “ (2^2 £1) == 0 . 


(9*8-3) 


To solve these equations, let us introduce the “ operators 


and 


(9*8^) 


the meaning of these being that when Di operates on we get 


and similarly 


2r 

Difi = miti d-£1, 

a 

2r 

D^2 = Wl2£2 + £ 2 . 

a 


(9*8-5) 


If now we write the equations in this form they become 


-Di£i — “£2 = 0, 

a 

D2^2 -£1 = 0 . 

a 


(9*8-6) 


* It is to be noted that we are here neglecting dissipation. This is solely 
for the sake of making the analysis simple. For more details consult Rayleigh, 
** Theory of Soimd (Macmillan, New York, 1929), Vol. I, para. 120 ff. 
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Let us multiply through the first equation by rja and operate on 
the second by Di. We then have 


-Dif, - 



0 , 


-Difi = 0. 


Adding these two equations yields 


DiD2|2 --6 = 0, (9-8-7) 

a‘ 


so that 6 has been eliminated. The resulting equation for 6 is 
then 


2t 3t^ 

-(mi + m2)h H—7 6 = 0. 

a 


There is a precisely similar equation for fi, viz., 

2t 3t^ 

H-(mi + m2)fi + — 6 = 0. 

a 

Let us try the solution 
Substitution into eq. (9*8-9) yields 

2t 3t^ 

Mtin^ d-(nil "I" mi)6^ H—— = 0. 

a d? 

Solution for S® gives 




2r , . . /4 t®~ ~ i2T* 

-(nil + ni*) ± * / —r (nti + m2)®-— mim2 

a _ \ o® _o®_ 

2mim2 


(9-8-8) 

(9-8-9) 

(9-8-10) 

(9-8-11) 


(9-8-12) 


There are thus four values of 6 , as there should be since the equa¬ 
tion (9-8-9) is of the fourth order. They are rather hard to handle 
in the general case where mi 7 ^ m 2 . To simplify the subsequent 
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solution, let us at this point assume mi = mt = m. 
from (9-8-12) 

irm ^ 2 Tm 

« o —3 t — t 

® - 

2 m^ ma ma 

Hence 


e = - 


or ±t 


T 

- j 

ma 


and the solutions for both and ^2 take the form 

= _4je»V3r/ma-« ^ ^/e-<V3r/ma.( 

4- 4j^e-V3;7^-« 

+ -f 


We then have 


(9-8-13) 

(9-8-14) 


(9-8-15) 

(9-8-16) 


If we reduce to real form (as in Sec. 9-1) we have finally 

I (■J^ < + «i) + fei cos (J^ t + fA > 
\Mma / \\ma / 

> 

i (\/ ^ + €2 ) + f >2 COS - t + €2' ) > 

\\ma / \\ma / ] 


= ai COS I 

^2 = (I 2 cos I 


(9-8-17) 


where the amplitudes ai, hi, a%, 62 , and the phases ei, € 2 , e/, € 2 ' are 
not all independent. In fact, since we started originally with two 
second order equations, we must have only jour independent 
arbitrary constants. If we substitute (9-8-17) back into (9-8-3) 
with mi = m 2 = m, we obtain after some algebraic manipulation 
the following simple results: 


(Z 2 — 62 — €2 — Cl, C 2 ^ — ci^ (9-8—18) 


Physically we may interpret (9-8-17) as follows. Both particles 
have a motion which is the result of compounding two simple 
harmonic oscillations with frequencies 


1 


Vi = 


2 ir 



1 / 3r 

27r \ma 


(9-8-19) 


These two frequencies may be called the characteristic frequencies 
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of the system, and the latter may be said to have two distinct 
modes of oscillation. It may be remarked that since the two fre¬ 
quencies vi and V 2 are incommensurable the resulting motion will 
not in general be periodic^ i.e., unless one of the two amplitudes 
happens to be zero. The four phase constants and amplitudes 
must be determined by the initial conditions of the motion. We 
have already said enough about these conditions in our discussion 
of the case of one degree of freedom to render it unnecessary to 
enter on details here. We should, however, stress the fact that 
the final solution for both particles is obtained by adding or 
superposing separate terms which are themselves solutions. The 
reason for the possibility of this is to be found in the linearity of 
the original equations of motion (9*8-8, 9), i.e., in the fact that 
they contain no second or higher powers of the f^s or any of their 
derivatives. It is the special characteristic of a linear equation 
that the sum of two or more solutions is a solution (see Sec. 10*4, 
where this is demonstrated). The differential equations of 
oscillatory motion for small disturbances from equilibrium are 
always linear equations, as may well be suspected from the simple 
illustration treated here. Hence the solution in each case will 
consist of a superposition of special modes of oscillation. This is 
known as the superposition principle. We shall have other illus¬ 
trations of it later. 

As might be supposed the only modification made in this result 
by the introduction of damping factors will be to make the ampli¬ 
tude of each mode contain a term of the form (X being real) 
which damps out the resulting oscillations as time progresses. 

The general problem (of which ours is a special case) of the 
motion of n equal mass particles attached at equal intervals along a 
finite string stretched with tension r is of great historical interest 
for it was first solved by Lagrange in his famous treatise “ Me- 
chanique Analytique,'' using the powerful general methods intro¬ 
duced by him into mechanics. We merely note that as one might 
expect from our special case the motion of each particle is the 
superposition of n simple harmonic motions each with a charac¬ 
teristic frequency. There are then n distinct modes of oscillation. 

As other interesting physical illustrations of the oscillations 
of a system of two or more degrees of freedom, we may note: (1) 
the vibrations of coupled resonators, i.e., two resonators joined 
in series; (2) coupled electrical circuits with resistance, indue- 
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tance and capacity (here the damping can rarely be neglected), 
such as are encountered in every radio set; and (3) coupled oscil¬ 
lations of charged electric particles, such as the ions in a crystal. 
In each case the method of attack outlined above may be em¬ 
ployed and the results interpreted analogously to the mechanical 
case. 

In the case of electrical oscillations an operational method of 
attack originated by Oliver Heaviside has been of great utility 
and can of course be applied to oscillating systems in general.^ 

PROBLEMS 

1. Compare the space average of the kinetic energy of a simple harmonic 
oscillator over the space interval from x = 0 (the equilibrium position) to 
X =* 4, where A is the amplitude, with the corresponding average of the 
potential energy and comment on the result. 

2. In the case of a simple harmonic oscillator derive an expression for the 
fractional part of a whole period which it spends in a small interval Ax at 
distance x from its equilibrium position. Construct curves plotting the frac¬ 
tional time as a function of x for several different ampli¬ 
tudes and comment on their physical significance. 

3. The schematic diagram shows a mass m able to 
move vertically under the action of two massless springs 
with stiffness coeflicients /i and fi respectively. Find the 
resonance frequency of the system if it performs simple 
harmonic oscillations. Find the percentage change in the 
resonance frequency if /i and /z change by A/i and A /2 re¬ 
spectively (where |a/i| <$C/i and |a/ 2 | «/ 2 ). 

4. A mass of 50 grams is attached to the center of a 
horizontal string 20 cm long stretched with a tension 
equivalent to 2000 gram wt. Assuming that the mass 
of the string is negligible, find the resonance frequency of 
the system as a simple harmonic oscillator. Calculate 

the equivalent stiffness of the system. If it is observed that the amplitude 
of vibration is reduced in the ratio 1 to e (Naperian base) in 5 seconds, find 
the damping coefficient and the logarithmic decrement. 

5. Referring to Problem 4, use the damping coefficient to calculate the 
natural frequency of oscillation and the frequency for maximum amplitude. 

^For details see, for example: R. V. Churchill, Modern Operational 
Mathematics in Engineering ” (McGraw-Hill, New York, 1944); H. S. 
Carslaw and J. C. Jaeger, Operational Methods in Applied Mathematics ” 
(Oxford Univ. Press, New York, 1941); N. W. McLachlan, Modern Oper¬ 
ational Calculus ’’ (Macmillan, London, 1948). 
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Calculate the mechanical impedance of the system at (a) the resonance fre¬ 
quency and (1)) a forced frequency of 50 cycles/sec. 

6. A certain tuning fork of frequency 256 cycles has its amplitude dimin¬ 
ished in the ratio 1/e in about 5900 cycles. Calculate the decay modulus and 
the logarithmic decrement. Find the value of the interval co/coo [see eq. (9-4-33)] 
in which the intensity of resonance (i.e., W) falls to one-half its maximum 
value. If the tuning fork is placed before the opening of an air resonator of 
equal natural frequency, the number of cycles to bring about the amplitude 
reduction specified is 3300. Discuss the physical reason for this and calculate 
co/coo for this case also. Plot representative curves for W in the two cases. 

7. A Helmholtz resonator of natural frequency 256 cycles/sec is in the 
form of a sphere with volume 1053 cm*. If the diameter of the opening is 
3.02 cm, calculate the effective length of the neck on the opening. (The use 
of the word “ effective ” implies that there may actually be no neck present, 
yet there is a plug of air vibrating in the opening and the length in question 
may be considered to give the dimension of this plug. See Stewart and 
Lindsay, “Acoustics,” p. 47.) 

8. If the resonator in Problem 7 is excited by a tuning fork of frequency 
256 which exerts a maximum force of 25 dynes at the opening, compute the 
maximum displacement velocity of the air in the opening. Do the same for 
the case of a fork of frequency 512 exerting the same force. 

9. A mechanical vibrating system has a mass of 100 grams and a stiffness 
factor of 1.6 X 10^ dynes/cm and a damping coefficient of 200 dynes sec/cm. 
Calculate the resonance and natural frequencies and find the percentage 
difference. 

10. Find the decay modulus and logarithmic decrement for the system 
specified in Problem 9. If the system is excited by a force of frequency 100 
cycles/sec with a maximum of 10 grams wt, calculate the average rate of 
dissipation of energy by the system. 

11. Find the expression for the natural frequency of the oscillations of an 
electric circuit made up of resistance R, inductance L, and capacitance C in 
series. 

12. The cosine of the phase angle between impressed electromotive force and 
current in an electric circuit containing resistance, inductance, and capacitance 
in series is called the power factor. Suggest a reason for this name and calculate 
the power factor in a case where the resistance is 1 ohm, the inductance is 4 
millihenrys (a henry is the inductance of a circuit in which an impressed e.m.f, 
of one volt causes the current to grow at the rate of one ampere per sec) and 
the capacitance is 3 microfarads (a farad is the capacitance of a condenser for 
which a charge of one coulomb corresponds to a difference of potential of one 
volt). If a periodic e.m.f. of 100 volts with frequency 60 cycles/sec is im¬ 
pressed on this circuit, calculate the average rate of dissipation of energy by 
the circuit. 
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13. The figure shows two electric circuits coupled together. Find the 
characteristic resonance frequencies of the system. 



14. Consider two masses mi and m 2 joined together by a light rod whose 
longitudinal elasticity is so very large compared with its mass that the latter 
may be neglected. If the masses are displaced in the direction of the rod, set 
up and solve the equations of motion of the system. Show that the frequency 
of the motion is 

_ ]_ I f (mi -t- nii) 

27r \ mim2 

where/is the stiffness coefl&cient of the rod (i.e.,/ = VS/I where V is Young’s 
modulus, S = cross-sectional area of the rod, and / is its length). What will 
be the effect on the frequency if the mass of the rod (say 
TTir) is not neglected? Why in this problem is there but 
one natural frequency instead of two? 

16. In the schematic diagram mi and /W 2 are masses 
suspended by springs with stiffness /i and /2 respectively. 
Assume that a harmonic force of frequency (o/27r acts 
on mi. Find the steady-state displacement of each mass. 
What happens when the resonance frequency of mz by 
itself is equal to w/27r? (This is the principle of the 
Frahm vibration absorber.) 

16. According to classical electrodynamics an acceler¬ 
ated electron radiates energy at the rate where e 

is the charge on the electron, c the velocity of light, and / 
is the acceleration. Assuming an electron in simple har¬ 
monic motion with frequency v calculate the amount of energy radiated 
during a single period. Find the number of periods it would take to reduce 
the energy of the motion to one-half its original value. 

17. The string of a simple pendulum is gradually shortened at a rate very 
slow compared with the period of the pendulum. Calculate the average work 
that is done in the shortening over a single period. Derive the expressions for 
the kinetic and potential energies of the pendulum and show that during the 
shortening process the value of E/v remains unaltered, E being the total 

energy. Prove that E/v = d®, where p is the momentum of the pendu¬ 

lum bob. (E/v is called an adiabatic invariant, and its invariance in such a 
process as indicated is of great importance in atomic theory. N.B. ^p dx is 
the integral taken over one complete cycle of the motion.) 
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18. In the diatomic molecule of hydrogen chloride the masses of the hydro¬ 
gen and chlorine atoms are respectively: 

mn = 1.66 X 10 ”^ gram and mci = 5.9 X 10 “** gram. 

The vibration frequency has been found to be 8.721 X 10 ^* cycles/sec. What 
is the effective stiffness of the system? If the force curve is fitted with a func¬ 
tion like that shown in (9-7-1) with p == 2 and 5 = 3, and it is known that 
ro = 1.28 X 10* cm, find the constants a and b. Find the force associated 
with a displacement 10 “* cm from equilibrium. 



CHAPTER X 


DEFORMABLE BODIES AND WAVE MOTION 

10*1. Strain and Stress. Hooke’s Law. In our work so far 
we have studied the motion of particles, both singly and in groups. 
But our only treatment of the behavior of large scale solids such 
as are actually met in physical experiments has been the discussion 
of the motion of rigid bodies, the constitution of which has been 
supposed to be such that the distance between any two points of 
the body remains forever unaltered no matter what forces act on it. 
This means that such a body can never be deformed. It was 
pointed out in that connection that the rigid body is a highly 
idealized concept, even though valuable for the description of 
many phenomena. However, there are enough illustrations of the 
deformation of bodies, changes in size and shape, to make it 
necessary to deal with these problems at some length and by meth¬ 
ods differing in some important respects from those already used 
in treating particle motion. For we shall now effectively consider 
a large scale body as a continuous medium^ rather than as made up 
of discrete particles, and the continuity thus assumed will play 
an important role in our theoretical considerations. We shall 
have occasion to note the great theoretical importance of the dis¬ 
tinction between particle and medium motion. 

For the moment, however, let us confine our attention to the 
possible changes in size and shape which a finite portion of a con¬ 
tinuous material medium can undergo. Such alterations are 
called strains, and we may classify them under a relatively few 
simple types. 

Perhaps the simplest is change in volume without change of 
shape. Suppose we have a body of volume V and by the applica¬ 
tion of appropriate forces the volume is changed by an amount 
A 7. This may be either positive or negative, corresponding to an 
expansive or compressive strain. It is advisable to fix upon a 
definite measure of volume strain, and for convenience we shall 
agree to call 
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the measure of the volume strain. It is the change in volume per 
unit volume, and implies the possibility of a change in the average 
density, p, of the body. It need not be the same for all parts of 
the body; if we divide the body into volume elements the by for 
each element will not necessarily be the same. In this case the 
strain is said to be non-uniform. For the present we shall concern 
ourselves primarily with uniform strains. Since the mass m of the 
body is not changed, and since 

m = pF, (10*1-2) 


we can also write for the volume strain 


AF Ap 


(10*1-3) 


a relation which will later be useful. There is a special case of 
volume strain which we ought to notice, viz., a linear strain. Sup¬ 
pose the distance between any two points in the unstrained body 
is 1. Under strain the distance becomes I + AZ. The linear 
strain is then defined by 

Al 

az = y • (10*1-4) 


It is seen at once that there is a relation between linear and volume 
strains. For consider a cube of side 1. The volume is F = P. 
If the alterations are small enough so that they may be treated 
approximately as differentials we have 

AF = 3/2 AZ, (10*1-5) 

so that on dividing through by F there results 

dv == Sdi. ( 10 * 1 - 6 ) 

Hence a small uniform volume strain by may be considered as re¬ 
placed by three equal linear strains in three mutually perpendicu¬ 
lar directions of magnitude by/3. It must be emphasized again 
that this implies strains small enough so that by^ and etc., may 
be neglected compared with It is with strains of this order of 
magnitude that we shall deal exclusively in this chapter. Liquids 
and gases can undergo volume strain as well as solids. On the 
other hand linear strain is confined to solids. 
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A particularly interesting case of linear strain is that of a long 
cylindrical wire. If the wire is stretched in the direction of its 
length a positive linear strain ensues. There is a concomitant 
lateral strain, i.e., the diameter of the wire is decreased. If we 
denote the lateral strain by dn = AZ)/Z), where D is the diameter 
of the wire, then 



(10*1-7) 


is known as Poisson’s ratio. Its significance will be discussed 
in the next section. 

Volume and linear strains are often grouped together under the 
caption, dilataiional strains. 

The ^ast type of strain to be discussed is the so-called shear. 
Consider the cross section of a cube, ABCD (Fig. 10*1). Holding 



A B A B 


Fig. 10-1 Fig. 10-2 


fixed the plane of which AB is the trace, allow all the other parallel 
planes in the cube to be shifted toward the right parallel to them¬ 
selves, each one an amoimt proportional to its distance from AJ5, 
so that the square cross section ABCD becomes the rhombus 
ABFE, In this case the cube is said to have been sheared and the 
strain is known as a shearing strain. More particularly it is a 
uniform shearing strain. Now what shall be chosen as the measure 
of the strain? It is customary to take for this the value of the 
angle dj which for small shears will be approximately equal to 
DEfADf i.e., tan 6 . An important thing about a shear is that no 
volume change is involved, it being wholly a change in shape, as 
far as the body as a whole is concerned. Of course length altera¬ 
tions are involved, and it is clear from an inspection of Fig. 10*1 
that all lengths originally parallel to the diagonal AjO are increased 
while all those originally parallel to the diagonal BD are decreased 
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by the shear. As simple experience amply indicates it is not pos¬ 
sible to subject most liquids and gases to shearing strain. Never¬ 
theless the shear does have meaning for very viscous liquids as 
well as for solids (cf. Sec. 11*1). 

We shall now prove a significant theorem about shearing strains. 
For this purpose consult Fig. 1Q»2, which is like Fig. 10*1, except 
that the diagonals AC and BD have been drawn, as well as the new 
diagonals AF and BE. Let us draw EP perpendicular to BD, 
and CQ perpendicular to AF. Now since the shear is small the 
angle CFQ is still approximately 45°, and hence, approximately, 

_ CF 

—> ( 10 - 1 - 8 ) 


while to the same approximation 

IC = 3Q. 


Hence the positive linear strain along the one diagonal is 


W 

W _ V2 1 DE e 
^ V2AD 2 ZD 2 ’ 


(10-1-9) 


since 6 is so small that, as we have said before, 6 = tan 6. We 
can show similarly that the negative linear strain along the other 
diagonal has the same magnitude, viz., approximately, 


^ 0 
SD 2’ 


( 10 * 1 - 10 ) 


We have thus shown that a shear strain 6 may be considered as 
equivalent to a positive linear strain 6/2 at right angles to a nega¬ 
tive linear strain 6/2, both being at 45° to the sheared planes. 

We have been considering so far only the geometry of deforma¬ 
tion. The strains just defined are always associated with forces 
which are applied to the body in question, and the equal and op¬ 
posite reaction forces with which the body acts on the external 
influence. These forces may always be considered as distributed 
over some area or areas of the body, and the force per unit area is 
denominated the stress. Corresponding then to different types of 
strain, we have different types of stress. For example, with volume 
strain will be associated what may be called compressive stress 
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(or sometimes hydrostatic stress or pressure. See Sec. ILl). 
Suppose we consider once more a cube of side 1. If on every unit of 
area of every face of the cube the same force acts normal to the 
surface, it is said to be under the action of a compressive or expan¬ 
sive stress, depending on the direction of the force with respect to 

the outward drawn normal. 
As we shall have occasion to 
note in Sec. 11*1, the former is 
true when a body is submerged 
in a fluid — in so far as the 
action of the fluid on the body 
is concerned. 

^ ^ The idea of compressive 
stress gains increased signifi¬ 
cance from the fact that if 
we draw any plane whatever 
through the cube just consid- 
Fig. 10*3 ered, the normal stress on this 

plane will be the same as that 
on the faces of the cube. To show this consider (Fig. 10*3) a cube 
placed with one vertex at 0, the origin of a system of rectangular 
coordinates. Let the plane be the one which has intercepts SZ, 
OBy OC on the 2/, ^ axes respectively. We shall represent its 
equation by 

ax + by + cz == d, ( 10 - 1 - 11 ) 

where 

m: = -> oB = ^. oc^-- ( 10 - 1 - 12 ) 

a h c 



ON represents the normal to the plane through the origin. We 
know from analytic geometry that the direction cosines of the 
normal are 


a 

Va® ■+- 


Va^ + 


(10-1-13) 


We wish to calculate the stress on the plane ABC, Let the stress 
on each face of the cube be denoted by p. Then the force on the 
area OBC in the yz plane is in magnitude pSoBc (where Sobc stands 
for the magnitude of this area), and its direction is along the 
positive X axis. This force also acts on the area ABC, Its com- 
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ponent normal to the plane will then be (recalling the significance 
of the direction cosine) 

pSoBc ; - • (10*1-14) 

V a2 + 62 + c2 

If now we proceed with the other faces similarly we find for the 
total normal force on the plane ABC due to the compressive stress 
on all the faces of the cube, 

/ - — [dSoBc + bSoAc + C/Soajb]. (lOT—15) 

Va2 + 5' + c2 

But to find the normal stress we must divide the force by the area. 
Hence the stress is 

_ p _r a>Soitc + bSpAc + cSqab 

\/a 2 + 52 + c 2 L Sabc 


(10-1-16) 


Now, however, since Sobc is the projection of Sabc on the yz plane 


SoBC d 

Babc \/a2 _[_ 62 -|- c2 


(10-1-17) 


and similarly for the others. Hence the normal stress reduces to 


P 


r 52 ^ c 2 "1 

= p, ( 10 - 1 -- 18 ) 

IVa^ + 52 + c2j 


\/a2 + 62 -b c2 L\/a2 + 52 + c2. 


as was to be proved. 

Corresponding to linedr strain we may set tensile stress, which 
is the force per unit area acting on every cross section perpendicular 
to the direction of the strain. Finally corresponding to shearing 
strain we have shearing stress, which is the tangential force per 
unit area parallel to the shearing planes. 

The next and very important question is: What is the relation 
between each strain and the corresponding stress? The answer to 
this is found in the celebrated law of Hooke. For a great many 
bodies actually observed in nature the ratio of the stress to the 
strain is approximately a constant for a certain range of variation of 
the stress. Such bodies are termed elastic bodies and the study of 
their behavior is often called elasticity, for when the external stress 
is removed these bodies resume more or less approximately their 
original size and shape in distinction to plastic bodies, which to a 
large extent retain their deformation. It must be emphasized 
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that there is no hard and fast line between elasticity and plasticity, 
for a body may be elastic with respect to a certain type of stress 
and plastic with respect to another. For example, a viscous fluid 
is plastic with respect to shearing stresses but approximately elastic 
with respect to compressive stresses. We shall have occasion in 
Sec. 10-3 to discuss this aspect of the nature of deformable bodies 
in a little more detail. (Recall also the discussion of relaxation 
phenomena in Sec. 9*2.) 

We now wish to introduce the expressions for Hookers law for 
the different types of stress-strain combinations. First consider 
volume strains. Denoting as before the compressive stress by p, 
with 5 k as the corresponding volume strain, it is found that the 
ratio p/5k has a value which for many bodies over a wide range of 
values of p is constant. Thus we set 

f = -A. (10-1-19) 

Ov 


Table of Values of Elastic Moduli^ 


Substance 

y 

Young’s 

Modulus 

(dynes/cm*) 

Shear 

Modulus 

(dynes/cm*) 

Bulk 

Modulus 

(dynes/cm^) 

<r 

Poisson’s 

Ratio 

Aluminum. 

7 X 10^1 

2.5 X 10“ 

12 X 10“ 

0.40 

Brass (cold rolled). . 

9 

3.5 

7 

0.29 

Copper. 

12 

4.3 

20 

0.40 

Glass (window). 

7 

2.7 

5.8 

0.30 

Glycerine. 

— 

— 

0.50 

— 

Gold. 

8 

3.0 

8.3 

0.34 

Granite. 

5 

1.8 

5 

0.34 

Lucite. 

5.6 

2.15 

4.9 

0.31 

Mercury. 

— 

— 

0.27 

— 

Nickel. 

20 

7.1 

37 

0.41 

Polystyrene. 

3.9 

1.5 

3.6 

0.32 

Silver. 

7.5 

2.7 

11.5 

0.39 

Steel. 

18 

7 

25 

0.38 

Water. 

— 

— 

0.21 

— 

Wood (mean). 

0.5 

— 

— 

— 


1 These values are averages only. The accurate determination of elastic 
constants is a very difficult problem and much depends on the purity and 
heat treatment of the material. The values for Aluminum, Copper, 
Steel, Glass, Lucite, Polystyrene are taken from W. C. Schneider and C. J. 
Burton, /. App. Phys, 20, 48, 1949. Most of the other values are from 
Handbook of Chemistry and Physics ” (Chemical Rubber Publishing Co., 
Cleveland, 30th ed., 1948). All values are given for room temperature and 
in the case of the liquids for approximately atmospheric pressure. 
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The positive constant k is called the bulk modulus^ or modulus of 
volume elasticity. We may perhaps regard it as the most signifi¬ 
cant of the moduli of elasticity since it applies to fluids as well as to 
solids. Its reciprocal is called the compressibility of the substance. 
Some characteristic values will be found in the preceding table of 
elastic moduli. It is important to note that since is non- 
dimensional, k has the dimensions of p. 

Considering next linear strains, if we have a substance in the 
form of a wire or rod and the longitudinal or tensile stress applied 
is/«, with corresponding linear strain the ratio 

7=7 (10-1-20) 

Ol 


is constant for many solids over a considerable range of values of 
ft, and the constant Y so defined is called Young^s modulus. Like 
k it has the dimensions of force per unit area. 

Finally if the shearing stress be denoted by /« and the corre¬ 
sponding shearing strain is 6, we have 



( 10 - 1 - 21 ) 


where p is constant over a wide range and is known as the shear 
modulus or rigidity of the substance. It has the same units as k 
and Y. These are the three principal moduli of elasticity for 
homogeneous, isotropic media. We have now to inquire concerning 
the possible relations among them. 


10-2. Relations Among the Elastic Moduli. Consider a rec¬ 
tangular parallelepiped^ (Fig. 10-4) of sides a, b, c, in the directions 
of the X, y, z axes respectively, where a < b < c. Suppose that 
the tensile stress ft acts along the z axis on the surface FDEB. 
Then there will be a stress/e acting along the negative z axis also 
on the surface CGAO, since the body as a whole is assumed to be in 
equilibrium. Associated with/< there will be the linear strain in the 
z direction/i/F and the concomitant lateral strain oft/Y perpen¬ 
dicular to the z axis, where <t is Poisson’s ratio. Now suppose on 

1 It should be emphasized that we are here confining our attention to homo¬ 
geneous, isotropic media whose properties are the same in every part and in 
every direction. This rules out consideration of crystalline media whose elas¬ 
tic properties are in general very complicated. 
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the other hand that ft acts along the x axis. We then have 
a linear strain ft/Y along the x axis and a concomitant lateral 
strain aft/Y perpendicular to the x axis. Finally suppose that 

ft acts along the y axis; there is then 
a linear strain ft/Y along this axis 
and the concomitant lateral strain 
<xft/Y perpendicular to the y axis. If 
now all these stresses act simultane¬ 
ously we have total linear strains in 
the x, y, z directions respectively as 
* follows: 

^ (1 - 2(r). (10-2-1) 

But in this case the resulting deforma¬ 
tion is essentially that due to a uniform stress= p on each face 
of the rod. This is equivalent to a compressive stress and the 
corresponding volume strain is 

( 10 - 2 - 2 ) 

fC 

Now we have shown (Sec. 10 - 1 ) that a volume strain 67 is equiva¬ 
lent to three mutually perpendicular linear strains each equal in 
magnitude to Hence we must have from ( 10 - 2 - 1 ) 

^ = I (1 - 2<r), (10-2-3) 

whence there follows the important relation- 

F = 3/c(l - 2(7), (10•!^4) 

connecting F, k, and <r. 

The shear modulus p may now be introduced. We have already 
shown that a shearing strain 6 may be replaced by two linear strains 
B/2 in magnitude at right angles to each other and of opposite 
sign. Hence in the present case if the positive linear stress ft 
acts along the z axis and the negative stress —ft acts along the x 
axis the result will be a shearing strain at an angle of 45® to both 
linear strains and of magnitude 

e = |/<(i + <r). 



(10-2-5) 
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Now it can be shown, however, that a tensile stress ft in the z di¬ 
rection and a lateral negative stress -—ft in the x direction are 
equivalent to a shearing stress of magnitude ft acting at an angle 


45 to the other stresses. 
For suppose we consider the 
cross section of the parallele¬ 
piped in the xz plane with the 
stresses ft as indicated (Fig. 
10-5). Cut the parallelepiped 
with a plane parallel to the y 
axis and with trace LC in the 
xz plane making angle 45° with 
AG. Now the resultant of the 
force Sft acting on the area S 
parallel to the y axis (the trace 
of which on the xz plane is GL) 
and 8ft acting on the equal 
area (the trace of which is CG) 
will be in magnitude V2Sft and 
45° plane just introduced. Her 



bs direction will be parallel to the 
;e the stress on this latter plane 


\vill be V2Sf,/V2S = ft, if we recall that the area of the 45° plane 
is V2 times the areas it cuts off on the faces of the parallelepiped. 
Hence the statement made above is justified. But if the shearing 
stress/s = ft acts, the resulting shearing strain is 


e 



(10-2^) 


where y is the shear modulus. This must be the same shearing 
strain as that given in (10*2-5), for its direction is the same and it 
corresponds to precisely the same set of external stresses acting on 
the body. Hence we may equate and get 

- = ~ (1 + a), (10*2-7) 

y Y 

or 

Y = 2m( 1 + (r), (10*2-8) 

an important relation connecting 7, y and cr. By means of 
(10*2*^) and (10*2-8), the bulk and shear moduli k and y respec¬ 
tively may be expressed in terms of Young’s modulus and Poisson’s 
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ratio. By the elimination of the latter between the two equations 
we may also obtain the relation connecting V, fc, and /x 


V = 


9kii 

/X + 3fc 


(10-2-9) 


showing that the three moduli are not independent; from a knowl¬ 
edge of any two, the third may be derived. If now we eliminate 
Y between the eqs. (10-2-4) and (10-2-8), we obtain some in¬ 
formation about a. Thus 

dk(l - 2<r) - 2m(1 + a). (10-2-10) 

It is to be noted that k and /x are essentially positive quantities. 
Hence in order that both sides of (10-2-10) may have the same 
sign, a must not be greater than On the other hand it must not 
be less than — 1, since otherwise the term 1 + cr would be negative 
while 1 — 2 <t would be positive. Hence we may state the im¬ 
portant inequality relation for a 

-1 <a <l (10-2-11) 

It is interesting to notice in the table at the end of the preceding 
section that a for many substances has values ranging around i or 
Poisson devised a theory of elasticity according to which <t 
for all elastic solids should be exactly i. The theory is however 
not particularly well substantiated except as far as order of magni¬ 
tude is concerned. 

It may be well to mention here briefly some of the experimental 
methods for determining the elastic moduli. The evaluation of 
Young^s modulus is doubtless familiar to the student as it forms a 
part of almost every elementary laboratory routine. The length 
of a long vertical wire of the substance to be examined is measured 
when stretched by a weight. A known weight is then added and 
the elongation very carefully measured with a micrometer micro¬ 
scope. This enables the linear strain 5^ to be calculated, and the 
stress having been computed from the extra weight and the area of 
cross section of the wire, Y follows from the formula defining it. 

The determination of /x or fc is a more difficult matter. Usually 
fjL is the quantity investigated, whence k may be calculated by 
means of eq. (10-2-9). We shall discuss only one method of getting 
the shear modulus, the theory of which is interesting on its own 
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account. This is the torsion of a right circular cylinder. Con¬ 
sider (Fig. 10*6) such a solid in the form of a wire of radius a and 
height h fastened vertically at the upper end. Suppose now that a 
torque in the form of a couple is applied to the lower end of the 
wire twisting the wire at this end through an angle 6 about its 
axis. Any cylindrical element or sheet of the wire of radius r 




and thickness dr will suffer a shear. The magnitude of the shearing 
strain will be understood from the following figure (Fig. 10*7) 
where an enlarged version of a portion of the cylindrical sheet (of 
unit height, let us say) is presented. Consider a part of this ring 
enclosed between two diametral planes. This is marked in dotted 
lines in the figure (A-BCDE) and is approximately a parallele¬ 
piped. Now when the wire is twisted and the ring sheared, the 
part just considered assumes the shape shown by the lines 
(A-FGHJ). The shearing strain is then approximately BF since 
has been chosen of unit length. But BF = r4>^ where <#> is the 
angle of twist per unit height of the element. It follows that since 
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the twist is 6 for the cylinder of height A, the shearing strain for the 
ring element of radius r but height h will be 


h' 


Then the shearing stress /, will necessarily be given as 

fire 

T' 


/* = 


( 10 * 2 - 12 ) 


(10*2-13) 


where /x is the shear modulus of the material composing the wire. 
The shearing stress is the force per unit area on the base of the 
cylindrical element, and hence the torque or force moment per 
unit area about the axis of the cylinder due to the shearing stress is 

T' 


rfs = 


(10*2-14) 


while the torque for the whole base area of the element is 

27r/xr®0 dr 


27rr dr • r/, = 


(10*2-15) 


The total torque on the base area of the complete cylinder is ob¬ 
tained by integrating the preceding expression from 0 to a. Fi¬ 
nally for the shearing torque we have 


M = 




(10*2-16) 


Suppose now that a heavy disc or rod is rigidly attached to the 
free end of the wire, and that its moment of inertia about the axis 
of the wire is /. If the disc is turned through an angle 0from its 
equilibrium position there will be exerted on it a restoring torque 
of magnitude M given by eq. (10*2-16). Hence the equation for 
the rotational motion of the disc after its release will be (see Sec. 
7*5) 


I'e 


TTfXa^ 


e. 


(10*2-17) 


But from our previous study we observe that this is the equation of 
angular simple harmonic motion, with frequency 


1 /ir/xa^ 


(10*2-18) 
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The experimental measurement of v, h, a, and / suffices to deter¬ 
mine fjL, the rigidity, from the above expression. 


10'3. Elastic Limit. Fatigue and Heredity. Our treatment of 
the first two sections has implied the validity of Hookers law. For 
the most interesting applications of the study of deformable bodies 
this law will generally be assumed, together with the existence of 
the elastic moduli and their relations. However, it is well to 
recognize that this law is valid 
only within limits. Suppose we 
take a piece of wire and strain it, 
plotting the tensile stress against 
the linear strain. The result in 
general will be somewhat as 
shown in Fig. 10*8. From 0 to 
A the stress is very closely a 
linear function of the strain, i.e., 

Hookers law holds. As long as 
we remain within this region of 
stress and strain the wire behaves 
as an elastic medium, i.e., resumes its original length on the 
removal of the stress. However, after the strain indicated by A 
has been reached, further stress does not lead to a corresponding 
strain in accordance with the relation 



stress 

strain 


(10*3-1) 


where K is a. constant. Rather the stress-strain curve becomes 
bent as in the region from A to B : a small increase in stress leads 
to a much larger increase in strain than the above relation (10*3-1) 
would indicate. On release from stress in this state the wire does 
not recover its original length at once and sometimes not even 
after a very long time. The point A may be said to mark the 
elastic limit of the original specimen while the point B represents 
what may be called the yield point, because beyond it the elonga¬ 
tion increases very rapidly and the wire becomes plastic in that the 
strain depends on the time a given stress acts: if the stress is 
maintained the wire may and in many cases does break. However, 
in some cases the specimen appears to regain its elasticity after the 
point B has been reached and for such the curve begins to mount 
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again. Suppose in this process, say at point ( 7 , the load is removed. 
It is then found that the original stress-strain curve is not followed 
at all, but that the change follows a curve like CC', more or less 
straight, so that the complete removal of stress now leaves a 
permanent strain, of magnitude OC'. This is known as a perma¬ 
nent set. The further application of stress leads to a new stress- 
strain curve following C'C and also more or less straight, i.e., 
effectively the elastic limit has been raised by the stretching and is 
now beyond the yield point of the unstretched specimen. It 
should be noted that the interval between the elastic limit and the 
breaking point varies greatly from substance to substance, being 
greater for ductile substances as one might expect. 

The stress-strain curve in Fig. 10*8 is a static curve, i.e., the 
values of the strain there shown are the equilibrium values attained 
after the stress has been applied. We have already commented in 
Sec. 9*2 on the fact that the strain never builds up to its full value 
immediately on application of stress, but that time is taken for this 
process. This served as an illustration of the concept of relaxation 
time. The temporal change of strain in a sohd subjected to stress 
has been called '' creep by metallurgists and is obviously of con¬ 
siderable practical importance in materials which have wide com¬ 
mercial use. Much attention to this phenomenon has recently 
been paid by physicists. ^ 

Within the elastic hmit a wire will return to its original length 
on release from stress but this process also shows a relaxation effect. 
Substances differ greatly in the rate at which the original length is 
regained and with some a considerable time is required. For 
example while quartz shows almost no delay, that for a glass fiber 
may amount to several hours, as may readily be shown by a simple 
experiment (more easily perhaps for torsion than for extension). 
This is known as the ehstic after-effect or IcLg. Its magnitude ap¬ 
pears to depend on the amount of non-homogeneity in the structure 
of the substance. This is probably why it is so small in quartz, for 
example, since quartz is very homogeneous. This is true of crystals 
in general. Glass on the other hand is a composite mixture of 
fairly large aggregates and hence less homogeneous. It is possible 

1 Cf. for example, F. Seitz, The Physics of Metals (McGraw-Hill, New 
York, 1943). This book discusses in considerable detail both the elastic and 
plastic properties of solids, particularly metals, both polycrystalline and the 
single crystal state. 
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to give a rather good purely mechanical analogy of the after-effect 
phenomenon by means of the model indicated in Fig. 10-9. A 
weight B is attached to the horizontal support A by means of the 
spring Si and by means of the spring S 2 to the weight C which is 
immersed in a very viscous liquid (molasses, for example). Now 
suppose that B is moved down a little. If it is held for such a short 
time that C in the meantime has not had a chance to move per¬ 
ceptibly, when B is released it will spring back to its original 
position (oscillating slightly about it). But if B is kept in the 
displaced position long enough, C will 

move down slowly, and when B is re- I/////////////////////////////////////I a 

leased it will not oscillate about its J 

original position at once, since this & 

would correspond to a stretching of io^i 

the spring S 2 . After a time C regains 

its original equilibrium position I 

whereupon B does the same. An- 

other thing we should notice is that J 

the oscillations of B die away the ^ 

more rapidly the greater the viscosity 5 Sg 

of the liquid in which C is immersed, (P 

i.e., the greater the elastic after-effect. ___ 

We should therefore expect that 

when wires which show a large after- UTZ. 

effect are set vibrating either longi- -- 

tudinally or torsionally the vibrations 

will become rapidly damped out. --- 

This is a very striking effect and may Fra. 10-9 

be thought of as due to a kind of 

internal viscosity of the metal very similar to viscosity in fluids. 
There is an interesting property of this viscosity of metals which 
was discovered by Lord Kelvin. Suppose a wire is forced to 
vibrate for a considerable length of time; it is then found that the 
rate of damping for free oscillations is much greater than for the 
same wire before it was vibrated. The wire acts as if it were tired. 
On being allowed to rest, recovery ensues and the rate of damping 
decreases again. This effect is known as elastic fatigue. Another 
illustration of the same effect is found in the fact that repeated 
application of a stress may so weaken a metal that it breaks at 
less than the normal breaking point. 
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In the phenomena of elasticity we find an interesting illustration 
of a new physical concept. It has been seen that the ordinary 
stress-strain relation holds only over a limited range and even here 
the phenomena of relaxation, elastic after-effect, and fatigue pre¬ 
sent themselves. It is just as if the elastic state of a wire at a 
given instant does not depend on the strain at that instant but on 
the whole previous strain history of the wire. The question then 
appears to be one of heredity: the inheritance of the previous 
states is a controlling factor in any present state. The problem is 
particularly interesting because it introduces a new type of 
mathematical method into physics. We shall illustrate this 
briefly. Strictly speaking, even within the elastic limit, we ought 
to write Hooke’s law in the form 

6 = liT/ + 0, (10-3-2) 

where/is the stress, b the strain, K a constant, and 0 is a quantity 
which depends on all the values which / has taken on from the time 

when the first stress was applied 
to the specimen up to the time t 
being considered. A quantity of 
this sort which depends on a 
whole range of values of another 
quantity is known as a functional. 
The simplest illustration is pro¬ 
vided by the area under a curve 
between two ordinates. Thus 
consider the curve y = /(x) (Fig. 
10*10). The area included be¬ 
tween the curve, the x axis and 
the two ordinates at x = a and x = 6 is a functional of/(x), for 
it clearly depends on the whole set of values of y = f(x) between 
a and b. We may write 

4 = jf fix) dx ^ I, (10-3-3) 

to indicate this type of quantity. 

Let us illustrate briefly by a definite problem, the torsion of a 
wire. Letting 6 be the angle of torsion and M the magnitude of 
the applied torque, we can rewrite eq. (10*3-2) as follows, 

B = KM + (10*3—4) 
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where M is a function of time, viz., M{t). We shall now assume 
that unit torque applied to the wire during a time interval of dr 
from r to T + dr not only produces a certain torsion in the wire 
at this moment but also contributes a torsion at the future time t 
of amount r) dr. Hence the resultant torsion angle 6 at the 
time t will be given by KM{t) plus the sum of all the residual terms 
t)M{t) dr. This sum of course must be an integral over all 
the time elapsing from the initial treatment at time U to t. So we 
now write for the angle the generalized Hookers law 

e{t) = KM it) + r<t>(t, dr. (10-3-5) 

If we knew the previous torque at every instant and also knew the 
function r) we might compute the resultant torsion. The 
function </>(i, t) is known as the coefficient of heredity, and the eq. 
(10*3-5) is known as an integral equation because in general know¬ 
ing d(t) and 4>{t, t) we are interested in finding M{t), which occurs 
under the integral sign. The solution of this problem is too diffi¬ 
cult for presentation here. We merely wish to emphasize the fact 
of its existence in an endeavor to describe analytically the phe¬ 
nomena of elastic after-effect and fatigue, with which it might be 
supposed to be rather hopeless to deal in any symbolic way. The 
student interested in hereditary elasticity and in heredity problems 
in physics in general will find some interesting material in Volterra, 
“Theory of Functionals’^ (London, 1930). Integral equations 
are becoming constantly more important in the solution of physical 
problems. 

10*4. Wave Motion. We now wish to discuss the motion of an 
elastic solid. This is in general a difficult subject. However, 
there is a particular type of such motion which is of such impor¬ 
tance throughout physics that we must give it considerable at¬ 
tention. This is known as wave motion. Suppose that a strain 
is produced at some point in an elastic medium. What happens 
throughout the rest of the medium? For the sake of simplicity 
(though with no loss in generality as far as the fundamental ideas 
are concerned), in answering this question we shall confine our¬ 
selves here to the special case of an infinitely long wire or rod placed 
along the x axis and subjected to a tensile stress which we shall 
denote by X. This is a force per unit area acting solely along the 
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X axis. Consulting Fig. 10*11, where a portion of the rod is 
indicated and represented by a rectangular parallelepiped, we 



consider the motion of a thin section of the rod of length dx. The 
area of cross-section being >S, the stress force on the element by 
the portion of the rod to the left is 

SX, 

while that due to the portion of the rod to the right is 

dX 

Hence the net force in the positive x direction is S — dx. The 

dx 

equation of motion results from equating this to the kinetic 
reaction pS^ dx where p is the mean density of the rod material and 
J is the displacement of the section considered to move as a whole. 
We therefore have 

dX 

= — • (10-4-1) 


Now from Hooke’s law there at once results 


X^^=Y, (10-4-2) 

dx 


d^ 

where Y is Young^s modulus [Sec. 10*1, eq. (10*1-20)], and — 

dx 

is the linear strain. On substitution from (10*4-2) into (10*4-1) 
we get the equation 





(10*4-3) 


WAVE MOTION 


317 


The analysis leading to (10*4-3) is faulty in that it neglects the 
fact that the dze of the element S dx changes as it moves. How¬ 
ever, this turns out to be a very small change if f is small and 
hence the equation is correct for small displacements. 

In order to understand how the various parts of the rod move we 
must solve to find f as a function of x and t. Eq. 10-4-3 is a partial 
differential equation of the second order and a detailed discussion 
of its solution would require a good deal of mathematics. We shall 
however proceed as simply as possible. Since the equation says 
that the second time derivative of f is a constant times the second 
space derivative, it is natural to inquire whether or not a solution 
in the general form 

^ = /(:r + ct) (10*4-4) 

is possible, where / is an arbitrary differentiable function and c is a 
constant, whose value is to be determined in such a way as to fit 
the solution. On this assumption then 

k = c/', k = cT. (10*4-5) 

where we have set 

^ df{x + ct) ^ 
d(x + ct) 

and correspondingly for /". Moreover, similarly 

g - r (10-4^) 

If now we resubstitute into the differential equation (10-4-3) we get 

pcT = Yf'. (104-7) 

which shows that our choice of a solution works provided we have 

(10-4-8) 

In other words c may be either positive or negative but must have 
the magnitude VYIp. Since both +VYIp and —VYfp yield 
solutions, we may have either 

I = Mx - ct), 
i = Mx + ct). 



or 


(10-4-9) 

(10-4-10) 
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is also a solution where Ai and A 2 are arbitrary constants. In 
other words the sum of two solutions of the differential equation 
(104-3) each multiplied by an arbitrary constant is also a solution. 
The same is true of any linear combination of solutions. This is an 
important property of linear differential equations, i.e., those in 
which no squares or higher powers of the dependent variable or 
any of its derivatives enter. 

Let us now inquire into the physical significance of the solution 
(104-11). We first consider/i alone. The value of the function 
fi at the point x — Xo and the time ^ ^ is 

^ 00 == fi(xo - cto). (104-12) 


Its value at xq at the later time U is 

?01 == Ji{xq — cti), 


(10*4-13) 


where Joi is in general different from foo. But if we take its value 
at at the point xi, where 

Xi — Xq c{ti — ^o), (104-14) 

we clearly have 

ill = filxo + c{ti — to) - ch] 

= Mxo - cto) 

= foo. (10-4-15) 


In other words the value of { for Xo, to is the same as its value for 
Xi, h, provided the distance from xo to Xi is equal to the time elaps¬ 
ing between to and ti multiplied by c. It is just as if the value 
of { had been propagated from Xo to a;i in the time interval h — to 
with the velocity c. Hence/i(a: — ct) may be taken to represent 
a disturbance (denoted by {) which is propagated in the positive 
X direction with velocity equal to c. We call this propagated 
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disturbance a wave and the type of motion described is wave motion. 
Since f is a function of t and x only, the wave here defined is known 
as a plane wave, corresponding to propagation in one direction 
only. The matter is rendered more evident from an examination 
of the figure (Fig. 10*12) where we have plotted two functions of x, 
namely/(a: — cto) andfix — cti), which are the values of f for the 
time instants to and ti respectively. It is as if we had taken snap¬ 
shot pictures of the way ^ varies with x at the two instants and ^i. 
The result is the same for both times except that the whole figure is 
shifted bodily so that each point of the first picture is displaced 
through the distance c(4 — k) to make the second picture. The 
reader is urged to investigate 
all this very carefully for him- I 
self in order to form a clear 
notion of what a wave really 
means. He should note care¬ 
fully, for example, that while 
to be sure the motion of par¬ 
ticles or parts of the medium 
is involved, the wave motion 
is not their motion, but rather Fig. 10*12 

the motion through the medium 

of the configuration which they produce. Thus in the physical 
problem under discussion what we have shown is that if the long 
wire is stretched at some place in the direction of its length, thus 
producing a disturbance of the parts of the wire in the vicinity of 
this point and then let go, the disturbance moves along the wire 
with velocity c = YIp, constituting what is called an elastic wave. 
Moreover the wave travels in both directions, for if fi{x — ct) 
corresponds to wave motion in the positive x direction, f 2 {x + ct) 
will correspond to similar motion with the same velocity in the 
negative x direction. It must be emphasized, moreover, that 
there is nothing essentially periodic about this motion, though, 
as we shall see, periodic or harmonic waves are undoubtedly 
the most important type. We ought also to note that in the case 
discussed the direction of propagation coincides with the direction 
of displacement: the wave is said to be longitudinal (see Sec. 10*5). 

The numerical magnitude of the velocity of an elastic wave m a 
rod or wire is of some interest. If we consider steel, for example, 
with p = 7.8 grams/cm® and F = 2 X 10^® dynes/cm® (varying 
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of course with the special composition), we get c — 5.06 X 10® 
cm/sec = 5060 meters/sec. This indeed is the velocity with 
which sound travels along a steel bar, since the sound is propa¬ 
gated by elastic disturbance. 

It is now in order to discuss in a general way some of the prop¬ 
erties of simple harmonic waves. For a wave of this kind progress¬ 
ing in the positive x direction the displacement may be written 

{ = A cos#c(a; — d), (104-16) 


where A is called the amplitude of the wave, c is the velocity and k 
is a constant which must have the dimensions of a reciprocal dis¬ 
tance, since the argument of the cosine must be non-dimensional 

(i.e., a pure number). It is 
seen that (104-16) actually 
has the form of the function 
fi in (104-11). Now let us 
plot f as a function of x for a 
certain instant of time t. The 
result is given in Fig. 1043. 
In wave nomenclature the 
places where f is a maximum 
are called crests; those corresponding to minima are called troughs. 
The distance between any two successive crests is called one wave 
length and designated by X. Since the cosine function has a period 
of 27r, i.e., 

cos z = cos (2ir + z), 



Fig. 1043 


it follows that for any instant t 


and therefore 


k(x — ct) + 27r = k(x H- X — ct)f 

2ir 


(104-17) 

(104-18) 


Moreover at any particular place there is simple harmonic motion 
[recall that cos (—/ccO = cos Kct] of frequency 


so that 


II 

(10-4-19) 

2^ 

c c 

(10-4-20) 
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We shall call v the frequency of the wave^ but shall often use w =« 
2rv in its place for convenience. Finally the period of the simple 
harmonic wave is 

P = — = - . (10-4-21) 

oy V 

and we have the important relation for a simple harmonic wave 

P = — = -. (10-4-22) 

KC C 


the period appearing as the ratio of wave length to velocity. It is clear 
that we may write the expression for f in the following equivalent 
forms 

. 2ir , 

{ = A cos — (a: — ct) 

A 


= A cos {kX — 0 )t) 


= A cos 2t 



(10*4-23) 


The choice is a matter of convenience. We shall perhaps use 

^ = A cos (o)t — Kx)f (10*4-24) 

most frequently, reversing the order of the time and space terms. 
This is, of course, purely arbitrary. 

At this place it may be desirable to point out the value of the 
complex notation in expressing displacement in wave motion. 
Thus analogously to eq. (9*4-5) in Sec. 9*4 we set 

I = (10-4-25) 

where the amplitude A is now in general to be considered complex. 
In operating with wave displacements, particularly in differentia¬ 
tion and integration, this form of expression is very advantageous. 
Of course it should be emphasized that in general only the real or 
the imaginary parts separately have physical significance. 

The wave dealt with in the last few paragraphs has been one 
traveling in the positive x direction. Naturally all that has been 
said will apply equally well to the wave in the negative x direction, 
where the displacement is denoted by 


(10-4-26) 
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In most cases where solid media are in question there will be 
waves traveling in both directions simultaneously and the resultant 
displacement will then be the sum of (10*4-25) and (10*4-26). 
We shall discuss special cases in Sec. 10*5. 

The quantity oit ± kx is called the phase of the wave, provided 
the amplitude is real. If the latter is complex, we can always 
write it A = where Aq and e are real quantities. The phase 
now takes the form zb fcx + e, and e is called the initial phase 
at the origin. 

When a medium is traversed by a wave, a certain amount of 
energy is associated with the motion in each unit volume. In the 
case of a harmonic wave the kinetic energy may be easily calcu¬ 
lated. Suppose such a wave travels in the x direction along a rod 
of cross-sectional area S. Then the kinetic energy in a length Arc 
of the rod comprising a volume S Ax is 

yS^^Ax, (10*4-27) 

for pS Ax is the mass involved, if p is the density of the rod. Hence 
the kinetic energy per unit volume at any place x at a given time 
instant tis K Now for | we have, consulting eq. (10*4-24) 

and supposing the initial phase zero, 

I = — Acosin (o)t — /cx), (10*4-28) 

so that the kinetic energy per unit volume or kinetic energy density 
becomes 

K = ipA^w^sin^ {o>t — icx). (10*4-29) 


This is of course a function of x and t. At any place it varies 
periodically with time and at any instant it varies periodically 
from point to point. Rather more important is the average kinetic 
energy density. Thus for any value of x we have for the time 
average 


R = 




\pA^{i)^lr * f sin^ {ut — kx) dt, 


(10*4-30) 


where t is much greater than one period of the wave. Since x is 
considered constant, the evaluation of the integral gives the same 
result as (9*3-13). Thus 

k - ipA2«2. 


(10*4-31) 
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Keeping the time constant, let us find the space average of the 
kinetic energy density over a distance long compared with the 
wave length, viz., 

R = sin^ (a)< - KX) dx, (10-4-32) 


where xo ^ X, the wave length. The form of the integral is pre¬ 
cisely the same in the two cases and hence 

K = R. (104-33) 

Therefore we may speak merely of the average kinetic energy den¬ 
sity as 

R — (104-34) 

Since the medium is strained by the passage of the wave there 
will also be potential energy associated with the wave. This will, 
however, obviously depend on the character of the strain corre¬ 
sponding to the wave and hence must be specially investigated in 
each particular case. In this place as a simple illustration let us 
consider again the solid rod of density p and Young's modulus F. 
The potential energy associated with the element Ax of the rod 
is the work done by the variable force due to stress, viz., SX, in 
changing the length Ax from (Ax)i to (Ax)2, i.e., by A (Ax). Thus 
we have 

J ^(Ax)2 

f Xd(.Ax). (10-4-35) 

(Aa:)i 


Now the change d(Ax) is the differential of the linear strain 
times the original length. Hence we may write 


(i(Ax) 


=“(?) 

\dx/ 


Ax. 


(10-4-36) 


Consequently (104-35) becomes 

a€ 



(10-4-37) 
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using (10-4r-2). We finally obtain 

For the plane harmonic wave (104-24) we get for the potential 
energy density 

V == —-— sin^ (wi ~ Kx). (10*4-39) 

A 

It is of interest to observe from a comparison with (10*4-29) that 
for this type of wave motion 

V = K, (10*4-40) 

identically. Hence the total energy density is 

U == pcj^A^sin^ (o)t — Kx), (10*4-41) 

The average total energy density is therefore 

U = (10*4-42) 

We must be careful not to conclude that the relation (10*4-40) is 
true for all kinds of waves. Nevertheless the special case here 
discussed is rather important in practice. 

Another important allied concept which deserves mention in 
this place is that of the intensity of a wave. This is defined as the 
average rate of flow of energy per unit area perpendicular to (he 
direction of propagation. If we consider any cross-section of the 
rod, for example, as the wave passes this cross-section it may be 
thought of as carrying energy with it and the amount of energy 
carried per unit area per second is clearly (for a plane wave at 
least) the product of the energy density and the velocity of the 
wave. Hence we have the following expression for the intensity 
in the case of a plane harmonic wave traversing a rod [from eq. 
(10*4-42)] 

/ = (10*4-43) 

It may perhaps be worth while to express this in terms of the maxi¬ 
mum stress in the rod, A’nutx, associated with the wave. Since 
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and 

~ == Ak sin (o)t — 
dx 

KX), 


we have 





Ct) 

= A - pc^ = Aojpc. 
c 

(10-4^) 

Therefore 




and 


(10-4-45) 


r 1 X'max 

2 pc ■] 




The intensity is thus proportional to the square of the maximum 
tensile stress produced in the rod. This is a very significant 
equation. 

10*5. Transverse Waves in a String. In our study of wave 
motion in a solid rod in the previous section we were concerned 
with waves in which the direction of propagation coincides with 
the material displacement. Such waves are known as longitudinal 
waves and are of great importance, particularly in acoustics 
(Sec. 11-6). However, there is another type of wave, of equal 
significance, in which the displacement is perpendicular to the 
direction of propagation. Such waves 
are known as transverse waves. As a j 
matter of fact both types of waves are 
set up in every disturbance of an elas¬ 
tic solid, though in a fluid only the 
former can exist. The mathematical 
discussion of transverse wave motion 
in a general elastic solid is rather in¬ 
volved and we shall not enter upon 
it here. However, we encounter a very interesting illustration 
of transverse waves in the problem of the vibrating string. 
Imagine a perfectly flexible string (Fig. 10*14) stretched with 
tension r. Let the equilibrium position of the string be the x axis 
(we neglect its thickness, of course), and denote the transverse dis¬ 
placement of any point by We suppose that all displacements 
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take place in the same plane. We shall also assume that the ten¬ 
sion T is constant and may be considered to a sufficient degree of 
approximation as unchanged when the string is deformed. This 
in turn implies that the displacement J is to be very small compared 
with the length of the string. We now discuss the motion of an 
element of the string from A to R of length ds, whose projection 
on the X axis is dx. Let us find the restoring force acting on the 
element AB in the direction of the displacement. The upward 
component of r at A is 


^ ds ^ _dx 2 \dx/ 


(10-5-1) 


which we get by expanding 



(10-5-2) 


recalling that both d^/ds and d^/dx are small, 
it will be a sufficiently good approximation, 
upward component at A 


As a matter of fact, 
if we write for the 


(10-5-3) 


What is now the upward component of the tension at B? It must 
be, to a first approximation, 


T 



(10-5-4) 


whence the total upward force on the element AB is the sum of 
(10-5-3) and (10-5-4) namely 


d 


T 


dx 



dx. 


(10-5-5) 


Equating the kinetic reaction of the element to the force on it 
yields the equation of motion 
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or 






(10*5-6) 


where p is here the mass per unit length of the string and assumed 
to be a constant. We have here made the same sort of approxima¬ 
tion as in deriving (10*4-3) by neglecting the stretching of the 
string element in its displacement. Eq. (10*5-6) is the usual wave 
equation, and hence the displacement ^ is propagated along the 
string with velocity 




(10*5^7) 


If we recall the discussion in Sec. 10*4, we see that since in general 
there may be waves in both directions the most general expression 
for the displacement at distance x and at time t is 

f = Met - x)+ Met + x), (10*5-8) 


Let us, however, confine our attention to the motion of the string 
when the displacement at any point is simple harmonic, i.e., 
consider only harmonic waves. From Sec. 10*4 we then write 

I = (10-5-9) 


where A and B are complex amplitudes, w = 27rj^, v being the fre¬ 
quency of the wave and k = co/c, where c is the velocity [eq. 
(10*5-7)]. There are now four arbitrary constants involved, since 
A and B, being complex, each involve two constants. Moreover 
there is nothing to specify the frequency, which is therefore also 
arbitrary. 

We shall now suppose that the string is finite and of length Z, 
and is moreover fastened at the ends so that no motion takes 
place there. We then have the boundary conditions that for all i 


{ = 0 for x = 0,1. 

Substitution into (10*5-9) then yields 

(A + B)e^^ = 0, 
e^*{Ae-^ + Be") = 0. 

From the first of these two equations we get 

A = -B, 


(10-5-10) 


(10-5-11) 


(10-5-12) 
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and hence from the second 

= (10-5-13) 

Expressing eq, (10-5-13) in terms of trigonometric functions gives 

sin d = 0, (10-5-14) 


which leads to 


d — nTT, 


(10*5-15) 


where n is any integer. This immediately limits the possible fre¬ 
quencies of the harmonic waves in the string to the set given by 


Pn = 


nc 



(10*5-16) 


The lowest frequency of the set, viz., vi = c/2/, is called the 
fundamental. The higher frequencies j' 2 , . . . , . . . are called 

the harmonics. It is interesting to see that the imposition of the 
boundary conditions (10*5-10) in addition to removing some of the 
arbitrary constants from the solution has also introduced a certain 
discreteness into the problem. This is a significant result, for it is 
the first element of discreteness we have encountered in the motion 
of a continuous medium. Corresponding to each frequency 
there is a definite mode of oscillation, viz., 


fn 


^^i{2irvnt—KnX) _ ^{2Trv nt+K nX)' 


(10-5-17) 


For practical purposes we shall put this into its real form. Letting 
2A„ = On -f ib„, 

fn. real = ^ [cOS (2?ri'„< — K„x) — COS {2TV„t -j- Kn*)] 

— -;r [sin {2irvnt — — sin (2irv„f + (Cn^;)]. (10-5-18) 


If we expand the trigonometric expressions and simplify, there 
finally results 

^n, real = Sin KnX[an Sin 2TrVnt + bn cos 27rVnt], (10*5-19) 

with Kn = 2irvn/c. For any integral value of n, eq. (10*5-19) 
represents a solution of the wave equation (10*5-6) and a possible 
displacement propagation for the string. Now the wave equation 
(10*5-6) is a linear partial differential equation, and we have 
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already seen (Sec. 104) that the individual solutions of such an 
equation are additive, giving new solutions. It would therefore 
follow that the most general expression for the displacement when 
harmonic waves of all frequencies Vn travel along the string, is 
given by 

00 

^Te&\ — sin KnX[an sin 2TVnt + bn cos 2TVnt]. (10*5-20) 

n =0 

What does this solution mean physically? It means that if we 
bring about an initial transverse displacement of any point on the 
string the resulting displacement in time of all other points is 
given by the infinite series (10*5-20). 

It must be emphasized that (10*5-20) no longer represents a 
single progressive wave. Rather as the superposition of pro¬ 
gressive harmonic waves in opposite directions along the finite 
string it represents what is called a standing or stationary wave. 
Thus each point of the string is executing harmonic motion of 
frequency given by the bracketed terms of (10*5-20) and with 
amplitudes proportional to sin KnX (not a function of time). This 
introduces a feature not present in the usual progressive wave. 
For we see that for any particular mode of oscillation characterized 
by the integer n there exist n — 1 equally spaced points of the 
string (exclusive of the end points) at which the displacement is 
always zero. These are given by the condition 

sin Knpc — 0, 

and measured from one end of the string the corresponding values 
of X are 

X = l/Uj 2Z/n, • • • (n — l)l/n. 

The points in question are called nodes or nodal points. The 
reader should show that the distance between successive nodes is 
one half the wave length of the corresponding standing wave. A 
knowledge of this and the frequency of excitation suffices (from 
10*4-22) to permit the evaluation of the velocity of the wave. The 
midpoints between successive nodes are referred to as loops since 
there the displacement reaches its maximum during each period of 
the motion. 

Our next task is to discuss the evaluation of the constants a« 
and Let us denote the initial displacement of any point on 
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the string by fo. This is a function of x, of course. We therefore 
have from (10*5-20), (dropping the subscript “ real,^^ since this is 
now understood) 

00 

io — ^hn sin KnX. (10*5-21) 

n «=0 


Moreover, let us denote the initial velocity of any point on the string 
by lo, also a function of x. Since 


I = 2^ sin KnX • 2irVn[an cos 2TrVnt — bn sin 2TVnt]f (10*5-22) 

n =0 

we have 

00 

^0 = £ 2irVn(ln sin KnX. (10*5-23) 

n =0 


We now have to evaluate an and hn from the eqs. (10*5-21) and 
(10*5-23). This might appear to be rather difficult. Let us, 
however, multiply both sides of eq. (10*5-21) by sin KbX, where s 
is a particular integer, and integrate the result as x goes from 0 to 1. 
This gives 

J M « W 

f fo sin Kgxdx - I bn sin KnX • sin k^x dx. (10*5-24) 

0 n »o *^0 


From (11*5-16) 



(10*5-25) 


and 



. mrx , 
sin -j- dx 



sin {s — n)Txll 
2(s — n)Tr/l 


sin (s + n)Tx/I\y 
2(s + n)7r/Z Ao 


(10*5^26) 


so that if n s, the integral vanishes. On the other hand if 
n = s, we have 


I sin® STT^ - dx 
Jo I 


I /SfT 
28T \ I 


. swx 
sin -r- cos 

If 


T/Jo 


2' 


Hoice of all the integrals in the sum on the right-hand side of 
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(10*5-24) only one is different from zero, namely that for which 
n == s. Its value is Z/2. We therefore have 

2 

5, = 7 / fo sin KgX dXy (10*5-27) 

1 t/O 

which enables us to calculate 6«if we know fo- A precisely similar 
procedure with eq. (10*5-23) leads to 

2 

= — / ^0 sin Kgpc dx. (10*5-28) 

Sire Jo 

What the two eqs. (10*5-27, 28) really mean is this: if we know 
the actual displacement and velocity of every point on the string at 
a single definite instant we can compute the configuration of the 
string, i.e., the position and velocity of every point, for every 
future instant, tracing out its whole subsequent history. There 
is an interesting bit of mathematics connected with this result. 
The initial position of the string can be anything compatible with 
the conditions imposed, i.e., it can be mathematically speaking 
any continuous function of x. What we have then shown is that 
any such function of x can be expanded in a certain bounded in¬ 
terval into an infinite series of circular functions of x, viz., (10*5-21), 
and we have shown how to calculate the coefficients. Such a 
series is called a Fourier Series^ and is of very great importance 
in many physical problems such as are encountered for example 
in the theory of the conduction of heat, oscillations of media, 
orbits in celestial mechanics and atomic structure theory. The 
student at this point should obtain a reasonable degree of familiar¬ 
ity with this type of series. We have not discussed it here with 
any rigor, since we have not taken up, for example, the conditions 
for its convergence. ^ But we have at any rate pointed out some 
of its physical significance. 

Further discussion of the motion of a stretched string lies really 
in the province of acoustics.* 

10*6. Types of Elastic Waves in Solids. We have discussed in 
the last two sections the special cases of longitudinal waves in a 

1 See E. B. Wilson, “ Advanced Calculus ” (Ginn & Co., Boston, 1911), p. 
458 ff. 

* See H. Lamb, “ Dynamical Theory of Sound ** (Macmillan, 2nd ed., New 
York, 1925), Chap. II. 
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solid rod and transverse waves in a string. As has already been 
indicated, the problem of the general motion of an elastic solid 
disturbed from equilibrium demands rather more extensive analy¬ 
sis than we wish to embark on here. This is particularly true of 
solids like crystals which have different properties in different 
directions. However, we ought to note the principal results for 
the case of an isotropic solid, viz., one whose properties are inde¬ 
pendent of direction. Such a solid possesses, as we have seen, 
both shear and volume elasticity. The former involves distortion 
of the medium and hence implies the existence of transverse waves, 
while the latter provides for the existence of longitudinal waves. 
Thus in the general motion of an elastic solid we shall expect to 
find both types of waves present. The mathematical analysis 
substantiates this expectation and shows that the longitudinal 
wave in an extended sohd medium travels with a velocity 



while the transverse wave has a velocity 



( 10 - 6 - 1 ) 


( 10 - 6 - 2 ) 


where k and /z have their usual significance as elastic moduli 
(Sec. 10-1). We therefore have cl > ct for all solids. It will be 
recalled that for a long narrow rod the velocity of the longitudinal 
wave reduces to 



(10-6-3) 


where Y is Young^s modulus. Comparison shows that for a large 
number of solids cjl is greater than c by about 10%. 

The foregoing formulas suggest that the elastic constants of 
solids may be determined by the measurement of the velocities of 
the corresponding types of waves. This has indeed been carried 
out with success by employing standing waves in solid rods similar 
to those already discussed for the finite string in Sec. 10-5. In 
recent years it has been possible to drive such rods at very high 
frequencies (e.g., 100 megacycles). This is particularly true of 
piezo-electric crystals which alternately contract and expand when 
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placed across an alternating high voltage. The fact that the 
modes are very sharply defined by the dimensions of the specimen 
(cf. the length I in Sec. 10-5) makes it possible to maintain oscil¬ 
lations of very specific frequency and indeed to stabilize the 
frequency of high frequency electric (radio) circuits in which the 
vibrating crystals are placed. 

10‘7. The Elastic Medium Theory of Light. The student will 
recall from his study of elementarj^ physics that there have been 
two principal theories for the propagation of light. The first, 
championed by Newton, is the so-called corpuscular theory accord¬ 
ing to which light travels as very small particles moving in straight 
lines through space in all directions from a given source. The 
second is the wave theory suggested by Huyghens, which considers 
the transmission of light as a wave propagation in a medium. 
Of the two theories the latter has been the more successful if we 
leave out of consideration the phenomena connected with the 
emission and absorption of light, which seem to demand a particle 
description based on the ideas of the quantum theory. 

Now in our discussion of wave motion we have seen that in 
every case it is a disturbance in a medium which is propagated as 
a wave. Hence if the transmission of light is a wave propagation, 
what is the medium which is disturbed? This is a problem to 
which physicists gave considerable attention during the nineteenth 
century, beginning with Fresnel, who was the first to put the wave 
theory on its feet mathematically speaking, and continuing with 
the work of Green, Neumann, MacCullagh, Lord Kelvin and 
Lord Rayleigh, all men of outstanding eminence. Let us consider 
briefly the nature of the problem as an illustration of the me¬ 
chanical theory developed in this chapter. It was only natural to 
assume that the light-bearing medium is analogous to an elastic 
medium of some kind. Now we have noted that in an elastic solid 
any disturbance is in general propagated by both transverse and 
longitudinal waves. The only elastic medium through which waves 
of but one type are propagated is a fluid, as we shall see in the next 
chapter (for a fluid has volume elasticity only and is unable to 
support shearing stress). In this case longitudinal waves only 
are transmitted. The fact that a light wave can be polarized 
shows definitely that it must be a transverse wave. Hence the 
light-bearing medium cannot be a fluid, but must be an elastic 
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solid. Here, however, the problem at once arises: how shall one 
get rid of the longitudinal wave that accompanies the transverse 
wave? We have seen that the longitudinal wave travels with 


velocity Cl 


-4 


% + 4/x/3 


while the transverse wave has the 


velocity ct = v M/p. Therefore it is impossible to get rid of the 
former type of wave merely by imagining the medium to possess 
no volume elasticity, viz., k = 0. To overcome this difficulty 
Green made the assumption that fc = co, so that cl is infinite. 
Effectively then the longitudinal wave is not propagated at all, 
and this would seem to be satisfactory enough. Unfortunately 
difficulties arise when the theory is applied to the specific problem 
of the reflection and refraction of light and extended to the case of 
anisotropic media like crystals. Hence it would seem that Greenes 
theory must be abandoned. Lord Kelvin proposed a theory in 
which A: = — 4/x/3 so that Cl= 0. Such a medium has negative 
volume elasticity and hence will be unstable^ i.e., a positive stress 
will lead to expansion instead of contraction. Of course, one 
might imagine such a medium as filling the whole universe or as 
being rigidly attached to a fixed containing vessel acting as its 
boundary. It is hardly necessary to say that the mathematical 
development of any one of these theories is extremely complicated. 
Nevertheless Lord Kelvin worked all his life in the endeavor to 
construct such a mechanical theory of light. It must be confessed 
that the result has not been particularly successful. We are now 
inclined to believe that the electromagnetic theory of Maxwell is 
more satisfactory. Incidentally, however, it should be pointed out 
that Maxwell originally based his theory on mechanical grounds, 
so that we are still justified in considering the generally accepted 
theory of light propagation as one which in the last analysis can be 
visualized in a dynamical framework. 


PROBLEMS 

1. The shear modulus of a certain substance is equal to 1.24 X 
d 3 mes/cm*, and Young’s modulus^ for the same substance is 3.2 X 10^^ 
dynes/cm*. Calculate the value of the bulk modulus for this substance. 
Also compute Poisson’s ratio. Do the same for a quartz fiber for which 
Y = 5.179 X 10^^ dynes/cm^ and n = 2.88 X lO^^ d 3 nQes/cm®. Comment on 
any interesting feature of the result. 

2. The value of Young’s modulus for steel is 2 X lO^^ dynes/cm*, and the 
coefficient of linear (thermal) expansion for the same substance is 1.2 X 10"^ 
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per degree centigrade. What compressive force must be applied to the ends 
of a steel cyhnder 2 cm in diameter to prevent it from expanding longitudinally 
when the temperature is raised by 40°C? 

3. A body suffers tensile strains along the x, t/, and z directions 

respectively. Sliow that the resultant strain is equivalent to a uniform volume 
dilatation equal in magnitude to {8x -|- + 5,) plus two shears, one in the xy 

plane of magnitude 1(5^ by + — 25^ and the other in the xz plane of 

magnitude I (6^ +5^+6^) — 2bz. 

4. A steel wire 100 cm long and 0.1 cm in radius is suspended from a rigid 
ceihng. A homogeneous horizontal disc of mass 1000 grams and radius 10 cm 
is attached at its center to the free end. How much twisting force must be 
applied at the periphery of the disc to turn the latter through an angle of 10°? 
If the disc is released and allowed to move freely, what will be the period of its 
motion? 

5. A circular cylindrical wire spring is said to be flat if, when the spring is 
stretched, each turn of wire is approximately parallel to a plane perpendicular 
to the axis of the cylinder. One end of such a spring of radius a is attached 
to a rigid ceiling while the other is stretched by the imposition of a vertical 
force F, Show (liat the equivalent stiffness of the spring is given by the 
expression (when r « a) 

2aH 

where ju = shear modulus of the wire, r = radius of the wire, and I = total 
length of the wire in the spring. Discuss the significance of the condition 
r « a. 

6. Calculate the potential energy per unit volume in a solid rod subjected 
to a longitudinal stress of magnitude X. 

7. A homogeneous solid beam of square cross-section with side a is bent 
into the arc of a circle of radius R, If x denotes distance measured normally 
to the central axis of the beam and L is the magnitude of the bending torque 
at any point about an axis normal to the plane of bending and passing through 
the central axis, show that the ratio of change of L with x is given by 

dL _ 2Yax^ 

dx R 

where Y is Young’s modulus for the material of the beam. Hence find that 
the total bending torque necessary is 

L = Ya*/12R 

8. A possible dynamical variant of Hooke’s law to take account of the 
relaxation ” effect (see 9-2) may be written in the form 

X = Ab -f- Bbf 

where X is the stress and 6 the corresponding strain, while A and B are elastic 
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constants. Suppose X = 0 for 0 < < < ^o, A = Ao - constant for to < t <ti 
and X = 0 for < > h. Find the way in which 6 varies with the time (choosing 
arbitrary but reasonable values for A and B). Discuss elastic after-effect on 
this basis. 

9. Show that ^ == f(x + cO represents a wave in the negative x direction 
with velocity c. Investigate by graphical methods or otherwise the physical 
character of the wave /(a; — ct) — f(x A- ct)^ Do the same for the expression 
fix - ct) +f(x + ct). 

10. A wave ^ = fix — ct) progresses in the positive x direction with velocity 
c. At the point x = xo a rigid barrier is interposed. Describe the character 
of the motion of the medium to the left of the barrier. 

11. Use the relations among /x, A;, and Y to compare cl, ctj and c = \/YIp 
(Sec. 10-6). Discuss the physical significance of the difference between cl 
and c. 

12. A plane sinusoidal acoustic wave in air of frequency 512 cycles/sec has 
a displacement amplitude 10“* cm. If it progresses along the x axis with the 
velocity of sound at 20°C, and the origin is taken at the point where the dis¬ 
placement ^ is zero at ^ = 0, plot to scale the wave form at < = 1 sec for a 
distance of a wave length or so. Also plot the variation of ^ at x = 5 cm as a 
function of Hor two or three periods. 

13. In the preceding problem, find the displacement velocity, i.e., d^/dt 
at X = 5 cm and t = 1 sec. Find the acceleration, i.e., d^^ldt^ under the same 
conditions. Plot both quantities in the same way in which you plotted ^ in 
Problem 12. 

14. Show that the intensity of a compressional wave in a rod may be repre¬ 
sented by Xxkj where the bar indicates the time average. Compare this ex¬ 
pression with (10-4-45). 

15. A flexible string 80 cm long with a mass of 4 grams is stretched with a 
tension of 84 X 10® dynes. Find the fundamental and first two harmonics 
of the string. The string is pulled aside at its midpoint a distance 0.5 cm and 
let go. Find the amplitudes of the fundamental and first two harmonics in 
the resulting standing wave pattern. Prove that all harmonics of even order 
are absent from the motion of the string. 

16. The string in Problem 15 is struck at its midpoint (while in its equilib¬ 
rium position) with such force as to give it an initial velocity there of 10 
cm/sec. Find the amplitudes of the fundamental and first two harmonics in 
the resulting standing wave pattern. 

17. Calculate the average kinetic and potential energies for the first two 
harmonics in the motions of the string discussed in Problems 15 and 16. 

18. Show that the differential equation for wave motion through a dissipa¬ 
tive medium may to a first approximation be written in the form 
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Obtain a particular solution of this equation in the form of a damped harmonic 
wave. Obtain the expression for the distance which a disturbance will travel 
before its amplitude is diminished in the ratio 1/e. Suggest possible physical 
characteristics which make a medium dissipative. 

19. A narrow solid rod of length I and line density p is clamped rigidly at 
its two ends. What are the natural frequencies for longitidinal vibration of 
the rod? Obtain also the expression for the natural frequencies for the case 
of a rod clamped at one end and free at the other. Work the same problem 
for a rod free at both ends but clamped at the center. 

20. Two harmonic waves of the same amplitude but slightly different fre¬ 
quencies p and V Av move in the x direction with velocities c and c + Ac 
respectively. It is assumed that c depends on the frequency (dispersion) so 

dc 

that Ac = “ Av. Show that if the two waves are superposed the resultant 

dv 

may be considered a harmonic wave of frequency v but with an amplitude 
which varies with time with frequency Av/2. Show that the varying amplitude 
travels with velocity U such that 

1 _d{v/c) ^ 

U'^ dv ^ 


U is called the group velocity of the compound wave system. 



CHAPTER XI 
MECHANICS OF FLUIDS 


11*1. Fluids at Rest. Fundamental Principles of Hydrostatics. 

In Chapter X we introduced the idea of a deformable body and 
discussed its behavior. We saw there that the most general kind 
of deformation may be considered to be a combination of a dila¬ 
tation (change of volume) with a shear (change of shape). In 
the case of physical solids the application of stress yields in general 
both kinds of strains, but there is a class of substances of such a 
nature that the application of stress gives rise to dilatation only 
and never to shears. Such substances are called fluids or better 
perfect fluids, for they represent limiting ideal cases of the actual 
fluids encountered in nature. The line between actual solids and 
actual fluids is sometimes hard to draw. Under very great stresses 
most solids at ordinary room temperature begin to act like fluids, 
and a solid like pitch, for example, flows at room temperature 
under the stress produced by its own weight, though for impulsive 
stresses (i.e., those of short duration) it may behave like other 
solids in manifesting both shears and dilatations. Naturally all 

substances become fluids at 
sufficiently high tempera¬ 
tures and appropriate pres¬ 
sures. 

From what we have just 
said it should be possible to 
deduce the principles govern¬ 
ing the behavior of fluids 
from the fundamental rela¬ 
tions for deformable bodies 
in general. The rigorous 
derivation demands the use 
of more general stress-strain 
analysis than we have given in the previous chapter. Fortunately 
we are able to visualize the deduction in a rather simple way. 
Let us imagine a volume element of fluid as given in the figure 
(Fig. 11-1), and consider further any plane surface element in 
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this box. Suppose that the fluid is at rest, i.e., in equilibrium 
under the action of external forces. There will still be a stress 
on the surface element; and this stress will be a compressive 
stress, i.e., one tending to produce dilatation only, since by 
definition a perfect fluid can not be sheared. Now if the com¬ 
pressive stress on the area (to which we shall hereafter refer 
as the pressure) were to be inchned to the area at any other 
angle than 90°, it would have a non-vanishing component 
along the surface. But this would lead to shearing and, since 
a perfect fluid can not support a shear, motion would have 
to ensue parallel to the surface. This contradicts the initial 
assumption of equilibrium. Hence we reach the important con¬ 
clusion, amply verified by simple experiments, that in a perfect 
fluid at rest the stress or pressure on any surface element whatever 
is normal to the surface. To state the same result in slightly 
different form, at any point in a perfect fluid the pressure is normal 


yk 




to any surface element passing 
through this point and inde¬ 
pendent of the direction of this 
element. This statement in¬ 
cludes the famous principle of 
Pascal. 

Let us now examine the con¬ 
dition that a fluid may be in 
equilibrium under the action of 
an external force F acting on 
unit mass. Let Fx, F^, Fz de¬ 
note the Xj 2/j ^ components 
of F respectively. Consider an 
element of fluid contained in the parallelepiped with sides 
dXf dyy and dz (Fig. 11-2). Let the pressure at the midpoint P 
of the volume be p. Then the normal force on the face parallel 

/ dp dx\ 

V-Txj) 

dp dx^ 


Fig. 11-2 


to and nearer the yz plane is 


dy dZy while that on the 


farther parallel face is 


. / dpdx\ 


dy dz. Hence the fluid in the 


element is acted on by a force due to pressure whose component in 
the X direction is 

dp 


_ 1 .. 
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dv 

The analogous components in the y and z directions are — — 

dy 

dp 

dx dy dz and —-- dxdy dz. Now if the element is to be in equi- 
oz 

librium under the influence of the external force, the total force 
components on the element in the x, y, and z directions must vanish. 
That is, we must have (recalling that F represents the force per 
unit mass) 

dp 


pFx dx dy dz — — dx dy dz = 0, 
dx 

dp 

pFy dx dy dz - dx dy dz = 0, 

dy 

dp 

pFx dx dy dz —-- dx dy dz = 0, 
dz 


( 11 - 1 - 2 ) 


or more compactly, 

* p dx “ p dy 


F. = (11-1-3) 

p dz 


where p is the density. These are the fundamental equations of 
hydrostatics. We see that if we write the change in pressure 
between two closely neighboring points in the fluid at rest as dp, 
we have the total differential 


dp = pFx dx + pFy dy + pF* dz. (lM-4) 


The problem of ascertaining the distribution of pressure in the fluid 
is the problem of solving this total differential equation. We 
may express the general solution in the form 

p = Hx, y, z) + C, (lM-5) 

where C is a constant of integration whose value depends on the 
pressure at some specified point in the fluid. If in some way the 
pressure were to be increased at this point, eq. (114-5) states that 
the pressure is increased by the same amount at every other point 
in the fluid. This is sometimes referred to as the law of the 
transmissibiUty of pressure. It is usually considered a part of 
Bftscal^s principle for fluids at rest. 

We shall consider one special case, namely that in which the 
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external force is gravity. Suppose that it acts downward along the 
z axis, i.e., 

Fx = Fy = Of Fz= — g. 

Then p varies with z alone and we have 



(lM-7) 


The integration can be carried out only if we know the way in 
which p depends on z. If the fluid is incompressible (i.e., an ideal 
liquid) p is constant, and we have 

p = -pgz + C, (lM-8) 

C being an arbitrary constant which may be put equal to zero if 
the origin is taken at a point where the pressure is zero, viz., at 
the surface of the liquid (assuming that there is a vacuum above 
the surface). It is to be noted that the negative sign enters 
(11 *1-8) because the positive direction of z is upward and p de¬ 
creases as one goes up. In practical applications it is usually 
more convenient to measure z downward and use the positive 
sign. (See, for example, Sec. 11*2.) In words, (lM-8) states 
that in an incompressible fluid at rest under the action of gravity 
alone the pressure varies directly as the depth. This is well 
substantiated by experimental investigation of liquids in which the 
variation of p with depth is negligible for moderate depths. 


11*2. Principle of Archimedes — Stability of Floating Bodies. 

We can apply the results of the preceding section very appro¬ 
priately to the problem of the cal¬ 
culation of the resultant force ex¬ 
erted by a liquid on an object 
immersed in it. Let us first take a 
special case for the sake of simplicity. 

Imagine a rectangular parallelepiped 
with dimensions a, fe, c immersed so 
that one pair of faces is parallel to 

the surface of the liquid. In Fig. 11-3 _ 

the cross-section is shown, where AB ~ a, and BC — c. Suppose 
that AB is at a distance Zq below the surface. To calculate the total 
force exerted by the liquid on the parallelepiped we must find the x, 



Fig. 11*3 
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y, and z components. The x component of the force, for example, 
will be found by multiplying the element of area at every point by 
the X component of the pressure at that point and then summing 
up over the whole surface of the body. The procedure for the other 
components is analogous. Now from the way we have chosen our 
special case it is clear that the x and y components will be zero 
since the forces on opposite faces cancel out in pairs. The z com¬ 
ponent, however, is not zero. Let us suppose that the pressure at 
the surface of the liquid is po- At the top of the body {AB) it is 
then by eq. (11-1-8) 

Pi = Po + pgzoy 

while at the bottom (DC) it is 

P2 = po + pg% + c). 

The areas of the top and bottom are the same, viz., S = a6, so that 
there is a downward force on the top face of magnitude 

S(po + pgzo)f 

and an upward force on the bottom face of magnitude 

>S(P0 + + C)). 

Hence the total force in the z direction is an upward force of mag¬ 
nitude 

F. = pgcS. U1-2-1) 

Now since cS is the volume of the body and pgcS accordingly the 
weight of the liquid displaced by the body, it follows that the 
liquid exerts on the immersed body a buoyant force equal to the weight 
of the displaced liquid. This is the principle of Archimedes. We 
have derived it here for a very special case. In the general case 
of a body of any shape we should have for the component of force 
in the z direction (gravity alone being assumed to act) 

cos ydsy (11-2-2) 

where p is the pressure acting on the area element dS and y is the 
angle between the normal to dS and the z axis. The integration is 
to be carried out over the whole surface of the body. Since gravity 
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acts vertically along the z axis we see that even in the general 
case the x and y components are zero, i.e., 

F, = Fi, = 0. (11-2-3) 

In order to calculate Fg it is convenient to transform the surface 
integral into a volume integral. Suppose we consider again an 
elementary parallelepiped dx, dy^ dz cut out of the body as shown 
in Fig. 11-2. We have already seen in the preceding section that 
the net force on this element in the z direction is 

— — dxdy dz, (11-2-4) 

dz 

Consequently we can get the resultant force on the whole body by 
evaluating the integral 

- JJJ J dx dy dz, (11 -2-5) 

the integration being extended over the whole volume of the body ; 
this must also give us Fz. In other words the volume integral 
(11-2-5) is equivalent to the surface integral (11-2-2). We have 
here a special simplified case of the so-called divergence theorem 
or, more generally, Greenes theorem^ which the student will en¬ 
counter in all advanced work in physics, and of which we shall give 
a more extensive account in the next section. Now we know from 

dp 

eq. (11-1-7) that in the present case — = — p^, where p is the 

dz 

density of the hquid. Hence for the resultant force we get 

Fz = pg JJJ* d.ydz 

= pgV, ( 11 - 2 - 6 ) 

where V is the volume of the body. The result is then the same 
as for the special case. It should be noted that although in our 
discussion we have used the word liquid,’’ everything we have 
said is true of fluids in general. 

We have thus seen that a liquid exerts a buoyant force on an 
object immersed in it. This force is directed vertically upward 
and is in magnitude equal to the weight of the displaced liquid. 
We can also see that it must pass through the center of gravity of 
the body; for if we imagine the body to be removed, the force 



344 


MECHANICS OF FLUIDS 


which the rest of the liquid exerts on the portion of liquid taking 
the place of the body must remain the same. But if this force 
did not pass through the center of gravity this particular portion 
of the fluid would not be in equilibrium with regard to rotation, and 
hence the hydrostatic conditions of the problem would be violated. 

Let us next give our attention to the special case of a body float¬ 
ing on the surface of a liquid. In this case the buoyant force must 
clearly be numerically the same as the weight of the body. Hence 
by the principle of Archimedes a floating body displaces its own 
weight of liquid. We have just seen that the buoyant force acts 
upward through the center of gravity of the displaced liquid. 



This is called the center of buoyancy of the body. The weight of 
course acts through the center of gravity of the body itself. Hence 
a floating body is acted on by a couple, whose moment vanishes 
only when the center of gravity and the center of buoyancy lie in 
the same vertical line. 

If a floating body is slightly displaced from its position of equi¬ 
librium, while the center of gravity G of the body (I and II, 
Fig. 11*4) remains fixed in the body, the center of buoyancy C will 
necessarily move with respect to it, since the shape of the immersed 
portion has now altered. Suppose that it moves from C to C" (II, 
Fig. 11*4), tracing out the curve CC' in the body. The center 
of curvature of this curve, M, is called the metacenter and its 
height above the center of gravity is called the metacentric height 
We shall denote it by h. For not too great angles of roll, M 
may be considered as ttm point of intersection of the vertical 
through C' and the line CG extended. The metacentric height is 
the important criterion for the stability of a floating object, e.g., 
a ship. If this height is positive, i.e., if M lies above G, the rolling 
produces a couple which tends to right the ship; while, if it is 
negative (M below G) the resulting couple tends to produce further 
rolling. The equilibrium is therefore stable in the former case and 
unstable in the latter. If M coincides with G, the equilibrium will 


EQUATION OF CONTINUITY 


345 


be neutral, which is just as bad as instability as far as a ship is 
concerned. It is clear that the higher the metacentric height the 
greater the stability. However, it can be shown^ that the period 
of the roll varies as the inverse square root of the metacentric 
height. Hence a ship with a large generally known as a stiff 
ship, will roll more rapidly and hence not be so comfortable as a 
slowly rolling ship for which h is smaller. The latter is known as 
a crank ’’ ship. The tendency in ocean ships is to build them 
with as small a metacentric height as is consistent with safety. 


11*3. The Equation of Continuity in Fluid Motion. As in the 

discussion of the motion of the vibrating string (Sec. 10*5), we 
shall carry through our analysis of fluid motion by concentrating 
attention on a small element of volume and observing its behavior 
over a short interval of time. We shall find that there are two 
fundamental ideas involved. The first is the expression of the 
fact that the body in question acts like a contimious medium 
and not merely as a discrete aggregate of particles. ^ We must 
consider once more the elementary parallelepiped dx dy dz (Fig. 
11 *2) with the point P as its midpoint. Assume that this element 
is stationary and that the perfect fluid whose motion is being in¬ 
vestigated flows through it. We shall suppose that the flow of the 
fluid is such that at time the components of the velocity of flow 
at P(Xj y, z) are Uy v, w in the three coordinate directions respec¬ 
tively. The X component of the velocity of flow at the face 

du dx 

parallel to the yz plane and nearer to it will then be w- 

dx 2 


while that on the farther parallel face will be u + 


du dx 
dx 2 


Hence 


the rate of flow of fluid, i.e., the mass per second into the one face 
and out of the other will be 

d(pu) dx\ 


(^pu 


dx 


and 


/ , d{pu) dx\ 


dy dZy 

(11-3-1) 

dy dz, 

(11-3-2) 


1 See A. G. Webster, “ Dynamics,” p. 474. 

* The second, the idea involved in the equations of motion, will be treated 
in the next section. 



346 


MECHANICS OF FLUIDS 


respectively/ if the density of the fluid at P at time t is p. There¬ 
fore the excess of outflow over inflow will be given by the difference 
of (11-3-2) and (11-3-1) or 


Excess flow in x direction 


“■^dxdyiz. 

dx 


(11*3-3) 


Similarly we find for the excess flow in the y and z directions, 
d {pv) d {pw) 

——dxdydz and —;;—dxdydz respectively. Hence the total 
dy dz 

excess outflow is 


+ dxdydz. 


\ dx 


dy 


dz 


(11*3-4) 


But since the fluid is a continuous medium and can neither be 
created nor destroyed the excess outflow must be compensated by 
a decrease in the mass of the fluid contained within the element. 
If the density at time t is p, the rate of change is dp/dtj and hence 
the rate of decrease of mass in the element is 


dp 

——dxdy dz. 
dt 

Equating (11-3-4) and (11-3-5) we have the equation 

. , d{pu) , d(pv) , d(pw) 

P + — - h -r-1 -::— = 0. 


dx 




dz 


(11*3-5) 


(11*3-6) 


This is known as the equation of continuity^ one of the most im¬ 
portant equations in the physics of continuous media. It may 
be worth while to point out that this equation holds for any 
deformable continuous indestructible medium, though it plays 
perhaps its most significant role in connection with fluids. If the 
fluid is incompressible and homogeneous^ the equation of continuity 
reduces to the simpler form 


dw dt; dw 
dx dy dz 


(11*3-7) 


^ Note that, strictly speaking, the velocity is not u - or u A - 

dx 2 dx 2 

over the whole face in each case, as it may vary with y and z. However, our 
assumption is equivalent to neglecting differentials of order higher than the 
first. Or, if the student wishes, he may equally well consider the velocities in 
question aa averages over the faces concerned. 
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We can understand the physical significance of this equation more 
clearly if we consider the flow of fluid through any closed surface 
of arbitrary form. It is clear that if we divide the surface into 
a large number of area elements dSj we can get the total rate of 
flow (in mass per second) out of the surface by multiplying the 
density by the component of the velocity normal to each area 
element and further by dS (in each case the outward normal is to be 
considered positive), and then integrating over the whole surface. 
Denoting the magnitude of the normal velocity (a function of x, y, 
0 by QNi we have for the total outflow 

pqndS. (11*3-8) 

But we have already seen that we can represent the total outflow 
through an elementary parallelepiped by (11*3-4), and hence the 
flow through the whole portion of the fluid contained inside the 
surface considered is given by the volume integral 

d{pu) , d{pv) , dipio)’] ^ ^ o 

—-h —-h —— dx dy dz. (11*3-9) 

dx oy dz J 

Now (11*3-8) and (11*3-9) represent the same thing and there¬ 
fore may be equated. If the normal to the area element dS has 
the direction cosines cos a, cos jS, cos y we can at once write 

qn = u cos a + V cos jS + ^ cos 7 , (11*3-10) 

and on the equating of (11*3-8) and (11*3-9) we finally have 

p{u cosa + vcosfi + w cos 7 ) dS 





This is a form of the divergence theorem or Green’s theorem already 
mentioned in Sec. 1 T 2 . If we look upon u, v, and w as the compo¬ 
nents of a vector q, the velocity of the fluid, then 


du dv 
dx dy 



is called the divergence of q, written div q. Similarly 


^(p^) , 
dx 


d{pv) 

dy 


d(j>w) 


div pq. 


dz 


( 11 - 3 - 12 ) 



348 


MECHANICS OF FLUIDS 


There is an interesting consequence of the vanishing of the diver¬ 
gence of pq, which as we have just seen [eq. (11*3-7)] is the case 
for a homogeneous incompressible fluid. At every point in space 
the velocity q has a definite magnitude and direction. We can then 
construct cuiwes whose tangents at every point are in the direction 
of q at that point. These curves are called lines of flow. Let us 
suppose that q does not change with the time so that the lines 

maintain a definite permanent 
shape. They are then called 
stream lines. It is clear that a 
group of them may be considered 
as generating a surface; this is 
called a tube of flow (see Fig. 
11*5). Now suppose we have such 
a tube of flow and terminate it 
by the surfaces 8 % and 82 respec¬ 
tively. Assume that the fluid is 
incompressible so that the diver¬ 
gence is zero. The total mass of 
Fig. 11*5 fluid flowing per second out of the 

element of volume formed by the 
bounded tube is therefore likewise zero. But since there can be 
no flow either out or in through the sides of the tube (w;hich are 
parallel to the lines of flow), it must follow that the total normal 
flow in through 81 equals the total normal flow out through 82 - 
This may be applied at once to the flow of a liquid through a tube 
or pipe with a constriction (Fig. 11*6). Letting the cross-sectional 



Fig. 11-6 


area at the unconstricted part be 81 and that of the constriction 
be S 2 , if we consider the flow through a portion of the tube with 
boundaries 81 and 82 , it immediately follows from the above that 

SiUi = ^2^2, (11*3—13) 

where ui and U 2 are the velocities at Si and 82 respectively. For 
the flow through a constricted pipe the velocity at any point 
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varies inversely as the area of cross-section. We shall have oc¬ 
casion to note a practical application of this in Sec. 11*5. 


11 *4. The Equations of Motion of a Perfect Fluid. In order to 
discuss further the motion of a perfect fluid we must consider its 
acceleration. Suppose at the point P{x^ y, z) the velocity compo¬ 
nents are u, w at the time t, while at the nearby point Q{x + dx, 
y + dyy z + dz) the corresponding quantities at the time t + dt 
are u + du, v + dv^ w dw. Since dUy dVy dw depend on x, y, z. 


and ty we have 

du , 

du 

du 

du 

du 

^ —dt + 

— dx + 



dt 

dx 

dy 

dz 

dv 

dv , 

dv , 

dv , 

dv 

= ” d^ -f- 

— dx -j- 

+ 



dt 

dx 

dy 

dz 


dw 

dw , 

dw , 

dw 

dw 

= — d( + 

~dx + 

~r dy -{■ 



dt 

dx 

dy 

dz 


dZy 


dz. 


(11*4-1) 


Now if the particle of fluid which was at P at time ^ is at Q at 
time t + dty it follows that 

dx — u dty dy = V dt, dz = w dty 


and dUy dv, dw will be the increments in the velocity components 
of this particle in the time dt. Hence 


du 

dt 

dv 

dt 

dw 

dt 


du du du du 

- \- u - \- V - \- w — > 

dt dx dy dz 

dv dv dv dv 

- ]r u - \- v - \- w — > 

dt dx dy dz 

dw dw dw dw 

— + u - \-v - \-w -I 

dt dx dy dz 


(11-4-2) 


will be the components of the acceleration of the particle which 
was at P at time t and is at Q at time t + dt. The reader must 

distinguish carefully between ^ and ^ • The latter refers merely 

at dt 

to the rate of change of u with time at a particular place. The 
former gives the genuine rate of change of u for a particle moving 
from place to place. 
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Now let us concentrate our attention once more on the element 
of volume shown in Fig. 11*2. Suppose that at any instant the 
pressure at P, the center of the parallelepiped, is p. We have 
already seen that the components of the force on the fluid in the 


dp dp 

— dx dy dZj - dxdy dz 

dy dz 


dp 

box due to pressure are — — dxdy dz, 

dx 

in the x, y, and z directions respectively. If no external forces in 
addition to the pressure act on the fluid we may obtain the equa¬ 
tions of motion by equating the kinetic reaction components for a 
unit volume to the corresponding force components. Thus we 
have, denoting the density once more by p, and dividing through 
by dx dy dz, 


du 1 dp 

dt p dx 


dv __ \ dp dw 1 dp 


rli 






On the other hand, let us suppose that in addition to the force due 
to pressure an external force F with components Fx, Fy, Fz acts on 
unit mass of the fluid. The equations then become^ 


du ^ I dp _ jp 1 dp ^ ^ dp 

dt ^ p dx dt ^ p dy dt ^ p dz 


(114-4) 


A first integration of these equations for the case of an incom¬ 
pressible fluid yields interesting information about the energy 
of the fluid. Let us assume that the external force is associated 
with a potential 12, i.e,, such that (see Sec. 4*1) 


Fx = 


dx 


Fy 


dy 


Fz 


dz 


(11-4^5) 


Let us multiply through the eqs. (1,14-4) by u, v, w respectively 
and add. We obtain 


du dv dw 

U— + V— + W-— 


dt 


=-(« 


dt 

dQ 


dt 


512 512 

„ + 2 ^ ~ —■ 

dx dy dz 




dp . dp . dp 

u -1-2^-— 

dx dy dz 


)• 


(11-4-^) 


1 These are the hydrodynamic equations of motion in the form due to Euler. 
It may be noted that if, instead of concentrating attention on a given element of 
space and discussing the flow through this element as time passes, we study the 
whole history of every particle of fluid as it moves through space, we obtain the 
equations of motion in the form due to Lagrange. For most purposes those of 
Euler are more valuable. For those of Lagrange see Horace Lamb, Hydro¬ 
dynamics^*' (Cambridge University Press, 5th ed., 1924), p. 12 ff. 
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Multiplying through by p, recalling that u 


, d{u^) du , . 

that —;— = — > we obtain 

dt dt 


dx 

dt 


f etc., and noting 


1 ^/2_L 21 2^_L. 




If, assuming that the fluid is homogeneous and incompressible, 
we multiply (114-7) by the volume element dx dy dz and integrate 
over the whole space occupied by the fluid, we have 


— ip(w2 + 2^^ + dxdy dz + JJJ* p^dxdy dz 


- -///(■ 


dx dy dz 


) 


dxdydz. (114-8) 


Now + 2 ;^ + w'^ is the square of the velocity of the fluid and 
hence Ip(u^ + + w^) is the kinetic energy per unit of volume. 

Therefore the integral of the latter over the whole space occupied 
by the fluid must be the total kinetic energy of the fluid, which we 
may denote by K. The second integral, viz., that of pfi, must 
represent the total potential energy of the fluid due to the external 
forces, since 0 is the potential energy for unit mass in so far as 
these forces are concerned, and p2 is the corresponding energy per 
unit volume. We shall denote the second integral by V^. The 
last integral may be transformed into a surface integral over the 
surface bounding the volume of the fluid, by means of eq. (11 *3-11). 
Let us substitute p for p in that equation; we have 




+///(«! 


dp dp's 

+ V- w — 

dy dz} 


dx dy dz 



cos a + V cos ^ + w cos y) dS, 


(1L4-5) 


Since the fluid is incompressible, we can write 
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from the equation of continuity. Hence resubstituting into 
eq. (114-8) yields 


1 

dt 


(if + Fo) = - JJviu 


COS a + v cos ^ + w cos 7 ) dS. 


(11-4-11) 


The physical significance of the right-hand side may be seen when 
we recall that u cos a v cos ^ + w cos 7 = qN, i.e., is the ve¬ 
locity of the fluid normal to the surface element dS. But p dS 
is the force on dS due to the pressure, and the product of force 
and velocity is the rate at which work is done by the force. Hence 
eq. (11-4-11) states that the time rate of change of the total 
energy of the fluid is equal to the rate at which work is being done 
by the pressure forces on the boundary surface of the fluid, or 
alternatively to the rate at which energy flows across this surface. 

This equation takes on a particularly interesting form in the 
case where the pressure p at any place does not vary with the time, 
i.e., dp/dt = 0. We see that we can now write 


dp , dp . dp dp 
U— +V— '■{'W — — —• 

dx dy dz dt 


(11-4-12) 


Therefore if we look upon the quantity ///» dx dy 


dz as the 


potential energy of the incompressible fluid due to the pressure, 
we may write (11-4-8) in the form 


I (r + F„ + F^) = 0, 


(114-13) 


where + Vp — V may now be taken as the total potential 
energy of the fluid. In this case (11-4-13) expresses the fact that 
the total energy is constant, i.e., the fluid now acts like a conserva¬ 
tive system. 


11 '5. Steady Flow of a Liquid. Bernoulli’s Theorem and 
Applications. One of the simplest cases of fluid motion is that in 
which the velocity at any place does not change with the time, 
even though it changes from place to place. This means that 


du __ dv dw 
dt ~ dt~~' dt 


(11-5-1) 


Such motion is known as steady flow and the lines of flow (Sec. 
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11*3) are stream lines^ as has already been indicated. Let us 
denote the elementary distance along such a stream line by ds. 
The direction cosines of the line tangent to the stream line at any 
dx dy dz 

point will be — > » -7- respectively, and the component velocities 

ds ds ds 

of the fluid, if g = \/u^ + denotes the resultant velocity, 

will be 


u = q- 


dx 


V = q 


dy 


w = q- 


dz 


(11*5-2) 


ds ~ ds ” u 
Hence for steady flow the equations of motion (11*4-4) become 

(11*5-3) 


du /du dx 
dt ^ ds 


du dy du dz 
dy ds dz ds. 




dp 

dx 


with the two similar equations for y and z. They may be simpli¬ 
fied at once to 


du ^ \ dp 

a — — Fx - 

^ds p dx 


du 


dv „ I dp 

q ^ -T"’ 

ds p dy 


dw „ 
q— = F^ 
ds 


1 dp 
p dz 
(11*5-4) 


whereetc., denote the gradients (i.e., space rates of increase) 
ds 

of the velocity components along the stream line. A very sig¬ 
nificant result is obtained by multiplying the equations through by 

the direction cosines and ^ respectively and adding. 

ds ds ds 

We get 


du . dv . dw 
u— +V-- + w— = 
ds ds ds 


dQ 


1 dp 
p ds 


(11-&-5) 


the assumption again being made that there exists a potential 12 
for the force F. If now we multiply through by ds and integrate 
along the stream line we obtain 
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where C is a constant of integration. The f — can not be evalu- 

J p 

ated until we know the relation between p and p. But if we are 
dealing with a liquid (an incompressible fluid, effectively), p is 
constant and the equation becomes 

W + pO + p = C'. (11-5-7) 

This equation is an expression for the famous theorem of Bernoulli. 
It states in words: the total energy per unit volume along any 
stream line in steady flow is constant, though of course the value of 
the constant will in general change from one stream line to another. 
We note that in the above expression |p$‘^ is the kinetic energy per 
unit volume along the stream line, while pfi and p appear as the 
potential energy per unit volume due to the external force and the 
pressure respectively. It is indeed possible to establish Bernoulli’s 
theorem from the independent assumption of the conservation of 
energy. (See Problem 12 at the end of the chapter.) 

Bernoulli’s theorem is of considerable importance in practical 
hydraulics and we shall discuss a few applications here. Suppose 
in the first place we consider the steady flow through a horizontal 
tube with a constriction (Fig, 11-6). If we follow a single stream 
line from the place where the cross-sectional area is Si to the place 
where it is > 82 , the velocity will change from qiioqi and the pressure 
from Pi to p 2 while the potential energy due to the external force, 
which in this case is gravity, will change very little since there 
is little or no change in level involved. From the theorem we 
have accordingly 

^P^i^ + Pi = \pq'^ + P 2 . (1T5-8) 


It therefore follows that at the place in the tube where the velocity 
is greatest the pressure is least and vice versa. We have already 
seen (Sec. 11-3) that in the steady flow through a tube the velocity 
varies inversely as the cross-section. Hence where the cross- 
section is smallest the pressure is least. An interesting practical 
application of this is the Venturi water meter. Substituting q^ = 

qi into (11-5-8) and solving for qi gives 
02 


qi = Si 


2 ipi - pi) 

piSi^-Si^)' 


(ll-5-«) 
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whence a knowledge of the two areas of cross-section and of the 
difference in pressure at the two places, such as might be obtained 
by a suitably connected manometer, 
will give the velocity and also the 
discharge rate (volume flow per 
second) of the liquid in the tube. 

A rather simple device for measur¬ 
ing fluid velocity is the Pitot tube, 
illustrated schematically in Fig. 11*7. 

Two tubes AB and CD are placed 
with narrowed ends B and D in the 
pipe through which the fluid is flow¬ 
ing. The tube AB is strictly normal 
to the flow while CD is bent so that 
the orifice D faces the flow. We 
should then expect approximately, 
at any rate, that the pressure of 
the liquid inside AB will be p, the 
same as that in the flowing liquid 
at this place. On the other hand, 
when the steady state is attained the pressure inside the tube CD 
will be p', where 

p' = P + (11-5-10) 

from Bernoulli’s theorem, noting that the velocity in CD is zero. 
We then have simply _ 

g = (J>' - p), (11-5-11) 

the velocity being given at once in terms of the difference in 
pressure in the two tubes as measured by the difference in height 
of the liquid in the tubes. If this difference is h we have (Sec. 11-1) 

p' - p = pgh, (11.5-12) 

and the velocity becomes 

q = V^h. (11-5-13) 

It must be emphasized that the application of the theorem of 
Bernoulli to this case is a rather bold approximation since the 
condition of the liquid in the neighborhood of the two openings is 
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hardly compatible with the existence of steady flow. However, 
eqs. (11 *5-11) and (11*5-13) are empirically justified to a fair 
degree of approximation. 

Another application of the Bernoulli theorem is provided in the 
flow of a liquid out of an orifice in the bottom of a tank. Consider 
the tank in Fig. 11*8 with the orifice B and suppose that the liquid 
in the tank is maintained at the level A by a steady fresh supply. 
If we follow a given stream line from A to we have for the 

energy per unit volume in the stream 
line at A, 

+ pghA + pA, (11*5-14) 

while that at B is 

+ pghB + Pb. (11*5-15) 

Since the liquid is open to the air at 
both A and we have approximately pa = Pb- Moreover, ap¬ 
proximately, Qa = 0. Hence equating the energy at A to that 
at Bf we have finally 

Qb = V 2 gr(/i^ — hs). (11*5-16) 

The result embodied in eq. (11*5-16) is known as TorricelWs 
theorem. It is, however, only roughly approximate, for this reason: 
observation indicates that the shape of the stream flowing out of 
the hole is not a circular cylinder; rather it narrows down after 
leaving the orifice and becomes narrowest at C, a point called the 
“ vena contracta.^’ Between the opening and C the stream lines 
converge and it is only at C that they become approximately 
parallel and the pressure approximately equal to that of the atmos¬ 
phere. The more accurate equation to replace (11*5-16) is then 

qc = V2gihA - he). (11 

The size of the “ vena contracta ” depends on the type of opening. 
If the latter is merely a hole in a thin wall, the ratio of the area of 
the vena contracta ” to the area of the orifice is found by experi¬ 
ment to be approximately 0.62. 

The discussion of the applications of Bernoulli's theorem has 
bem so far for the case of an incompressible fluid. Application to 


A 


B 



Fig. 11*8 
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a compressible fluid like a gas can, however, be handled if we 

revert to eq. (11-5-6) and evaluate the integral /* — by the sub- 

J p 

stitution of the appropriate relation between p and p. If Boyle’s 
law is satisfied we have 


V = C'p, 


(11-5-18) 


where C is a constant at any given constant temperature and 
therefore 

f<!i.cfk,ciog, + c' 

= C (log p - log C) + O', (11-5-19) 

and eq. (11-5-6) then becomes 

ipg2 + po + pC log p = C", (11-5^20) 


where C and C" are further constants. On the other hand if the 
gas law is the adiabatic one, which seems much more reasonable for 
gases moving with considerable velocities, we have, as the reader 
will recall from elementary physics, 

p = Kpy, (11-5-21) 


where K is another constant and y is the ratio of the specific heat 
of the gas at constant pressure to that at constant volume. Then 

f— = Ky f dp = + K'. (11-5-22) 

J P J 7—1 

The eq. (11-5-6) now becomes 

+ pfi + V = C", (11-5-23) 

7-1 

where C'" is a constant. It is seen that the same qualitative state¬ 
ment of Bernoulli’s theorem holds for gases as for liquids. Hence 
the Pitot tube method may also be used to measure the velocity 
of a gas stream. Naturally the assumption of steady flow must 
still be made in spite of the fact that the presence of tubes, etc,, 
introduces alterations in the flow. Hence the resulting equations 
become quasi-empirical and adjustment of constants necessary in 
the calibration of the appropriate apparatus. 

The student should investigate for himself such qualitative 
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illustrations of Bernoulli's principle as the jet pump or aspirator 
and ship suction (the tendency of ships moving side by side to be 
drawn together), the Flettner rotor ship, the behavior of a ball 
in a jet, etc. 


11‘6. Waves in Fluids. In Chapter X we discussed wave 
propagation through a deformable medium and the general prop¬ 
erties of wave motion. There are many important cases of waves 
in fluids, of which we shall consider only two, namely: (1) waves 
on the surface of a liquid, and (2) compressional waves through a 
liquid or gas. Indeed we shall still further specialize the first type 
as follows. Surface waves in a liquid are due to two causes, viz., 
the surface tension (see Sec. 11*8), and gravity. The former are of 
relatively short wave length, while the latter are very long. In 
our present treatment we shall confine our attention to the latter 
and particularize by considering the propagation of a gravity wave 
in a long straight canal. 

Let the depth of the canal be h and suppose that it is small 
compared with the wave length. The displacement of the sur¬ 
face is assumed to take place in the xy plane and to be so small 
that, as in the case of the transversely vibrating string (Sec. 

10*5), we may neglect the 
squares and higher powers of 
it and its derivatives. The 
X axis is taken as the hori- 
^ zontal bottom of the canal 
(see Fig. 11*9) so that the 
ordinate of the displaced sur- 
face is h + rjy where r} is the 
displacement in the y direc¬ 
tion from the equilibrium 
position. We shall assume that the pressure at any point (x, 
y) below the surface is the ordinary statical pressure. This 
means that we are supposing that the vertical accelerations of 
the particles of fluid are so small that they may be neglected. 
Hence for the pressure in question we have 

p = pg{h + v -y)f (11-6-1) 



dp 


dri 


— = PS' — • 
dx dx 


SO that 


( 11 - 6 - 2 ) 
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Since from the equations of motion [eqs. (114-4)] dp/dx gives the 
horizontal acceleration, it follows that the latter is independent of 
y and hence is the same for all particles in the same vertical plane. 
Thus 7/ is a function of x and i only. The equation of motion for 
the X direction (the external force being zero) is 


du du 

— -j- u — 
dt dx 


1 ^ 
p dx 


(11*6-3) 


But since u is small, u — is negligible compared with — i and 

dx dt 

(11*6-3) reduces to [using (11*6-2)], 


du 1 dp drj 

dt p dx ^ dx 


(11*6-4) 


d^ 

Now in this case u = — f where J is the horizontal displacement 
dt 


of the particles which were under equilibrium conditions in the 
plane at x. Hence we can write (11*6-4) in the form 


dt^ ^ dx’ 


( 11 - 6 - 6 ) 


We must now apply the equation of continuity [eq. (11-3-8)], which 
in the present problem reduces to the two dimensional form 


so that 



dv 

dy 


= 0 , 



( 11 - 6 - 6 ) 

(11-6-7) 


du dt) 

since — is independent of y. Hence putting v — — {at the sur- 
dx dt 

d^ ' 

face) and u = » this becomes (if we recall that 7/ = A at the 

dt 


surface) 



(ll*fr-8) 


Integrating with respect to the time yields 


V = 



(1L6-9) 
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leaving off the constant of integration which is independent of t. 
If we utilize (ll'6-9) in (11-6-5) we have finally the equation 


dt^ ~ dx^ 


(11-fr-lO) 


for the behavior of 
have found 


If we had eliminated {instead of rj we should 


d^7j d^T) 


( 11 - 6 - 11 ) 


We recognize at once that (11*6-10, 11) are examples of the one 
dimensional wave equation. Hence the disturbance on the sur¬ 
face is propagated with velocity 

c = V^. (11-6-12) 

Suppose, for example, that the wave is of the simple harmonic 
variety. Then (Sec. 10*4) 

{ = ^0 cos ((at — Kx)y (11*6-13) 

where co = 2irvj v being the frequency of the wave and k = w/c. 
The vertical displacement at the surface is then from (11*6-9) 

fl = —/iJoKsin {(at — /cx). (11*6-14) 


The elimination of the time between (11*6-13) and (11*6-14) 
gives the path of the liquid particle at the surface, viz., 


h%V 


= 1 . 


(ll*6-14a) 


This is the equation of an ellipse with semi-major and semi-minor 
axes {o and respectively. Recalling that k = 2ir/X, where X 
is the wave length, and that A *C X, we see that the vertical axis is 
much shorter than the horizontal. 

It is interesting to note that for A = 10 feet, the velocity of these 
surface waves is approximately 18 ft/sec. 

The above analysis forms the basis for the investigation of 
the dynamical theory of the tides, which attributes the latter to 
wave motion in the water on the earth due to the attraction of the 
moon and sun. The details would carry us too far afield here. 

We shall now turn to compressional waves in a fluid. These 
are of particular interest since all sounds are transmitted by waves 
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of this type (both in fluids and solids, as we have had occasion to 
notice). In this case the equations of motion become rather 
simple. Thus suppose within a fluid at rest a disturbance is 
created at some point. This disturbance will involve displace¬ 
ments of small elements of the fluid from their equilibrium posi¬ 
tions. We shall assume that these displacements and the corre¬ 
sponding velocities are small enough so that their powers higher 
than the first and their products may be neglected. Hence the 
equations of motion may be written (for no external forces) 

du _ 1 dp dt; _ 1 dp dw 1 dp 

dt p dx dt p dy dt p dz 


We shall now further assume the existence of a function <^(x, y^z^i) 
such that 


d</> d</> 

u - -- t;=-> w — 

dx dy 


d0 

Tz ’ 


(11-6-16) 


The function 0 is known as the velocity potential^ and it is shown 
in more advanced treatises that its existence implies that the fluid 
has no angular velocity about any axis, i.e., its motion is irrota- 
tionaL Substituting from (11*6-16) into (11-6-15) we have 


d / d<l>\ 1 dp d /d</)\ 1 dp d / d<l>\ 1 dp 

dt \dx/ p dx dt \dy/ p dy dt \dz/ p dz 


Multiplying through these equations by dx, dy, dz respectively and 
adding, there results 

d /dd>\ 1 

( 11 - 6 - 18 ) 


where the differentials are, of course, space differentials. If we 
now integrate we obtain 



( 11 - 6 - 19 ) 


where we shall set C = 0, since though it may be a function of t it 
cannot depend on x, p, z. Now the change in density is very slight 
in a region of the order of the maximum displacement. Therefore 
we can approximate by removing p from under the integral sign. 


replacing it by po, the mean density of the fluid. 



then 
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becomes the variation of pressure at any point from the equilib¬ 
rium pressure. We shall call it the excess pressurey and shall 
write it bp to avoid confusion with p which still denotes the abso¬ 
lute pressure. The eq. (11*6-19) then becomes 


dt po 


( 11 * 6 - 20 ) 


There is always a relationship between the pressure and density of 
a fluid. We may for the moment ignore its exact nature and set 
merely 

bp = c^bpy (11*6-21) 


where bp denotes the excess density in the fluid and c is at present 
a proportionality factor. We can then write (11*6-20) in the form 

36 

^ = - 5p. (11*6-22) 

ot Po 

There is considerable advantage to be obtained in our present 
study by introducing a new quantity called the condensation y 
defined as the ratio of the excess density to the mean density. 
Thus we have, denoting the condensation by 5, 

bp 

s = - • (11*6-23) 

Po 

One relation between condensation and velocity potential then is, 
from (11*6-22), 

36 

^ = c*s. (11-6-24) 


Another relation between <(> and s comes from the equation of 
continuity. If we write the latter in the form [eq. (11-3-6)] 

^ djfyu.) d(pv) djpw) ^ 

dt'^ dx dy dz ’ 


and substitute for p the expression po(l + s), we have 

(ii+5 + te) 

( 3s ds ds\ 
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Now experiments indicate that 8 p is always very small compared 
with po. Hence s -C 1, and the variation of s in space is also very 
small. Therefore, from this and the approximations previously 
mentioned, the left-hand side of eq. (11*6-25) reduces to 


ds dv dw 

dt dx dy dz 


(11*6-26) 


If now we substitute from (11*6-16), the above becomes 


^ ^ = 0 
dt \(9a:“ dy^ dz'^/ 


(11*6-27) 


This is the other relation between </> and s. We eliminate s be¬ 
tween (11*6-24) and (11*6-27) and finally have 


dV 2 / ^ I ^ I . 

df^ ~ ^ dy^ dz^J ‘ 


(11-6-28) 


It is shown in more advanced treatises that this is the differential 
equation of wave motion.^ The velocity potential is propagated 
throughout the fluid with velocity c. Indeed when <t> is independ¬ 
ent of y and Zy (11*6-28) reduces to precisely the same form as 
(10*4-3) which, we saw, corresponds to the propagation of plane 
waves in a rod. It is interesting to note that the wave equation 
(11*6-28) here results from the combination of the equation of 
continuity and the equation of motion for small displacements from 
equilibrium, the first of which expresses the fact that a continuous, 
indestructible medium is involved and the second gives the slight 
motion from equilibrium of a small part of that medium conceived 
to move as a whole, viz., as a particle. There are other illustrations 
of this duality which emphasize its fundamental significance in 
wave motion. 2 

The waves of acoustics are all included in the above analysis. 
The two types of such waves which are most important in practice 
are respectively plane and spherical waves. In the former 0 is 

^ See, for example, Jeans, Electricity and Magnetism (Cambridge 
University Press, 1925), p. 521. Also Love, Mathematical Theory of Elas¬ 
ticity (Cambridge University Press, 1920), Art. 210. 

* See, for example, R. B. Lindsay, Proc. Nat. Acad. Sci., 17, 420, 1931. 
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a function of t and one space variable, say x, only, and eq. (11-6-28) 
reduces to the form 


at* ^ ax*' 


(11-6-29) 


If we confine our attention here to plane harmonic waves as the 
most significant, we may write 

<t> = A cos (o)t — Kx)f (11*6-30) 


where w and k have the usual meaning and A is the velocity po¬ 
tential amplitude. The corresponding expressions for the par¬ 
ticle velocity w, the particle displacement the excess pressure and 
the condensation may at once be obtained. Thus 

. d(i> 

I = w =-= —kA sin (cot — Kx)f (11*6-31) 

dx 

1 dd) Ak 

s — — — - -sin (o)^ — Kx)y (11*6-32) 

ot c 

A 

J = — cos (o)t — Kx)y (1T6-33) 

c 

dp = poch = —ApoCK sin (o>t — kx), (11*6-34) 

If we differentiate J with respect to x we obtain the important re¬ 
lation for acoustic wave transmission 


s = 


dx 


(11*6-35) 


Its physical meaning is as follows. If f increases in the positive 
x direction, s is negative corresponding to what may be called a 
rarefaction; similarly, decreasing { in the positive x direction 
corresponds to positive s and hence to a condensation. We ought 
to note that if f is always measured in the positive x direction then 
for a wave in the negative x direction, eq. (11*6-36) will become 


From eqs. (11*6-31, 32, 33, 34) we see at once that it is not 
only 4 > which satisfies the wave equation, but that w, s, and f are 
also solutions. Thus we have, for example 




dx^ 




and 



dh 


(11-6-36) 
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From the definition of phase (Sec. 104) we note that w, s, and 8p are 
in the same phase, that is, when dp has a positive maximum, the 
same is true of u and s. However, while £ and </> are in phase with 
each other, they are both out of phase with w, «, and Sp. 

Examining now the expression (11*6-21) we see that the general 
formula for the velocity of an acoustic wave in a fluid is 


c = 



(11*6-37) 


The exact form of this will depend, of course, on the relation be¬ 
tween p and p. If Boyle's law holds we have 


c = 



(11*6-38) 


This formula (derived originally by Newton) does not, however, 
agree with the experimentally observed result, giving values which 
are too low. It seems more reasonable to assume that the relation¬ 
ship between p and p is adiabatic (as suggested by Laplace), 
viz., such that [eq. (11*5-21)] 


We then have 


5p _ yp 
dp p 



(11*6-39) 


which agrees very well with the experimental values.^ 

All the general discussion of wave motion in Sec. 10*5 finds 
application in acoustic waves. But we may perhaps here refer the 
reader to some standard text on acoustics^ where, for illustration, 
the interesting features of spherical waves in fluids are also dis¬ 
cussed in detail. 


11*7. Viscous Flixids. Our treatment of fluid motion has so far 
been confined to perfect fluids in which shearing strains never 

1 The student should check this by the substitution of numerical values. 
He may also show that in the case of a liquid the expression for the velocity is 
c » Vfc/p, where k is the bulk modulus. 

* For example, P. M. Morse, ** Vibration and Sound ” (McGraw-Hill, New 
York, 2nd ed., 1948). 
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occur. It is hardly necessary to re-emphasize the ideal nature of 
the perfect fluid, and the fact that all fluids found in nature depart 
from this to a greater or lesser degree by displaying viscosity. 
Indeed in our short discussion of the kinetic theory of matter 
(Sec. 6-7) we noted that if a fluid is assumed to be composed of 
molecules in rapid motion there must be a tangential drag exerted 
on any layer of moving molecules by the contiguous layers. We 
there defined the coefficient of viscosity as the tangential force 
per unit velocity gradient, and proceeded to find out a few inter¬ 
esting things about it in the case of a gas. For many problems of 
fluid flow like those treated in the previous sections the effect of 
viscosity is so slight that it may safely be neglected. However, 
there are some problems in which it is of considerable importance 
and we ought to mention one or two of these. 

First let us observe that there is a connection between viscosity 
and the steady flow of a fluid. It will be recalled that in flow of 
this kind there exist stream lines which maintain their position as 
long as the flow lasts. Now in the flow of actual fluids it is found 
that while it is possible to have steady flow of a liquid through a 
tube for reasonably small velocities, in general as the velocity of 
flow increases there is a breakup of the stream lines and the motion 
may be said to become turbulent. There appears to exist for each 
fluid a certain critical velocity below which steady motion is possible 
but above which turbulence ensues. This may be readily shown, 
for example, by allowing a small amount of coloring matter to 
be transported in a flowing liquid. For small flow velocities it 
will be observed to follow a regular stream line, while eventually 
a velocity is attained for which the stream line is broken up and the 
coloring matter distributed generally throughout the tube. Now 
experiment indicates that for a viscous fluid this critical velocity is 
directly proportional to the coefficient of viscosity and inversely 
proportional to the density. Any theoretical investigation of the 
corresponding formula is beyond the scope of this book. We shall 
merely note that in any case this is a somewhat remarkable result, 
for it indicates that steady motion is possible for fluids of small 
viscosity only at very low flow velocities unless the density is also 
very small, while steady flow is possible over a considerable range 
of velocities for a very viscous fluid. We have an illustration of 
this in the steady flow of lava from a volcano. 

Let us now discuss the steady flow of a viscous fluid through a 
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circular tube. We shall assume that the radius of the tube is R and 
that its axis lies along the x axis. We also suppose that the fluid 
is flowing with velocity u in the positive x direction. Consider a 
coaxial cylindrical shell whose inner surface has the radius r while 
the outer surface has the radius r + dr. Due to the viscosity there 
will be a tangential stress per unit area of the inner surface of mag¬ 
nitude 





(11*7-1) 


where ri is the coefficient of viscosity and — is the velocity gradient 

dr 

normal to the axis of the tube. This follows at once from the 
definition of rj. Then the tangential force on the whole inner sur¬ 
face for a length I of tube is 

2Trl7,p- (11-7-2) 


The corresponding tangential force on the outer surface of the shell 
will then be 

^ ^ du , d , du\ , 

2Trrl7) -—h ~ { 27rrZr7 ) dr. (11*7-3) 

dr dr \ dr/ 

There will thus be a net tangential force on the shell in the positive 
X direction of 



The flow is supposed to be steady. Hence the above force must be 
equilibrated by a force due to the difference in pressure pi — po 
at the two ends of the tube. The force due to the latter will be 
{pi — po)27rrdr; equating the two equal forces gives the differential 
equation 


A first integration yields 
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while the second gives 

iVt — Po)r® 


M = 


4iji! 




(11-7--6) 


We must now suppose that at the boundary of the tube the vis¬ 
cosity causes the fluid to be at rest. Hence u = 0 iov r — R. 
Moreover, the value of u ior r = 0, i.e., along the axis, must be 
finite. Hence the coefficient of log r must vanish. This means 
Cl = 0. From the previous condition we get 


C2= - 


- po)R^ 
47]1 


and we finally have for the velocity u at any distance r from the 
axis 

(pi - Po) (r^ - R^) 


u = 


44 


(11*7-7) 


We may at once calculate the rate of volume flow per second pass¬ 
ing any cross-section of the tube by integrating 2Trrudr from 
r == 0 to r = i?. We get 


X 


^ o J (Po — Vi) 

2rru dr = —-;- 

0 I 


(11*7-8) 


This is known as PoiseuilWs formula. In words it states that the 
volume rate of steady flow of a viscous fluid through a cylindrical 
tube varies directly as the fourth power of the radius and directly 
as the pressure gradient, while inversely as the coefficient of 
viscosity. For very small tubes the velocity may thus become 
very small. Poiseuille verified the formula by experiments on the 
flow through capillary tubes. Incidentally the formula may be 
used to determine the coefficient of viscosity. 

As might be expected, the passage of an acoustic wave through a 
viscous fluid is accompanied by an attenuation of the intensity of 
the wave. This is particularly marked in the case where the trans¬ 
mission takes place through a very narrow tube.^ 

Some of the most important problems in applied physics are 
connected with the resistance experienced by a solid object in 
moving through a viscous fluid. We shall mention but one illus- 

‘ See, for example, Stewart and Lindsay, ** Acoustics,” p. 67 ff. 
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tration. By means of analysis beyond the scope of this book 
Stokes showed that the resisting force on a sphere of radius a 
moving through a medium of viscosity rj with constant velocity 
V is given by 

F = QwrjaVf (11*7-9) 


which the reader may be willing to accept as physically plausible, 
at any rate. This formula is fundamental for the work of Millikan 
on the measurement of the charge on the electron by the behavior 
in electrostatic fields of very small electrically charged drops of oil. 
Thus consider an oil drop of radius a (actually in the neighborhood 
of 10”'* cm) and of density po falling under the action of gravity in a 
fluid of density p at rest. There are then three forces acting on the 
drop, viz., gravityj of magnitude 

i-Ta%g; 

the buoyancyj of magnitude (by Archimedes^ principle) 


and the resistance of the fluid given by the law of Stokes above. 
In the steady state when the velocity is constant, the balance of 
forces requires that 

f7ra®(po — p)g = ^TTTjaVf (11*7-10) 


so that the velocity of fall is therefore 

2 .> (po — p) 

V = ia^ - g. 


(11*7-11) 


In the experiment to determine the charge on the electron, a charge 
is given to the drop by illuminating the region in which it moves 
with X-rays or ultraviolet light. Suppose that this charge is e, 
the smallest possible charge, i.e., that of the electron. An electric 
field is then applied to the space where the drop is moving and in 
the vertical direction. If the intensity of the field is E, i.e., E 
dynes per unit charge, the total force on the charged drop due 
to the field is eE and if E is adjusted until the drop comes to rest 
we must have for equilibrium 

eE = iira^ipo — p)g, (11*7-12) 


If we could measure all quantities here we could then solve for e. 
However, a is very difficult if not impossible to measure accurately. 
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Fortunately we can solve for it from eq. (11 •7-11) and then sub¬ 
stitute into eq. (11-7-12), finally obtaining 


IStt (vyyi^ 

V2E Vgioo - p) 


(11-7-13) 


As a matter of fact the values of e obtained by this formula, though 
of value as first approximations, are found to depend on the pres¬ 
sure of the air and hence can not be exact. The drops are so small 
that the molecular constitution of the air must be taken into 
consideration. That is, Stokes’ law, which is based on the assump¬ 
tion that the fluid in question is perfectly continuous, must be 
modified. We shall not enter into further discussion here.^ 


11*8. Surface Phenomena. Capillarity. It would hardly be 
appropriate to leave the subject of fluids without some elementary 
reference to the phenomena associated with liquid-gas and liquid- 
solid interfaces. These phenomena are of great importance in 
applied physics and physical chemistry. 

It is a common observation that the surface of a liquid exposed 
to the atmosphere appears to act like a more or less tight skin or 
membrane covering the body of the liquid. This property is 
manifested in a variety of ways. It is very evident, for example, 
in the apparent violation of the laws of hydrostatics shown in the 
floating of a needle or particles of sand on the surface of water. 
It is also displayed in the characteristic form of liquid drops, all 
tending toward the spherical shape, the sphere having the smallest 
surface enclosing a given volume. It is as if the surface tries to 
contract as much as possible. The student will recall other illus¬ 
trations of the same nature from elementary physics. 

Another common observation is the rise of certain liquids in 
tubes of small bore, called capillary (i.e., hair-like) tubes. Indeed 
it is this name which has become associated with the whole sub¬ 
ject under discussion. 

In beginning our survey of these phenomena we shall assume that 
if a straight line is drawn in the surface of a liquid the portion of 
the surface on one side of the line exerts on that on the other side 
a force which is directly proportional to the length of the line. 

^ See R. A. Millikan, ** Electrons (4- and —), Protons, Photons, Neutrons, 
Mesotrons, and Cosmic Rays ” (Chicago, Rev. Ed., 1947), p. 90 ff. 
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The coeflScient of proportionality or force per unit length is called 
the surface tension, which we shall denote by the symbol T,. It is 
dependent on the nature of the liquid and the substance above its 
surface, and also on the state of the surface and the temperature, 
decreasing with increase of the latter. It is, however, independent 
of the size of the surface, differing therein from the superficial 
tension in an elastic sheet or membrane. For the latter, being 
due to the action of external forces, increases with the further 
stretching of the surface. 

Perhaps the clearest way to visualize the meaning of surface 
tension is to consider a simple experiment which, if done carefully 
enough, is competent to give an approximate value of T, for the 
case of several liquids. A piece of 
perfectly clean thin metal wire (e.g., 
platinum) is bent into the form of a 
rectangular framework (Fig. 11-10) 
and suspended in the liquid from 
one arm of a balance. As the metal 
frame is pulled out of the liquid 
with a two faced film attached to 
the sides of the frame it is necessary 
to balance the tendency of this film 
to contract by placing weights in the balance pan. When 
equilibrium is attained it will be found that the counterpoising 
weight is independent of the magnitude of the surface film 
formed. The value of the surface tension may then be com¬ 
puted from the simple equation 



Fig. IMO 


21T, = mg, 


( 11 - 8 -- 1 ) 


where mg is the counterpoising weight and I is the horizontal 
length of the film. The factor 2 enters from the fact that the film 
has two surfaces. Of course it must be noted that the extension 
of film surface possible without breaking varies a good deal with 
the liquid used, and the values obtained in this way vary greatly 
with the cleanness of the surface. The slightest contamination, 
as for example with oil from hair or fingers, suffices to reduce the 
value of Ts materially. 

An understanding of the nature of surface tension may be gained 
if we examine the phenomenon in terms of the molecular theory 
which considers the liquid to be composed of a large number of 
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molecules (much like those of a gas — Secs. 6*6 and 6-7) moving 
about with considerable velocity, but also exerting on each other 
attractive forces which are rather small when the molecules are at 
ordinary distances, but which become extremely large when the 
molecules are very close to each other. Certain evidence makes it 
probable that this sphere of molecular action, as it is called, is 
usually of the order of 10“^ cm, hence about ten times the order of 
magnitude of molecular dimensions. In the interior of a liquid a 
given molecule will be surrounded by other molecules on all sides 
and hence be under the influence of a force which is approximately 
the same in every direction. This, however, is not the case with a 
molecule in the surface of the liquid, for the attraction of the gas 
molecules above the surface will be far outweighed by the attraction 
of the molecules of the liquid. Hence there will act on such a mol¬ 
ecule a resultant downward force, and it is this force which we may 
look upon as producing the effect of a tight skin on the surface. 
That this is indeed only an approximate picture of the phenomenon 
will be recognized from the observed fact that on the molecular 
theory it is necessary to assume that conditions on the surface of 
a liquid in contact with a gas containing vapor of the liquid are by 
no means static, since rapidly moving molecules of the liquid are 
continually escaping into the region above the liquid, and con¬ 
comitantly vapor molecules are flying back into the liquid. The 
reader will recall that when the average number traveling in each 
direction per unit of time is the same the vapor above the liquid 
is said to be saturated. If the number escaping is greater than the 
number regained there is a net evaporation of the liquid into vapor 
form, while if the tendency of the process is in the other direction 
we speak of the condensation of the vapor. By reason of this state 
of affairs it is perhaps better to consider the surface phenomena 
from the standpoint of energy. The kinetic energy of a molecule 
moving entirely in the interior of the liquid is affected only by 
collisions with its neighbors, but when such a molecule approaches 
the surface it must lose kinetic energy because of the effective force 
tending to pull it back. It will then gain potential energy, so that 
the molecules in the surface will have on the average greater po¬ 
tential energy than those in the interior. Now we have already 
had occasion to notice that the most stable equilibrium of an 
aggregate of particles corresponds to the least potential energy 
compatible with the constraints, etc., (Sec. 5-8). Hence the sur- 
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face will so behave as to keep the total potential energy as small as 
possible. This may be brought about, however, by keeping the 
area of the surface as small as possible. Hence the tendency which 
gives the effect of a tight membrane over the surface. This more¬ 
over accounts for the previously mentioned tendency for drops to 
assume the spherical form. The foregoing molecular discussion 
also accounts qualitatively for the observed fact that the surface 
tension decreases with increase of the temperature. 

The considerations above may also be applied in an interesting 
manner to the stretching of the surface of a liquid. This involves 
the transfer of molecules from the interior to the surface with 
consequent increase in potential energy and decrease in the kinetic 
energy. But, as we have seen, the temperature depends on the 
average value of the latter. Hence if the temperature is not to 
fall, heat must be absorbed by the surface during the stretching. 
This is in addition to the mechanical work done against the surface 
tension during the process of expansion. The mechanical equiva¬ 
lent of the heat absorbed plus the mechanical work done per unit 
increase in area will be called the total surface energy of the liquid. 
The reader will find no difficulty in showing that the mechanical 
work per unit increase in area is numerically equal to the surface 
tension. At any temperature 
(at which the liquid exists 
as such) the surface energy 
is always numerically greater 
than the surface tension. 

When a solid object is 
brought into contact with a 
liquid so as to be partially 
immersed, it is observed that 
one of two things will happen: 
either the liquid will appear 
to run a certain distance up 
the side of the object as in A (Fig. ILll) or will appear to be de¬ 
pressed somewhat in the vicinity of the object as in B. In the 
first case the liquid is said to wet the object, while in the second 
case it does not wet the object. To put the matter somewhat 
crudely we may say that there is an attraction between the liquid 
molecules and those of the object, which in the immediate neighbor¬ 
hood of the object (in case the latter is wet) outbalances the 
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mutual attraction of the liquid molecules. This, for example, is 
true when the liquid is pure water and the solid is glass. On the 
other hand, in mercury which does not “ wet ” glass, the mutual 
action of the liquid molecules is greater than the attraction of the 
mercury-glass molecules and hence the mercury surface is depressed 
in the neighborhood of a glass plate. The angle between the sur¬ 
face of the liquid and the surface of the solid is known as the angle 
of contact — represented by a in Fig. 11*11. It varies with the 
cleanness of the surfaces, but experiment indicates that it is fairly 
definite for a given pair of clean surfaces. For example in the 
case of mercury in contact with glass it is about 140°, while for 
water in contact with glass it is practically zero. 

These considerations are very approximate, and we must em¬ 
phasize that capillary phenomena have been the subject of much 
theorizing extending from the time of 
Laplace and (later) Gauss down to the 
present period. The subject is still incom¬ 
plete owing to our ignorance of the precise 
nature of the cohesive forces between mol¬ 
ecules both of the same and different kinds. 

Nevertheless we can derive a few more 
elementary results. Consider first the rise 
of a liquid in a capillary tube as indicated 
in Fig, 11*12. Let the radius of the tube 
be a and suppose it is placed in a liquid of 
density p which wets it. Let the angle of 
contact be a (an acute angle) and as¬ 
sume that the surface tension of the liquid 
in contact with air is T,. Where the 
liquid is in contact with the tube there will then be a force whose 
vertical component acts upward and has the magnitude 

27ra!r, cos a. 

The liquid will therefore rise in the tube until this force is balanced 
by the weight of the column of liquid above the surface of the 
liquid into which the tube has been placed. Since the upper 
surface of the liquid in the tube is not level, the height of the 
column is not a definite quantity, but we can nevertheless take for 
it the average height (i.e., that which it would have if it were 
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level) and call this h. The weight of the column then becomes 

pghira\ 

and hence equating this to the former quantity, we get 

2iraTsCOsa = pghTra^, (ll‘8-2) 


or 


_ 2Ts cos a 

h =- f 

pga 


(11-8-3) 


for the height, which thus proves to be inversely proportional to the 
radius of the tube. If cos a is negative there is no capillary rise, 
but a depression instead. This occurs in the case of mercury in 
glass, where a = 140°, as has already been mentioned. The law 
given by eq. (11*8-3) is known as JurMs law. It can be used to 
determine by an alternative method to that described in the 
first part of the section. The reader may show that the same 



law applies to the capillary rise between two vertical plates placed 
in a hquid which wets them, provided that a now refers to half 
the distance between the plates. 

The form of the liquid surface at rest under gravity in the 
neighborhood of a solid object can under certain conditions be 
determined very readily by an elementary method due to Maxwell. 
This is the case, for example, when the object is a vertical flat 
plate of great breadth. We assume that the object is wet by the 
liquid. Let us take a section of the surface (considered as a 
cylinder) in the xy plane (Fig. 11*13). It is understood that for 
y =* 0 the surface is plane and the section parallel to the x axis. 
Consider the infinitesimal slice of unit thickness whose projection 
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on the xy plane is the area between the ordinates corresponding 
to X and x + dx. Since this portion is in equilibrium the total 
force on it in the x direction, say, must vanish. First let us 
consider the force due to the surface tension. At the left the 
horizontal component is (since Ts is the force per unit length) 


— Ts cos 6 



(11-8-4) 


where dy/dx is the slope of the curve at the point in question. At 
the right, on the other hand, the horizontal component is 



cos 6 + 


d cos 0 
dx 



(11-8-5) 


The net horizontal component is the sum of (11-8-4) and (11-8-5) 
or 


^ d cos 0 
" dx 


dx^ 


which from (11-8-4) is equal to 


rp dyd^y 
’ dx dx^ 


dx 



( 11 - 8 - 6 ) 


This force must be balanced by the hydrostatic forces against the 
two vertical ends of the element. If we assume for simplicity that 
there is a vacuum above the surface, then the pressure at any point 
in the portion of the liquid which we are considering will be zero 
or negative. Thus for any value of y^ it will be 


-pgy^ 


Hence the total thrust on unit breadth of the end of the element at 
X is 



(11-8-7) 


Kt X dXf the corresponding thrust in the opposite direction is 
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if we neglect differentials of order higher than the first. Hence 
the net thrust due to hydrostatic pressure is 

-pgy^dx. (1L8-9) 


Since the surface tension force and the hydrostatic thrust balance, 
we must have 



3/2 


= pgy^ 


( 11 * 8 - 10 ) 


From analytic geometry we recall that 

dx’^ 1 

where R is the radius of curvature of the surface at the point in 
question. Hence eq. (11*8-10) becomes 

pgy==~- ( 11 * 8 - 11 ) 


Strictly speaking there should be a constant of integration added to 
pgy to give the value of Ts/R for = 0. But since we have as¬ 
sumed that the surface becomes a plane when y == 0 (i.e., at con¬ 
siderable distance from the immersed plate), we have i? = oo for 
y = 0, and hence the constant will vanish. Therefore (11*8-11) 
is correct in this case as it stands. It describes the form of the 
surface in terms of the radius of curvature. It is, however, possible 
to put it into more usable form if we multiply through (11*8-10) 

dy , . . 

by — dx obtaining 

dx 


pgydy = -Td 


(11-8-12) 
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as may be verified immediately. Integration then yields 

T, 


ipgy 


2 = — 




+ c. 


(11-8-13) 


Now dy/dx = tan 0, where 0 is the slope of the curve (i.e., the 
supplement of 6), and hence we may write the above [recall eq. 
(11-8^)] 

ygy^ = Ts cos 4> + C. (11-8-14) 


Now when y — Oj <1) = t and hence C = T*, so that 

ipgy^ = Ts(l +COS0), (11-8-15) 

or if we prefer to use 

Ipgy^ = r.(l - cos^), (11-8-16) 

which is a somewhat more convenient form than (11*8-11). The 
complete equation in cartesian notation is rather complicated 
and will not be given here. We may note, however, that the same 
curve is encountered in the stretching of a uniform spring.^ It 
may also be pointed out that the form of the surface is the same 
as that of the top of a liquid drop resting on a flat horizontal plate 
which it does not wet. It should be emphasized that the general 
problem of finding the capillary surface can not be handled by 
elementary methods and is extremely difficult. 

The weight of the liquid raised by the capillary action is nat¬ 
urally equal to the volume above the plane level multiplied by pg. 
Another expression for the same thing is, however, to be found by 
evaluating the total vertical component of the forces acting on the 
element considered in our previous discussion. This is 

--- - - dx = r, cos 6 • dS, (11-8-17) 

dx 

Hence the total weight is simply 

r.jT cos 0 d0 = T. sin (?. (11-8-18) 

1 Thomson and Tait, Treatise on Natural Philosophy (Oxford Univer¬ 
sity Press, 1867), Vol. 1, p. 465. 
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When two parallel vertical flat plates are placed in a liquid 
the capillary rise or depression produces a force tending to cause 
the plates to attract or repel each 
other. We can evaluate the magni¬ 
tude of this force in any case by the 
simple analysis just given. Thus con¬ 
sider the case shown in Fig. 11*14 
where the plates are separated by a 
distance I and the angles of contact 
are respectively ai and a^. On the 
left the liquid is drawn up to a height 
hi above the low level outside the 
plates and at the right to the height 
/i 2 . Considering first the left plate, 
we see that there is a force per unit breadth of plate acting at 
A tending to pull it towards the right of magnitude 

Ts sin ai + hpghi\ 

as is clear from the immediately preceding analysis. On the other 
hand acting at C there is a force Ts acting to pull it towards the 
left. The net force toward the right is therefore 

T,(sin ai - 1) -f \pghi\ (11*8-19) 

Now to go back to eq. (11*8-14), it develops that since y = h 
(see Fig. 11*14) for <^ = tt, we have C = T, -f \pgh’^ and hence 

\pgh\^ = ^pgh"^ + Ta(l + cos^i) 

= ipgh^ + T.(l - sin ai). (11*8-20) 

Hence the net force toward the right on the left plate becomes at 
once 

\pgh\ ( 11 - 8 - 21 ) 

and a precisely similar expression results for the net force on 
the right-hand plate toward the left. Here h is the height of the 
bottom of the meniscus above the level of the Kquid outside the 
two plates. In the case where the plates are both of the same 
material and close together 011 = 0:2 = a, and we can apply eq. 
(11*8-3) for the capillary tube. Then the force pulling the plates 
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together is approximately 


hpg • 


cos^ a 


2Tg^ cos^ a 

-, 

pga^ 


( 11 - 8 - 22 ) 


where here a is half the distance between the plates. The force of 
attraction between two nearby plates immersed in a liquid which 
wets both of them is therefore inversely proportional to the square 
of the distance between them. This is to be sure an approximate 
result. It will not apply, for example, when one of the plates is 




Fig. 11-15 


Fig. 11-16 


wet and the other not; in the latter case a repulsion rather than 
an attraction is observed to take place. ^ 

From our study of the capillary rise it is clear that the pressure at 
a point immediately underneath the curved capillary surface in a 
tube is less or greater than the pressure in the gas above the sur¬ 
face according as the liquid rises or is depressed in the tube 
(Fig. 11-15, A, B). The amount of pressure difference is given 
at once by pgh, where h is the rise or depression respectively. 
Hence employing the expression for h given in eq. (11-8-3) we have 
for the pressure difference 


2T, cos a 

Ap =- f 

a 


(11-8-23) 


i.e., inversely proportional to the radius of the tube. This result 
suggests at once a more general one. Consider a sphere of liquid 
of radius R (Fig. 11-16). Draw any diametral plane AB, This 
will cut the spherical surface in a great circle of radius R, and about 

^ The calculation in the latter case can be shown to follow from the usual 
analysis. See Prob. 21 at the end of the chapter. 
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the periphery of this circle there will be a tension of T, dynes per 
cm or a total force of 27r/2r, dynes tending to pull the two hemi¬ 
spheres (formed by the diametral plane) together. This must be 
balanced by an excess pressure {over the atmospheric) inside the 
sphere, which will exert a force on the diametral plane of magnitude 
Ap • Equating the two balanced forces we have 

2T 

Ap = • (11-8-24) 

H 

If instead of a sphere of liquid we have a hollow spherical film, 
such as a soap bubble, a similar result follows, except that since 
there are two surfaces to the film we now have 

4T 

Ap = ^ (11-8-25) 

for the excess pressure inside the bubble. Of course, in this case 
the student will need to prove that the pressure, which acts every¬ 
where normally to the inner surface of the film produces an effec¬ 
tive force Ap - across any diametral section (see Prob. 20 at the 
end of the chapter). 

More elaborate analysis than we shall attempt here indicates 
that the pressure at any given point just inside a liquid surface 
due to the surface tension (i.e., the excess or defect over the 
pressure outside) is given by the formula 

Ap = T.{^ + » (11-8-26) 

where Ri and R 2 are the so-called principal radii of curvature of 
the surface at the point considered. It is at once evident that 
for the special case of the sphere where Ri — R 2 — Ry the radius of 
the sphere, for all points, eq. (11-8-26) reduces to the previously 
derived simple form (11-8-24). 

The accurate determination of the surface tension for different 
liquids under different physical conditions is a very important 
matter for modern physical chemistry.^ We shall stop to notice 

^ See, for example, Willows and Hatschek, “ Surface Tension and Surface 
Energy,” (2nd edition, 1919, Philadelphia). A more recent and very com¬ 
plete study of surface phenomena will be found in H. Preundlich, “ Colloid 
and Capillary Chemistry ” (Dutton, New York, 1926). Bee also E. K. Rideal, 
** Introduction to Surface Chemistry ” (Cambridge University Press, 1930). 
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but one of the many interesting modem problems connected with 
surface effects. Study of the behavior of solutions of chemical 
salts has shown that in most of these there is a difference between 
the concentration (i.e., the mass of dissolved salt per unit volume 
of the solvent) in the surface layer and in the interior portion of 
the solution. This phenomenon is known as adsorption, and we 
may speak of positive adsorption if the concentration is greater in 
the surface than in the bulk, or negative adsorption if the reverse 
is true. Now it is also found that, as might be expected, a dissolved 
substance alters the surface tension of the solvent. Thus for 
example it is observed that in the case of NaCl the solution of 
each gram-equivalent mass of salt in water increases the surface 
tension by 1.53 dynes/cm. On the other hand some substances 
lower the surface tension on solution. There is a close connection 
between the effect of concentration on the surface tension and the 
adsorption. Thus if u denotes the excess of dissolved substance 
(or solute) in the surface in grams/cm^ over the bulk concentration, 
called C, the following formula first derived by Willard Gibbs, 


RT * dC 


(11-8-27) 


holds, where T is the absolute temperature and R is the gas constant 
appropriate to the solution.^ Since many chemical reactions are 
found to take place most readily at the surfaces of substances it is 
clear that adsorption plays an extremely important r61e in chem¬ 
istry. 

For further information on modern aspects of surface tension 
phenomena, reference may be made to the comprehensive treat¬ 
ment of Freundhch in the text mentioned in the footnote. An 
interesting experimental study of the properties of soap films may 
be found in Soap Films, by A. S. C. Lawrence (G. Bell and Sons, 
London, 1929). 


PROBLEMS 

1. A vessel in the form of a rectangular parallelepiped of dimensions a, 6, 
and c is filled with water to a height h. Calculate the total thrust due to the 
water on the bottom and each side of the vessel. Find the center of pressure 
on each side, i.e., the point where the resultant thrust on the side acts. Hint: 

iFor the derivation of (11 •8-27) the student may consult Willows and 
Hatschek, he. cU,, p. 109 f. 
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If the X axis is taken as the line of intersection of the surface with one side and 
the y axis is the line perpendicular to this (i.e., parallel to the depth), show first 
that the coordinates of the center of pressure will be given by 

_ 

Sf V dxdy^ 

and 

^ JlTw dx dy 

Sf V dxdy^ 

where p = /(x,t/) as indicated in the text. The integration is to be carried out 
over the whole area in contact with the liquid. 

2. Calculate the total thrust on an equilateral triangle of side a immersed 
vertically in a liquid of density p with the base parallel to the surface of the 
liquid and at distance h from the surface. Also compute the position of the 
center of pressure. 

3. A hollow sphere of radius R is completely filled with water. What is 
the resultant vertical thrust on the inside surface? Compare the vertical 
thrusts on the upper and lower halves of the surface. 

4. A cylindrical vessel of length I and radius a with plane ends is filled with 
water and rests with its axis horizontal. Compare the vertical thrusts on the 
upper and lower halves of the curved surface. Also calculate the total thrust 
on each end and determine the position of the center of pressure at each end. 

5. A sphere floats with J of its surface above water. Find its mean 
density. 

6. A cylindrical can 30 cm long and 10 cm in diameter and weighing 100 
grams cannot float stably in water in an upright position. Find the amount 
of mercury (density 13.6 grams/cm®) which must be placed in the can in order 
that it may just be able to float upright stably. How far will the can sink in 
the water? 

7. Assuming Boyle’s law, derive the law of variation of atmospheric pres¬ 
sure with height above the earth’s surface. 

8. Assuming the adiabatic law, derive the law of variation of atmospheric 
pressure with height above the earth’s surface. 

9. If the density in a certain liquid at rest varies linearly with the depth, 
find the expression for the pressure as a function of depth. 

10. Find the total force that the air exerts on the walls, ceiling, and floor of 
a room 10 meters by 8 meters by 3 meters. 

11. Prove that if an incompressible homogeneous fluid moves so that its 
velocity components satisfy the relations u = kx/vy v ~ ky/r and w = kz/Vy 
where r = -h 2/' + 2* and fc is a constant with the dimensions of velocity, 
the equation of continuity is satisfied. Interpret this type of motion physically. 
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12. Derive Bernoulli’s theorem (eq. ll-S-T) by assuming that the total 
energy per unit volume along any stream line is constant (i.e., conservation of 
energy applied to fluid motion). Hint: Recall that the potential energy of a 
fluid per unit volume due to pressure is equal to the pressure (Sec. 11-4). 

13. Water flows out of an orifice at the bottom of a vertical tank (see Fig. 
11*8). If the area of cross section of the orifice is Sb and that of the tank is # 84 , 
use Bernoulli’s theorem and the equation of continuity to calculate the theo¬ 
retical rate of flow out of the orifice and the rate of descent of the free surface 
in the tank. (Introduce numerical values to get order of magnitude.) 

14. Use the result of the preceding problem to obtain the height of the free 
surface in the tank above the orifice at any time t after the flow has begun and 
draw a graphical sketch of the dependence of descent on the time. 

15. How many gallons of water flow in 24 hours through a pipe 4 in. in 
diameter if at a constriction of 1.5 in. in diameter a mercury pressure gauge 
shows a difference in height of 1.8 in. from another in the unconstricted portion 
of the pipe? 

16. Show how the Pitot tube may be used to measure the velocity of a rapid 
blast of air in a tube (such as might be produced by a blower). (Eq. 11-5-23.) 

17. Deduce the dependence of the velocity of sound in a gas on the tempera¬ 
ture and pressure. 

18. By setting up the boundary conditions (continuity of pressure and con¬ 
tinuity of volume displacement) at the interface between two fluid media, 
compute the relations between incident and reflected amplitudes and incident 
and transmitted amplitudes of an acoustic wave incident normally on the inter¬ 
face. (Take harmonic waves.) Discuss phase relations. 

19. Defining the intensity of an acoustic wave as in Sec. 10-4, show that the 
intensity of a plane acoustic wave in a fluid may be written in the form 

1 p^max 

/ == -- f 

2 poc 

where Pm$x is the maximum excess pressure in the fluid and p© and c have their 
usual significance. Comment on the connection with eq. 10-4-45. 

20. Prove that the excess pressure inside a soap bubble produces an effective 
force across any diametral plane equal to the pressure times the area of a great 
circle of the sphere. (Sec. 11-8, eq. 11-8-24, etc.) 

21. Two plane plates are introduced close together into a liquid, which wets 
the one but not the other. Show that the two plates will repel each other and 
calculate the magnitude of the repulsion, following the analysis of Sec. 11-8. 

22. Prove that Jurin’s law (11-8-3) applies equally well to the capillary rise 
between two parallel plates placed in a liquid which wets them. 

23. Prove that when n equal small spheres of water coalesce so as to form a 
single drop the surface energy is diminished in the ratio 
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24. What form does the one-dimensional equation of motion of a perfect 
fluid confined by rigid walls, viz., 

du du 1 dp 

— U — --> 

dt dx p dx 

take if the fluid is incompressible? If the pressure gradient is due entirely to 
gravity, find the acceleration of the fluid at any point and compare with 
Torricelli’s theorem. 

25. The wave length of a long gravity wave on water of depth 20 feet is 100 
feet. If the wave amplitude parallel to the water surface is 2 feet, find the 
maximum value of the total particle displacement. Do the same for the total 
particle velocity and compare with the wave velocity. 

26. A plane harmonic acoustic wave in the x direction has the particle dis¬ 
placement in the form ^ = A cos (o)t — kx)y where k - o)Ic = 2Trv/c and v is 
the frequency. Find the expressions for the velocity potential 0, the con¬ 
densation and excess pressure. 

27. In Problem 26, if y = 512 cycles/sec and the wave is in air at 20° C, find 
A if the excess pressure amplitude is 10~^ dynes/cm*. Also find the condensa¬ 
tion amplitude. 

28. Prove that the potential energy density in an acoustic wave in a fluid is 

§ Show that for a plane wave the average potential energy density 

equals the average kinetic energy density. Show that the intensity of a plane 
wave is given by the product of the average energy density and the wave 
velocity. 

29. In Problem 18 of Chapter X the damping coeflBcient R in the wave 
equation for acoustical waves in a fluid becomes 4o;^7;/3po, if the damping is due 
to viscosity (coefficient of viscosity = ti and the other symbols have their 
usual meaning). How far will a 100-cycle wave travel in air before its ampli¬ 
tude is decreased in the ratio 1/e? Work the same problem for water. Take 
lyair = 1-8 XIO"^ dyne sec/cm^ and ijwater = 1.14 X 10”* dyne sec/cm^. 
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ADVANCED MECHANICS 

12-1. Hamilton’s Principle. In the previous chapters of this 
book we have based the various applications of mechanics for the 
most part on the principles set forth in Chapter I, namely, the New¬ 
tonian “ laws of motion. We did indeed emphasize in Chapter 
VIII that there exist alternative ways of expressing the funda¬ 
mental principles and we gave as examples D^Alembert^s principle 
and the Gaussian principle of least constraint. It is important to 
realize that certain problems may be handled in a more direct and 
efficient fashion by some one principle than by others. The 
progress of mechanics has been marked by a continual search for 
new points of view. We wish in this chapter to discuss one which 
stresses primarily the use of the energy concept in the solution of 
mechanical problems. This is the celebrated principle of Hamilton, 
It will serve very usefully as an introduction to what is usually 
referred to as advanced mechanics and about which the reader of 
this book may well expect to learn a little since it is basic for 
theoretical physics in general. We shall state the principle as a 
postulate and then endeavor to illustrate its application. 

Let us consider a dynamical system which may be composed of 
many particles and hence may require a large number of coordi¬ 
nates to specify its statCj i.e., the position of every particle at every 
instant. The total number of coordinates needed for this speci¬ 
fication is called the number of degrees of freedom of the system. 
Now associated with the system there will be a certain kinetic 
energy K and, if it is a conservative system, a potential energy V, 
The former will be a function of the velocities of the particles, the 
latter a function of their positional coordinates. Let us form the 
function 

L = X - 7. (12-1~1) 

Hamilton’s principle now states that the motion of the system of 
particles between any two instants k and ti takes place in such a 
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way that the integral 



( 12 - 1 - 2 ) 


has a value which is either less than its value for any other possible 
motion of the system in the interval from to to h or greater than its 
value for any other such possible motion. That is, the integral is 
either a maximum or a minimum or, as we may better say, has a 
stationary value with respect to other possible motions. We may 
perhaps render the matter somewhat clearer by using a pictorial 
representation. In Fig. 12-1 let us represent the state of the system 
at the instant U by A and that at time h by B. Let the path 
actually followed by the system be ACB, while ADB and AEB 



represent two varied paths—possible paths for the system 
and performed in the same time. Now it must be remarked 
that our representation is very general. In certain simple cases of 
the plane motion of a single particle ACB, ADB, and AEB may 
represent possible geometrical orbits from point A to point B in the 
plane with the understanding that to be comparable they must of 
course all be traversed in the same time, viz., in the interval ti — U, 
and must correspond to the same initial and final states respec¬ 
tively. On the other hand, the representation can be purely 
schematic, i.e., A may merely represent for convenience the state 
of a system of several particles, etc. But in any case the meaning 

of the principle is that the time integral f Ldt along the actual 

«/to 

path traversed, ACB, is either greater than that along any other 
paths such as ADB and ACB or it is less than that along any such 
paths. It is often convenient to state it as a minimum principle, 

i.e., that J Ldtis sl minimum along the actual dynamical path. 

While in most problems encountered in practice this is correct, it 
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is not so in general. All we have a right to say is that it has a 
stationary value. The quantity L is termed the Lagrangian 
function or kinetic potential. 

It must again be emphasized that we are here stating Hamilton’s 
principle as a postulatej an assumption from which all special mo¬ 
tions of bodies may be derived. As a first illustration of this view 
let us apply the principle to a simple problem. We shall take a 
single particle whose position is fixed by a single coordinate, for 
example, the distance along a straight line from some chosen origin. 
We are thus indeed restricting our attention to linear motion and 
hence our illustration is a very special one. The kinetic energy 
of the particle is then 

K = (12-1--3) 

if the particle is conceived to move along the x axis. Let us in¬ 
vestigate the type of motion corresponding to a potential energy 
of the form 

V = ^kx\ (12*1-4) 


where fc is a constant. The principle of Hamilton now demands 
that the integral 



imx^ — ikx^) dty 


(12*1-5) 


shall have a stationary value for the actual motion. This means 
that if we vary the true path slightly the corresponding variation 
of the integral will be zero. Of course, since in this case the 
geometrical shape of the path may not alter, a variation in the 
path signifies only an altered dependence of x on i.e., an altered 
mode of pursuing the linear path. The reader will remember 
that in the neighborhood of the maximum or minimum of a func¬ 
tion of one independent variable tj the change in the function cor¬ 
responding to a change dt in the variable is zero as far as first order 
quantities are concerned. If we denote the slight variation of the 

X h 

{\mx^ — ^kx^) dt, we have therefore the condition 
6 f — ^kx*) dt = 0. (124-6) 


Now the variation of the int^al will clearly be the limit of the 
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sum of the variations in the integrand over all the infinitesimal 
time intervals between U and <i. Hence we have 


f 


— \kx^) di = 0. 


(124-7) 


We are thus faced with the task of reducing 8(x^) and 8(x^) to 
some common basis. One would naturally try to do this by ex¬ 
pressing both in terms of 8x. Let us consider the curves in Fig. 
12-2. AB represents an element of the course of a; as a function of 
t. CD is a portion of the varied curve. At A, the variation in x 


is bx. It is seen that this is for 
a definite value of L At B, the 
value of X is 

X + xdtj 

and hence we may represent BD 
as either 

b{x + xdt)f ( 12 - 1 - 8 ) 
or 

bx + y (^x) dt. (12‘l-9) 



Consequently (124-8) and (124-9) are equal and hence 


b(x dt) = b{dx) = 


d 

dt 


(bx) dt = d{bx). 


(124-10) 


Therefore the operations of b and d are interchangeable. We can 
now write 

b{x^) = 2x5a:, (124-11) 


and 


5(x2) = 2x5x = 2i T {bx), 
dt 


(124-12) 


Eq. (124-7) then becomes 



(mi bx — kx bx) 
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or using eq. (12-1-12), 


r V d 

I mx — (Sx) — kx Sx dt = 0. (12-1-13) 

dt J 


Let us now evaluate the integral 

d , 

f mx — (5x) dt 
tQ dt 


by integration by parts. Letting u = mx and dv = d/dt ($x) dt^ 
we have du = m2 dt and v = bx, so that 



mx — {bx) dt 
dt 


“ 1^1 ph 

mx bx / 

J/o *^^0 


mx bx dt. 


But the two paths must have the same end points, hence = 0 
ioTt = to and t = Therefore eq. (12*1-13) becomes 



(12*1-14) 


It must be emphasized that this result holds for all bx, i.e., bx is 
perfectly arbitrary except that it be small and equal to zero for 
t = to and ^ 1 . Hence the only way for the integral to be zero for 
all bx is for us to have 

m2 + kx = 0. (12*1-15) 

This then appears as the differential equation of the motion, and 
we see at once (Sec. 2*2) that the latter is simple harmonic with 
frequency _ 


Hence from the assumption of Hamilton's principle together with 
the knowledge of the potential energy function we have been able 
to derive the equation of motion independently of any other dy¬ 
namical assumption except that the kinetic energy shall be of the 
form ^mx^. In other words we have made no essential use of the 
Newtonian laws of motion. Hamilton's principle thus appears 
as an independent basis for the development of mechanics. A 
special case indeed is no proof of this statement. We have merely 
tried to suggest its validity without proving it. Nevertheless the 
general proof has been carried out and may be found in more 
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advanced treatises.^ The power of the principle is more manifest 
in the treatment of the motion of systems with more than one 
degree of freedom. We shall discuss this with some detail in the 
next section. 


12*2. Generalized Coordinates and Lagrange’s Equations. As 

an illustration of a more general application of Hamilton's prin¬ 
ciple, let us consider a mechanical system composed of a number 
of particles. If these particles are totally unconnected the total 
number of degrees of freedom or number of coordinates needed to 
specify the system will be three times the number of the particles. 
However if the particles are connected or otherwise constrained to 
move in certain ways (see Chapter VIH), the number of degrees of 
freedom will be reduced. Suppose the system in question has n. 
Now it should be clear that the choice of these n coordinates is 
possible in a very great variety of ways. They may of course be 
rectangular coordinates or certain combinations of these, or they 
may contain angles as well as lengths. In order to make our 
application most general we shall not specify the exact nature of 
the coordinates, but merely write them gi, g 2 , . . . , ^n. All our 
description of the behavior of the system will then be in terms of 
the g’s. In the last analysis, of course, the latter must be trans¬ 
lated into some definite known set, which appear particularly 
appropriate for the description on the ground of simplicity. The 
coordinates gi, . . . , gn have been termed generalized coordinates. 
To express the kinetic energy in terms of them we note that 

K = + ^,2 + (12.2-1) 


the summation being extended over all the particles. Let us 
suppose that the equations defining the generalized coordinates are 
expressed in the form 


Xi = Xiiqi, , q„), Vi = yiiqi, .. ., q„), 

Zi = Ziiqi, ■■■, g«), 


( 12 - 2 - 2 ) 


for any particular i. We therefore have 


dXi 

= —^1 + 
dqi 


dxj , ^ dXj 

+ gn = ih 

dQn j dg/ 


(12.2-3) 


1 Cf. Lindsay and Margenau, “ Foundations of Physics ” (Wiley, 1936), 
p. 131 for a deduction of Hamilton's principle from D^Alembert^s principle. 
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with similar expressions for yi and i*. Substituting now into the 
expression for K, we get finally 

jfiC = 2) akj ik iiy (12-2-4) 

kj 


where the summation is extended over both k and j running from 
1 to n, and the a*,- are (in general) functions of the gi,..., Qn^ 
The kinetic energy thus appears as a homogeneous quadratic 
function of the time derivatives of the generalized coordinates, or 
as we may call them the generalized velocities. 

Now how does it stand with the potential energy? For a con¬ 
servative system F is a function of the position coordinates of the 
particles. Hence it will be a function of the gi, . . . , Qn- Let us 
next apply the principle of Hamilton to such a system of n degrees 
of freedom. We express the stationary character of the time 
integral of the Lagrangian function for the actual motion as follows: 


fdL dL 1 

employing (12-1~1). Now since ^ (dqi) from Sec. 12*1, we 

at 

may integrate by parts 

«/io <jqi 


precisely as in the special problem in Sec. 12-1. The result is 



V— dL 

d 

1 dL 

L oqi Jfo 

/ 

no dt 



-/ 

t//o 


r-l — 

^ dt\ dqi 


dqi dt, 


dqi dt 
( 12 - 2 - 6 ) 


since the part integrated out vanishes at the two limits because 
dqi = 0 at both limits. This merely means that all the paths of 
the system have the same termini. Hence the statement of the 
principle becomes 

Now the n variations dqi are arbitrary (the q*Q are independent) 
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and hence in order that the integral may vanish each separate 
bracket in the sum must vanish. This however gives us d. set of n 
equations, viz., 


dt\dqj dqi 


( 12 - 2 - 8 ) 


as i runs from 1 . . . n. These are the celebrated equatims of 
Lagrange. We see that they are differential equations of the 
second order and that their number is precisely equal to the num¬ 
ber of degrees of freedom of the system. These equations form 
a very general description of the motion of the system, and their 
solution leads to the expression of each g* as a function of the time. 
There will of course be 2n arbitrary constants of integration in¬ 
volved; their evaluation depends on the boundary conditions of 
the system. 

Let us note incidentally that for the case of a system of one 
degree of freedom where gt(— q) becomes simply the geometrical 
displacement and q is the velocity, with K == \mq^y the single 
Lagrangian equation becomes the usual equation of motion, viz., 


or 


|w)+^-o, 


dV 

mq -- 9 

dg 


(12-2-9) 


dV 


where-appears as the force acting on the system. 

dq 

Examination discloses that the Lagrangian equations (12-2-8) 
can be written in a form reminiscent of Newton’s second law, 
provided that we define 

( 12 - 2 - 10 ) 

dqi 


as the generalized momentum associated with the coordinate g», and 
further call 

dqi 

the generalized force associated with codrdinate Then er. 
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(12-2-8) says that the time rate of change of generalized momen¬ 
tum is equal to the generalized force, which reminds us of eq. 
(1-7-5). The reader might then be inclined to wonder wherein 
the advantage of Lagrange’s equations consists. This comes 
principally from the fact that the Lagrangian equations being 
expressed in generalized form are immune to change in form when 
coordinates are transformed from one system to another: once we 
have expressed L in any system of coordinates, use of (12-2-8) 
automatically produces the correct equations of motion for those 
coordinates. It is apparent that this is not true of the simple 
Newtonian equation that mass times acceleration equals force. 
From an esthetic point of view the Lagrangian equations may be 
considered to have the additional merit of employing energy as the 
fundamental concept in their makeup; they make no mention of 
force. 


12*3. Application of Lagrange’s Equations. We shall continue 
our discussion of Lagrange’s equations with the solution of certain 
problems employing them. As the first illustration let us consider 
the motion of a single mass particle in a central field of force. We 
have, of course, treated this problem in the usual mechanical way 

in Sec. 3*6. Our purpose here is 
to show how the general equa¬ 
tions for such motion in spherical 
coordinates can be written with 
great ease by the Lagrangian 
method. There is often a gain 
in utility through this procedure. 
It will be recalled that the spher¬ 
ical coordinates r, 6, ^ are de¬ 
fined through the accompanying 
figure (Fig. 12*3), the point P being on a sphere of radius r, and its 
longitude (with respect to Ox) and colatitude being, respectively, 
(t> and 6, It is seen that the spherical coSrdinates are related to 
rectangulars by the relations 



Fig. 12-3 


X == r sin ^ cos 0, 
2 / = r sin ^ sin 
s = r cos 0. 


> 


(12*3-1) 
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The kinetic energy of a particle is then 
K = 

7Yl 

= (^ 24 . ^ ^2 siijZ e . ^ 2 )^ (12-3-2) 

ib 


and, if the field is central (Sec. 3-6), the potential energy F is a 
function of r only, so that the Lagrangian function becomes 

L = J (r2 + ^2 sin 2 ^ . 02 ) _ (12*3-3) 

ib 


the system being one with three degrees of freedom with qi = r, 
q% — 0, and 5.3 = 0 . The Lagrangian equations (12*2-8) are then 


d dVir) 

— imf) H-;- mr{d‘^ + sin^ 0 • 00 =r 0, 

dt dr 


_d 

dt 


(mr^6) — mr^ sin ^ cos ^ • 0 ^ = 0, (12*3-4) 


1 

dt 


{mr’^ sin^ ^ * 0) 


= 0 . 


From these equations the whole theory of central motion can be 
followed out. It will be observed that the longitude 0 does not 
appear explicitly in any of the equations (12*3-4). This means 
that the generalized momentum component associated with 0 is 
constant. Or we can say that 0 is determined from the third 
equation in terms of r and 0 , viz., 


0 = 


C 

-, 

mr^ gin2 q 


(12*3-5) 


where (7 is a constant. This may be substituted into the first 
two equations yielding 


d , ,,^dV 

di +* 


— mr ^1 


6^ + 


C‘ 


m}r^ sin^ 6, 


) 



i. 

dt 


{mr^) — 


cos 0 
mr^ sin® 6 



(12*3-6) 


It is thus seen that the problem is effectively reduced to one with 
two degrees of freedom. We have already noted in Sec. 3*6 that 
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central field motion takes place in a plane. It being most simple 
to take this plane as the plane = 0 (i.e., the xz plane), we have 
= 0 (i.e., C = 0, above) and consequently may write 


~ (mr) + ^ - mr6^ = 0, 
at dr 

~ (mr^) = 0 . 

dt 

The law of areas, viz., 

mr^ = const.. 


(12-3-7) 


(12*3-8) 


B 


follows at once from the second equation, and if we substitute 
this into the first we obtain ultimately, on substitution of r = l/u^ 
the eq. (3*6-15) which we used in our 
- previous discussion of central field motion. 
A somewhat more elaborate illustration 
of the use of Lagrange^s equations is pro¬ 
vided by the following problem. Two small 
metal spheres A and B of equal mass m are 
Z| /I suspended from two points A' and at a 

distance a apart on the same horizontal line 
by insulating threads of equal length I 
(Fig. 12*4). They are then charged with 
equal charges +e. If A is pulled aside a 
short distance qi and B a short distance 
(both small compared with a) in the plane 
formed by the equilibrium positions of both 
threads, we are to determine the resulting motion in this plane. 
This is a system with two degrees of freedom. For the kinetic 
energy we have 

K = + ^2*). (12*3-9) 


Fig. 12*4 


The potential energy will be made up of two parts, viz., the 
gravitational and the electrostatic. The former is simply the sum 
of that for each sphere considered as the bob of a simple pendulum. 
H^ce (Secs. 4*1 and 8*1) 

= + (12-3-10) 


The student will recall that from Coulomb^s law the electrostatic 
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force of repulsion between the two point charges when separated 
by distance a is e^/a^. The potential energy for this force when the 
charged balls are displaced will then be 

F. = - (12-3-11) 

a + q2- qi 


Hence for the Lagrangian function we have 

L = - m{qi^ + ^ 2 ^)- — {qi^ + qi^)f ( 12 - 3 - 12 ) 

z a "T ^2 — qi ^ ^ 


to the approximation which considers the displacements as small. 
We are now ready to write the Lagrangian equations for the 
motion. Thus 


d , , mq 

I, + T «■ + 

d , . . , mg 


(a 4- 92 - qiy 

(a + 92 - 9i)* 


= 0 , 

= 0 . 


(12-3-13) 

(12-3-14) 


To solve, let us add the two equations. There results 

^ (9i + 92 ) = - ^ (91 + 92 )- (12-3-15) 


On the other hand if we subtract the two equations we get ulti¬ 
mately 


dl^ 


(92 — 9i) + (92 ~ 9i) 


2e" 

m{a -f 92 - 9 i)* 


= 0 . 


(12-3-16) 


Since both 91 and 92 are supposed small compared with a, we may 
expand the last term on the left in (12-3-16) writing 




(92 — 9i) + (92 



2e^ 


ma‘ 


= 0 . 


(12-3-17) 


The solution of (12-3-15) is clearly 


where 


9 i -4- 92 = Ai cos (2ir«'i< -f Bi), 


1 


«'! = 


2ir 



(12-3-18) 

(12-3-19) 
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The solution of (12'3-17) is 
2 e“ 

Qi — qi — 

where 


2 /S' . 




— -^2 008 {2'7rv2t (12*3—20) 


maM‘^ + —) 

I ma^f 


V2 


-A k 

2t\1 


+ 


4e2 


ma’ 


( 12 - 3 - 21 ) 


We finally have for the two displacements 


— 


Qi 


(«+—) 

\l ^ may 


+ cos ( 27 ri'i^ + ^i) 


ma 


q2 = 


(1 


- — cos (2rPit + Bi), (12-3-22) 
-+ y cos (22r»'i< + Bx) 


ma} - d-- 1 

I ma^/ 


+ “ cos {^TTv^t + (12*3—23) 

It may be noted that by shifting the origin for each ball the dis¬ 
tance 

> (12-3-24) 


ma 


("z + ■^) 

\ Z may 


the constant term may be made to disappear. In this case the 
motion of each ball appears as the composition of two simple 
harmonic motions with amplitudes and phases (^i, ^42, Bi^ B 2 ) 
which depend on the boundary conditions. 

As a final illustration of the use of Lagrange^s equations consider 
the situation depicted in Fig. 12*5. 

Here a wedge with projection ABC on the xy plane and with mass 
M is able to slide freely on the horizontal plane. The perfectly 
smooth slant surface AB of the wedge makes the angle a with the 
horizontal. On this surface a particle of mass m is free to move 
in the xy plane. The problem is to determine the motion of m 
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as well as the wedge. Referring to fixed axes as in the figure, we 
have for the kinetic and potential energies of the total system, 
respectively, 

K. = -}- y/ton a)^ -4" (12*3—25) 

V = mgy, (12*3-26) 

Here x is the distance OA, while y is the height of m above the x 
axis. The problem is one in two degrees of freedom. Note that 
we might equally well have chosen the x coordinate of m along with 
y as the second coordinate, i.e., x + y/tan a. The Lagrangian 



method does not care what coordinates are used, provided that 
the number is correct for the nature of the system being studied, 
and provided that the Lagrangian function is correctly expressed 
in terms of the coordinates chosen. With the present choice we 
then have 

L = + h'my'^ + |m(x + ^/tan aY — mgy. (12*3-27) 


The Lagrangian equations become at once 

Mx + + my/tan a = 0, 

my + mxlioxi a + myji^x^ a + = 0. 


(12*3-28) 


The solution of these equations for x and y is left as an exercise. 
Note the interesting limiting case of m/M 0. 


12*4. Wave Mechanics. We shall conclude the book with a 
brief discussion of the relatively recent application of mechanics 
to the study of atomic particles and atomic structure. This is 
known as wave mechanics. It endeavors to apply to the motion 
of particles some of the ideas associated with waves. 

We have already seen (Sec. 3*9) how the Bohr-Rutherford the¬ 
ory considers a neutral atom to be composed of a nucleus charged 
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with positive electricity about which move electrons equal in 
number to the number of positive charges on the nucleus. These 
electrons move in orbits according to the laws of classical mechanics, 
but with the significant difference that not all mechanically possible 
paths are allowed, but only those for which certain so-called quan¬ 
tum conditions are satisfied (recall particularly eqs. 3-9-1). The 
latter serve to fix the possible orbital dimensions and energy values 
of the nucleus-electron system. (Recall also the corresponding 
problem for the electron in simple harmonic motion: Sec. 9-7.) 
Now it is important to note that in this theory the electron is still 
considered as a mass particle whose motion is to be treated largely 
as a classical mechanical problem. L. De Broglie has however 
suggested a quite different method of approach to this problem. 
He begins by assuming that an electron is not an entity localized 
in space but a periodic phenomenon extending throughout all space. 
More specifically, let us consider a free electron, that is, one not 
subject to any external force. De Broglie supposes that in the 
inertial system with respect to which the electron is at rest it is to 
be represented by an expression of the form 

u{xo,yo,Zo,t(,) = f(xo,yo,Zo)e^”'"^. (12-4-1) 

In this expression we are using Xo, t/o, Zq, to to denote position and 
time in the system in which the electron is at rest. The right- 
hand side represents a simple harmonic pulsation with frequency 
Vo and amplitude /(xo, i/o, Zo), the phase being the same at all points 
in space. ^ Both vo and /(xo, 2/0, ^0) must now be looked upon as 
something fundamental for the physical significance of the particle. 
At first sight this point of view appears rather barren of meaning. 
However, let us next refer the electron to a reference system with 
respect to which it is moving with constant velocity v, say for con¬ 
venience along the z axis. What will be the mathematical repre¬ 
sentation of the electron in this new set of axes which may be 
regarded as fixed from the standpoint of a hypothetical observer 
of the electron? Now in the special theory of relativity Einstein 
showed that when a physical event is represented in one set of axes 
by Xo, 2 / 0 , zoy U (where is time indicated by a clock fastened to this 
system), the same physical event will be represented in another 
set of axes moving with respect to the first with constant velocity 

1 The use of the complex form is for purposes of convenience only. Either 
real or imaginary part could be used equally well. 
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V along their common z axes by the quantities x, y, z, t where 


Xo = X, 


yo = 2 /, 


Zq = 




(124-2) 


the quantity c being the velocity of light. These are the famous 
Lorentz-Einstein transformation equations. We shall not stop 
here to derive them, but they are so important for modem theo¬ 
retical physics that the student should familiarize himself with 
them and their meaning without delay. ^ We note only that they 
are a kind of generalization of the Newtonian transformation 
equations discussed in Sec. TIO and effectually reduce to them 

V . 

when - <C 1, i.e., when the relative velocity of the two systems is 

small compared with the velocity of light. This is, of course, the 
situation throughout c lassica l mechanics, but in the case of atomic 


4 


particles the radical 1-: can become very different from unity. 


To solve the problem of De Broglie we must now substitute 
from (124-2) into (124-1). However, in so doing we must not 
overlook the fact that vo, being a frequency, depends on the time 
and must also undergo transformation. Thus, if we concentrate 
on a particular value of corresponding intervals of time in the 
two inertial systems from the last of eqs. (124-2) will be given by 



1 See,for example,Page, ‘^Theoretical Physics,’^ p. 452. These equations and 
their meaning are now quite commonly discussed in the more recent elementary 
textbooks of physics. Thus see C. W. Miller, “ Introduction to Physical 
Science(John Wiley, New York, 1932), Chap. XXXIII; A. E. Caswell, 
“ An Outline of Physics ” (Macmillan, New York, 1928, Chap. XXXIX). 
See also the recent interesting intermediate text “An Outline of Atomic 
Physics,” by members of the physics staff at the University of Pittsburgh 
(Wiley, New York, 1933), Chap. XIII. This is an excellent elementary treat¬ 
ment. Further consult G. E. M. Jauncey, “ Modem Physics,” Chap. XIX. 
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and therefore voj which is proportional to 1/dfc, will transform to v, 
where 

(124-3) 


On finally carrying out the indicated transformation we get for the 
representation^of the electron in the system with respect to which it 
moves with constant velocity v 

u'{x, y, z, t) = f(x, y, ^ (12-4^) 

We recognize this at once (Sec. 104) as a iplane progressive harmonic 
wave of frequency v moving in the positive z direction with velocity 

F = - • (124-5) 

V 

The amplitude / is, of course, variable in space and time. Thus in 
the inertial system with respect to which it is moving with constant 
velocity Vy the electron appears to he equivalent to a harmonic wave. 
It is interesting to note from (124-5) that the velocity of this 
wave is never less than the velocity of light, since v ^ c for a 
particle, a fact that is one of the consequences of the special theory 
of relativity. The fact that T § c might seem to detract from the 
value of De Broglie^s viewpoint. However, he was able to show 
that if one considers the particle to be represented not by a single 
wave but by a whole group of harmonic waves with slightly different 
frequencies clustered about an average frequency v and moving in 
the same direction with slightly different velocities, the velocity 
of the point of phase agreement of such a group, i.e., the so-called 
group velocityy is precisely equal to the particle velocity v. The 
reader should work this out for himself. (See Problem 12 at the 
end of the chapter.) 

De Broglie further assumed that there is a fundamental relation 
between the energy of the electron considered as a particle moving 
with respect to the fixed axes and its frequency considered as a 
wave. This relation is the famous quantum theory equation 

E = hv, (12-4-6) 

where h is the universal constant of Planck (Secs. 3-9 and 9*7). 
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Now on the theory of relativity the energy of a freely moving 
particle is given by the simple relation 

E = mc\ (12-4-7) 

where m is the mass of the particle with respect to the system in 
which it is moving with velocity v. It can then be shown that 



(12-4-8) 


mo being the so-called rest mass of the particle, i.e., its mass in 
the system in which it is at rest or which moves with it.^ The 
combination of eqs. (12-4-5), (12-4-6), and (12-4-7) at once yields 
the important relation for the wave length X of the wave representing 
the electron. Thus 



(12-4-9) 


if by p we represent the momentum of the electron with respect to 
the fixed system. Experiments in which electrons are reflected 
from the surfaces of single metallic crystals have verified eq. 
(12-4-9) and the fact therefore of the wave nature of the electron.^ 

The considerations just presented refer primarily to a free elec¬ 
tron. The problem of describing in terms of the wave point of 
view an electron acted on by a force is more complicated. Never¬ 
theless Schrodinger and others have shown how to treat for ex¬ 
ample the case of an electron moving in simple harmonic motion 
and an electron moving about a positive nucleus as in the atom of 
hydrogen, as well as more elaborate cases. The result of the 
analysis, as in the analogous Bohr method, is to fix the possible 
energy values of the system in question, i.e., to quantize it. We 
may get some idea as to how this is done by discussing briefly 
the problem of the electron in simple harmonic motion. It will be 
recalled that in Sec. 9-7 we carried through the quantization of this 

^ See again Page, lac. cit., p. 463. Or ” Outline of Atomic Physics,” lac. cit, 
p. 265. Or Jauncey, Modern Physics,” p. 455. 

* For further elementary discussion of this fascinating development of mod¬ 
ern physics see “ Outline of Atomic Physics,” loc. cit.j p. 142. Also Jauncey, 
“ Modem Physics.” The more advanced treatment may be found in Ruark 
and Urey, “ Atoms, Molecules and Quanta.” 
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motion using the Bohr quantum condition. It will be very in¬ 
structive to compare this with the Schrodinger wave mechanics 
method. 

In every problem in wave mechanics it is first necessary to find 
the wave equation that corresponds to the particular dynamical 
system being studied. To treat this problem in a general way is of 
course outside the scope of the present text but it will doubtless 
do no harm if we follow for the present illustration a formal, if 
apparently arbitrary, procedure which the reader will find justi¬ 
fied in treatises on the subject. It will be recalled that the energy 
equation for simple harmonic motion (Sec. 4-1) is 

= E, (12-4-10) 

where h is the so-called stiffness or elastic constant and 
E is the total energy. From eq. (2-2-13) we have 

h = 4^V^, (12-4-11) 

if vf is the frequency of the motion. Let us write (12-4-10) in 
terms of the momentum p = mv. It then becomes (12-4-10) 

The meaning of this equation from the standpoint of classical 
mechanics is sufficiently clear and need not be further emphasized. 
Wave mechanics proceeds to give it a new interpretation by assign¬ 
ing a new operational significance to the symbol p. Thus instead of 
interpreting it in the usual mechanical sense, let us say that p is 

equivalent to the differential operator ^ * That is, if \l/{x) is 

27rt dx 

any function of x, we shall assume the identity^ 

- Si f' 

This will further be extended to mean that 

/ h Ydhl/ 

- (^) 

1 It will be recalled that we have already found the operator notion valuable 
in Sec. 9-7 in our discussion of vibrating systems. 
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Our new interpretation of eq. (12*4-12) then is this: if we operate 

I / hV ^ 

2 

the result is the same as multiplying ^{x) by the constant E. 
Written down in formal terms, however, this gives us at once the 
second order differential equation 


on any function \f/(x) with the operator —( —)-h 

2 m\ 27 ri/ dx^ 




(E — ikx^)\l/ = 0. 


(12*4-15) 


Comparing this equation with eq. (10*4-3), for example, we see that 
it may be interpreted as the wave equation for plane harmonic 
waves along the x axis with variable wave length 

X = -p=^= ■ (12-4-16) 

The eq. (12*4-15) is then taken as the wave equation (the so- 
called Schrodinger wave equation) associated with the simple 
harmonic oscillator. Now that we have our wave equation, what 
are we going to do with it? In the case of the wave equation for a 
finite stretched string discussed earlier in this chapter we sought 
for a solution giving the displacement of the string as a function of 
X and t subject to certain boundary conditions. Now this is pre¬ 
cisely what Schrodinger does with the eq. (12*4-15). He looks for 
a solution giving ^ as a function of x (it is already assumed to be 
harmonic in time) which satisfies the general boundary condition 
that it shall be finitej continuous and single-valued for all x and 
shall vanish at infinity. The solution of this type of problem has 
long been familiar to mathematicians under the general name of 
boundary value problem. It is a little too lengthy for us to embark 
on here. It will be suflficient to say, however, that the analysis 
shows that it is impossible to obtain solutions of (12*4-15) which 
satisfy this boundary condition for all values of the energy E. 
In fact it develops that such solutions are obtained only for values 
of the energy of the following form 

En= {n + i)hpf, (12*4-17) 

where n = 0, 1, 2, . .. These are then called the eigen-values or 
characteristic values of the simple harmonic oscillator. Physically 
j^eaking they are the allowed energy values of the oscillator and 
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correspond to the quantization of the motion. It is very interest¬ 
ing to compare the result of the Schrodinger quantization with that 
of the Bohr quantum condition method — (eq. 9*7-10). It is 
seen that the two are alike save that n + J in the former replaces 
n in the latter. Experimental applications indicate that (12*4-17) 
is more in accord with observed facts than (9*7-10). It is however 
important to note that the quantization process in both cases 
results from the imposition of a boundary condition: in the Bohr 
theory this is the quantum condition applied to the classical 
mechanical motion, while in the Schrodinger wave mechanics it 
is a condition analogous to those imposed on the wave equation 
representing a vibrating string. 

The true physical meaning of the Schrodinger wave equation 
can be appreciated only after a comprehensive study of the founda¬ 
tions of wave mechanics which is really a new method of attacking 
physical problems in the atomic domain. All the problems worked 
out by the Bohr theory (such as the hydrogen atom and atoms of 
more complicated structure) have been solved also with wave 
mechanics and the results have been remarkably successful. Our 
aim in this section has been merely to provide a brief and some¬ 
what formal introduction to this new discipline and in particular 
to indicate what an essential role a clear understanding of classical 
mechanics plays in its elucidation.^ 


PROBLEMS 


1. Use Hamilton’s principle to determine the path of a particle which 
moves freely in three-dimensional space, i.e,, under the action of no forces. 

2. Use Hamilton’s principle to derive the equation of motion of a particle 
moving in a straight line with potential energy = iC/x, where x is the distance 
of the particle from some arbitrarily chosen origin. 


3. Using Euler’s theorem for homogeneous functions, show that for a 
dynamical system with n degrees of freedom (Cf. eq. 12-2-4) 


n 

1^1 


dqi 


2K. 


^ The modern version of wave mechanics is known as quantum mechan¬ 
ics. For further reading in this field the following books are recommended: 
Lindsay & Margenau, Foundations of Physics” (Wiley, 1936), Chap. 9; 
G. E. M. Jauncey, Modem Physics ” (D. Van Nostrand, 3d ed., 1948), 
Chap. 17; L. Pauling and E. B. Wilson, Introduction to Quantum 
Mechanics” (McGraw-Hill, 1935). 
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4. Consider a conservative system. Define 



as the generalized momentum associated with qi. Taking the in turn as 
the rectangular, spherical and cylindrical coordinates of a single particle, 
evaluate the corresponding p* in each case and comment on its physical 
significance. 


5. A particle of mass m moves along the x axis in simple harmonic motion. 
Calculate the time integral of the Lagrangian function over the actual dynam¬ 
ical path X ~ A sin (Ait from t = 0 to f = 2V4, where 2’ = 27r/aj. Consider a 
varied path x — A sin coi -1- X sin 47r</2\ which has the same end points as the 
dynamical path at i = 0 and t — 2V4, if X is a constant parameter. Find the 
time integral of the Lagrangian function over the varied path from / = 0 


to t = 2^/4 and compare with the previous result. 
Connect this with the fundamental physical signi¬ 
ficance of Hamilton’s principle. 

6. Use Lagrange’s equations to determine the 
motion of the masses in the frictionless pulley set-up 
shown in the accompanying figure. The movable 
pulley P 2 has mass 2m. 

7. Referring to Fig. 12-5, let the surface AB be 
completely rough and replace the particle m by a 
circular cylinder of mass m which can roll without 
slipping down the plane. Determine the motion 
of wedge and cylinder by the use. of Lagrange’s 
equations. 



8. For a conservative system consider the expression 


H =^11 PiQi - L, 
i=l 


where L is the Lagrangian function and pi is to be interpreted as in Problem 4. 
Show that H is a function of the pi and g* alone. Further show that H is con¬ 
stant in time and that it equals -b F, i.e., the total energy of the system. 
Finally show that 

dU . dH 
— = - Piy — 
dqi dPi 


H(pifqi) is called the Hamiltonian of the system, and the foregoing equations 
are called the canonical equations of motion, or the equations of motion in 
Hamiltonian form. They have proved particularly valuable in the application 
of mechanics to atomic structure problems. 
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9. Show that for the simple harmonic oscillator of mass m and stiffness 
constant the Hamiltonian is 



Obtain the canonical equations. Work the same problem for the central field 
motion in spherical coordinates. 

10. According to Fermat’s principle, the ray of light from any point A to 
any other point B in space can be determined by the assumption that the time 
of travel from A to B is a minimum. Show that this leads to the experi¬ 
mentally observed laws of reflection and refraction of light at a plane surface. 
Show that Hamilton’s principle applied to a light particle or photon of energy 
hv is equivalent to Fermat’s principle. 

11. If a spherical light wave starts at time < = 0 to move with velocity c 
from the origin of a fixed system of axes (x,t/, 2 :), at time t (as measured in this 
system) it will have reached the surface of a sphere whose equation is 

- cH^ = 0 . 

Show that the equation of this sphere has the same form in the system of axes 
(xo, 2 / 0 , zq) moving with respect to the first with constant velocity v along their 
common z axes. (The origins of the two systems are assumed to pass each 
other at time t — to == 0.) That is, using the Lorentz-Einstein transforma¬ 
tion equations (12-4-2), show that the expression above becomes 

Xo^ 4* 2/o* 4* Zo^ — cV = 0. 


Note that the theory of relativity supposes that c is a universal invariant. 
Comment on the physical significance of the result of the transformation. 

12. Consider a group of plane harmonic De Broglie matter waves moving 
in the z direction with frequencies included in the range p — du to v bv^ 
where y is a mean frequency and bv v. Any particular wave in the group 
may be represented by 

A{y cos 27r(»' H- e) t ~ ——;—- 

where p 4- «is the frequency and e ^ |5i/|. The velocity of the wave is F(»' 4- «) 
and is supposed to be a function of frequency. Consider particularly two 
waves in the group for which e = ei and €2 respectively. Show that if they 
agree in phase at some point 2 at a certain t, this point of phase agreement will 
move with velocity 



dp 


the group velocity of the group of waves. Prove that for the case of De Broglie 
waves U ^ Vf where v is the velocity of the particle represented by the wave 
group. 



SUPPLEMENTARY PROBLEMS 


1. Use the method of dimensions ” to derive the functional dependence 
of the period P of a simple pendulum on g and the length of the string. Dis¬ 
cussion: Recall that with every mechanical quantity there is associated a 
dimensional formula involving the three fundamental dimensions of mass, 
length and time, represented symbolically by M, L, and T. Thus the dimen¬ 
sional formula for velocity is L/T or LT~^; that for acceleration is LT~^; that 
for force, MLT~^y etc. To have physical meaning, every equation in mechanics 
must be consistent dimensionally; that is, both sides must have the same 
dimensions. 

Ill the present example, if Z = length of string, m = mass of bob and 6 = 
angular amplitude of swing, assume that P is represented by the formula 

p = 

P has the dimensions of T and hence the right<-hand side must have the same 
dimensions. From this fact find the relations that x, ?/, z, u must satisfy in 
order to make the equation dimensionally consistent. Thus show that 
P oc \/l/g. The factor 27r in the actual formula is undetermined by the 
dimensional method. It is, of course, dimensionless. For a detailed account 
of dimensional analysis, see the interesting book by P. W. Bridgman ‘‘ Dimen¬ 
sional Analysis ’’ (Yale University Press, 2d ed., 1931). 

2. Derive the functional form of Kepler’s third law by the use of the 
method of dimensions. Do the same for Jurin’s law for the rise of a liquid in 
a capillary tube (Sec. 11-8). 

3. Show that when a mass particle moves in a circular path with a constant 
speed equal to that which it would gain in freely falling under gravity a dis¬ 
tance equal to one-half the radius of the circle, the centripetal force on the 
particle is equal to its weight. This result is due to Huyghens (1629-1695) 
and is of considerable historical interest since it marks the beginning of the 
clear distinction between mass and weight. 

4. A particle is constrained to fall under gravity from the highest point 
of a vertical circle along a chord of the circle. Prove that the time of descent 
is the same for every chord passing through the highest point. Prove also that 
the time of descent from all points on the circle is the same along the chords 
from those points passing through the lowest point of the circle. 

6. Consider the parabola with equation y = o — kx^ with the xy plane 
vertical. A particle moves from rest under gravity from the focus. If it is 
constrained to move along some line extending from the focus to the parabola, 
find the equation of the line along which it will meet the parabola most quickly. 
Show that the length of this line is equal to that of the latus rectum. 

409 
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6 . A particle moves in a circle of radius R under the attraction of a force 
varying inversely as the square of the distance from the center of the circle. 
Use the expression for the centripetal force to derive Kepler’s third law of 
planetary motion for tliis special (i.e., degenerate) case. 

7. In the motion of a comet about the sun in a parabolic orbit, prove that 
the comet crosses the orbit of any given planet with a velocity \/2 times that 
which the planet has at the same place (assuming that the orbit of the latter 
is approximately circular). 

8 . The solution of Kepler’s equation [Sec. 3-8, eq. (3*8-25)], viz., 

M == E - € sin E, 

where E is the eccentric anomaly, e the eccentricity and M the mean anomaly, 
is of great importance, both in celestial mechanics and in the Bohr theory of 
atomic structure. The desired solution consists in finding E as a function of 
M and hence of t. This is equivalent to finding the radius vector r as a func¬ 
tion of t. Indicate how a graphical solution may be obtained by plotting a 
sine curve and a straight line and getting their point of intersection. In this 
way construct graphical plots of ^ as a function of M for values of e == 0.1, 
0.3, 0.5, 0.8. 

9. A particle moves in an elliptical orbit in a central field of force varying 
inversely as the square of the distance from the force center (one focus of the 
ellipse). Calculate the time average of the radius vector in terms of the major 
axis and eccentricity of the orbit. Apply numerically to the case of the earth 
and sun. 

10. A particle moves in an elliptical orbit in a central field of force varying 
directly as the distance from the force center (the center of the ellipse). 
Calculate the time average of the radius vector in terms of the constants of 
the orbit. What is the expression for the period of revolution in this type 
of motion? Mention a physical illustration of this motion. Cf. Sec. 3*5. 

11. A particle moves in a plane orbit with polar equation 

ep 

r =-> 

1 — € cos yd 

where 7 is a dimensionless constant very close to unity. Show that this orbit 
represents an ellipse of eccentricity c and parameter p, whose perihelion slowly 
rotates. Find the rate of perihelion motion and make a sketch of the orbit. 
Assuming that the particle moves in a central force field, find the expression 
for the law of force, and in particular note the deviation from the inverse 
square law. All the planets show this perihelion motion to a certain extent, 
that of Mercury being the largest (574 seconds of arc per century). Classical 
Newtonian mechanics has been unable to account for the whole of this as being 
due to the perturbing influences of other planets. The theory of general rela¬ 
tivity of Einstein has seemingly removed the difiiculty (cf., e.g., G. E. M. 
Jauncey, “ Modern Physics,” p. 460). It is interesting to note that the appli¬ 
cation of special relativity mechanics to the motion of an electron about a 
nucleus in the Bohr theory leads to an orbit of precisely the form indicated 
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above with 7 = Vl — where e is the charge on the electron, 

Z is the number of positive charges on the nucleus, c is the velocity of light, 
h is Planck’s constant, and k is any integer. See Ruark and Urey, Atoms, 
Molecules and Quanta,” p. 132. 

12. A force F = iPo + ikte~°'^ acts on a particle, where is constant and 
equals 10/e dynes, a — 1/20 sec~^ and k = 200 dynes/sec. Find the momen¬ 
tum produced (direction and magnitude) in 1/10 second. Plot the magnitude 
of F as a function of t. 

13. An alpha particle with initial velocity 2 X 10® cm/sec is shot directly 
at a nucleus of atomic number AT = 80 (i.e., charge on the nucleus is 80 e): 

(a) Assuming that the nucleus stays at rest, find the minimum distance of 
approach. 

(b) What is the potential energy of the alpha particle at the minimum 
distance? 

14. Find the way in which the central force must vary with the distance 
from the force center in order that a particle may describe the equiangular 
spiral 

r = e^\ 

the force center being assumed to be at the pole (a is a constant). Use the 
law of areas to find the expression for the resultant velocity of the particle as 
a function of r. Solve the same problem for the spiral of Archimedes for 
which r — oud {a is again a constant), 

15. A particle of unit mass moves under the influence of no force save a 
resisting force of the form A + Bt where A and B are constants. If the 
particle comes to rest in time find the total distance traversed and show 

/ u 

t{A + Bi) dt. Try to generalize this result. 

16. In a straight rod of length /, the line density varies linearly from po at 
one end A to pi at the other end B, Find the mass of the rod and the position 
of the center of mass. Also find the gravitational force with which the rod 
attracts a unit mass at point P such that PA is perpendicular to the rod and 
equal to h. Through what point of the rod does this force pass? 


17. Find the law of density distribution in a sphere so that its attraction 
for a particle on its surface shall be independent of the size of the sphere. 

18. A particle of mass m moves in a straight line subject to an attractive 
force directed toward a fixed point on the line and varying inversely as the 
square of the distance from the point. It is assumed to start from rest at 
distance a from the fixed point. Discuss the motion and in particular find the 
possible energy values of the motion consistent with the Bohr quantum con¬ 
dition ^ mx dx ^ nh (Sec. 3*9 and Sec. 4*4). These paths are the so-called 
“ pendulum orbits ” of the Bohr atomic theory. It should be shown that the 
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quantized energy values agree with those obtained for elliptical motion in an 
invert square field for ni + n 2 = n. Physically speaking, these orbits are 
ruled out since they involve collision with the force center, i.e., the nucleus in 
the atomic problem. 

19. An electron moves in a quantized elliptical orbit about a positive nucleus 
as in the Bohr theory of the hydrogen atom. Find the expression for the 
fraction of the whole period of revolution which the electron spends on the 
average in a spherical shell of thickness dr at distance r from the nucleus. 
Hint: Use the expression for the eccentric anomaly, Sec. 3-8. Hence show 
that if the electron’s motion is assumed to be equivalent to a spherical dis¬ 
tribution of negative charge about the nucleus the average fraction of the total 

charge e in the spherical shell dr at distance risde = 

ira^ 

Plot the distribution function. Integrate over r to get the total charge; this 
of course should be e. 

20. Calculate the expression for the potential produced at any point distant 
r from the nucleus by the spherical distribution of the previous problem (Prob¬ 
lem 19). Note: Electrical potential is calculated in the same way as gravi¬ 
tational potential. Care should be taken to distinguish between the potentials 
due to a given shell at points inside and outside the shell (Sec. 4*5). Use 
appropriate numerical values and plot the potential as a function of r. 

21. Find the force acting on a particle of unit negative charge at point r in 
the field produced by a positive nucleus and the spherical distribution of 
negative charge described in Problem 19 above. This type of calculation 
has been of value in the Bohr theory of the structure of atoms with more than 
one electron, (Consult Ruark and Urey, p. 200.) 

22 . Use Gauss’ law (Sec. 4*6) to show that Laplace’s equation, viz., 


er dr 



Q2y Q2V dW 

"a? 


in spherical coordinates (a; ~ r sin 0 cos <^, y = r sin 0 sin 0, z = r cos B) be¬ 
comes 


i 1 + -4_ ^ f sin a ^ V - 

r* dr \ dr / sine de\ dB/ sin* B 


Hint: Apply the law to the volume element in spherical coordinates, viz,, 
r* sin a da d4> dr^ whose surface consists of two spherical elements, two conical 
elements, and two plane elements. 

23. A sphere of radius a contains electric charge distributed throughout 
its volume with constant density p. Use Gauss’ law (Sec. 4*6) to obtain the 
magnitude of the electric intensity due to this charge distribution (i.e., the 
force on a unit charge) at any point distant r from the center of the sphere. 
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Thus show that for a point inside the sphere, the intensity has the magnitude 

Hint: Recall Coulomb’s law of 


47rpr ., . , , , 4irpa® 

—— > while outside it has the value- 

3 3r2 


force for electric charges and compare with the gravitational analysis of 
Secs. 4-5 and 4*6. 


24. In the preceding problem (Problem 23) calculate the electric potential 
(Sec. 4-3) for a point distant r from the center of the sphere both inside and 

4xpci^ 

outside. Thus obtain Vi = —§7rp(3a2 — r^) and Fo --Prove that 

3/- 

these satisfy Poisson’s and Laplace’s equations respectively [eqs. (4-6-13) and 
(4-6-14)]. Hint: Use the latter expressed in spherical coordinates as in Prob¬ 
lem 22 above. Work the same problem for the case of gravitational attraction. 

25. A sphere of radius a contains electric charge distributed throughout its 

15Q 

volume with density p = — r^). Show that k = - i where Q is the 

total charge. Find the magnitude of the electric intensity at points inside and 
outside the sphere and do the same for the potential. Check by substitution 
into Poisson’s equation. 

26. Consider a conducting sphere of radius a. A point charge -^-e is placed 
at the point P distant u from the center of the sphere, 0, where u > a. Prove 
that if a charge e' — —ae/u is placed at a point on OP inside the sphere distant 
h = a^/u from 0, the potential at all points on the sphere will be zero. The 
charge e' is called the electrical image in the sphere of the charge e. The use of 
electrical images is very valuable in the solution of problems in electrostatics. 

27. A boat with mass 2 tons (including that of the passenger) is moving 
through the water with an initially constant velocity of 20 ft/sec with respect 
to the shore. The passenger throws a 2-lb ball with an initial velocity of 30 
ft/sec relative to the boat in the direction of motion of the boat. How much 
work does the man do in throwing the ball? 

28. A gun and its carriage of mass M rest on a rough horizontal surface for 
which the coefficient of friction is ju. If the gun is fired horizontally so that 
the initial velocity of the projectile of mass m relative to the gun is F, find the 
distance which the carriage recoils. 


29. A particle of mass m is acted on by a force F = kr~h where kiss, con¬ 
stant. How much work is done by the force when the particle moves in the 
xy plane in the arc of a circle from the position 


to the position 


r = ai 
X2 = aj? 


Obtain the answer in two different ways. 


30. Two forces act on a given particle. Prove that if the sum and difference 
of the two forces are perpendicular to each other, the two forces are of equal 
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magnitude. Prove also that if the magnitudes of the sum and difference 
respectively of two forces are equal, the two forces are perpendicular. Hint: 
Use the scalar product of two vectors. 

31. Two electrostatic point charges +2e and —e are at a distance a apart. 
Find the neutral point, i.e., that at which a unit charge would be in equilibrium 
under the action of the two given charges. 

32. A particle is constrained to lie on the convex side of a smooth ellipse 
and is acted on by forces of magnitude Fi and F 2 directed toward the two foci 
respectively, and a force of magnitude Fc directed toward the center. In what 
position will the particle be in equilibrium? 

33. A particle is placed at point P distant ri, rz, . . . fn from the fixed points 
Oi, O 2 , . . . On* Forces act on the particle directed along OiP, O 2 P, . . . OnP 
and are in magnitude proportional respectively to n, r 2 , . . . Use the 
principle of virtual work to show that the surface on which the particle will 
be in equilibrium in all positions is a sphere. 

34. A flexible cord is suspended from two fixed points on the same hori¬ 
zontal line. What must be the law of variation of the mass per unit length 
in order that its shape may be a semicircle whose diameter is horizontal? 

35. Prove that the resultant of several non-coplanar couples has a moment 
which is the resultant of the moments of the individual couples. 

36. Find the center of mass of a sector of a plane uniform circular disk the 
arc of which subtends an angle of 30°. Also find its moment of inertia about 
an axis perpendicular to its plane and passing through the center of mass. 

37. A plane ABC intersects the three coordinate axes in the points A, B^C 
respectively, forming the tetrahedron 0-ABC. Four forces act normally to 
the faces of the tetrahedron along the three coordinate axes respectively and 
along the normal to ABC passing through O. These forces are proportional 
in magnitude to the areas of the faces to which they are respectively normal. 
Prove that they are in equilibrium. Generalize the result to the case of any 
tetrahedron. State the connection between the result of this problem and the 
laws of hydrostatics. 

38. A uniform triangular plate with two sides equal to 10 cm and 15 cm 
respectively and the included angle 30° has a mass of 100 grams. It lies in a 
horizontal plane, suspended from a fixed point 25 cm above the plane by three 
strings attached to the corners. Find the tension in each of the strings. In 
particular find the relation between these tensions and the lengths of the 
strings. 

39. A thin uniform rod has a length I and mass m. It is suspended by a 
vertical thread attached to its center 0. A particle of mass M is placed at 
point P distant r from 0 so that OP makes the angle 6 with the rod. What is 
the total force moment about the axis of suspension due to gravitational 
attraction? 

40. A bar magnet of magnetic moment M (equal to ml where m is the 
strength of the poles, assumed to be concentrated at the ends of the magnet, 
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and I is the length of the magnet) is suspended by a wire perpendicular to the 
lines of force of a uniform magnetic field of intensity H (that is, H dynes per 
unit pole or gams). What torque or force moment is required to hold the 
magnet at an angle d with respect to the direction of the field? How much 
work is done in the motion of the magnet from a position parallel to the field 
to a position making angle d with the field? 

If the magnet has moment of inertia I about a perpendicular axis through 
the center, find the frequency of the vibrations it will make if displaced slightly 
from its position of equilibrium with respect to the field and then let go. 

41. Prove that the analytical conditions for the equilibrium of a rigid body 
retain the same form if oblique axes are used instead of rectangular axes. 

42. Use the theorem of Pappus on centroids to find the expression for the 
volume of a torus or anchor ring. 

43. A uniform brass cylinder of radius 1 cm and length 50 cm is allowed 
to swing in a vertical plane about one end through an angle of 30° each side 
of the plumb line. Find the period of its oscillations. 

44. A heavy block of wood is suspended by a stiff but massless vertical wire. 
A bullet is fired into the block. Indicate how the velocity of the bullet may be 
obtained. Derive the formula 

2(M 4- rn)ky/^ sin 6/2 

V -- 

fup 

where: m = mass of the bullet; M — mass of the block; k = radius of gyra¬ 
tion of the block with the bullet in it; v == velocity of the bullet; p — the 
distance of the line of motion of the bullet from the point of suspension of the 
block; h = the distance of the center of mass of the block from the point of 
suspension; 6 — the angle through which the block is deviated from the 
vertical. This arrangement is known as a ballistic pendulum. 

45. A uniform thin hemispherical shell is constrained to move with its pole 
fixed. Find the equation of the momental ellipsoid. 

46. A particle is projected with velocity F on a smooth horizontal plane. 
Show that because of the rotation of the earth the particle will describe an arc 

V 

of a circle of radius-^— > where w is the angular velocity of the earth and 

2(0 sm X 

X is the latitude. Work out a numerical example. 

47. The contour of an elliptical plate of unit thickness has the equation 
Ax^ + Bxy -f Cy^ Dx A- Ey F = 0. Find the moment of inertia of the 
plate about a diameter parallel to the x axis. 

48. A thin circular sheet of radius r and mass m falls from rest in a vertical 
position to a horizontal floor. If the bottom in contact with the floor does not 
slip, with what kinetic energy will it strike and what will be the velocity of the 
top end? 
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49. What is the kinetic energy of rotation of a right circular cone with 
height 1 meter and radius of base 20 cm if it rotates at constant angular velocity 
10 rev/sec about its principal axis? What angular velocity would be necessary 
to give it the same kinetic energy if it were rotated about an axis through the 
vertex perpendicular to the principal axis? 


50. Two particles A and B with masses niA. and Wb respectively move sub¬ 
ject only to their mutual interaction. What is true of their instantaneous 
velocities? Specialize to the case where they are initially at rest. 

If A moves in a circle of radius with constant angular velocity, show that 
B must likewise move in a circle with the same angular velocity. What is the 
radius of this second circle? Specialize to the lowest energy state in the Bohr 
model of the hydrogen atom and give numerical values. 

51. Two particles B and C with masses ms and me respectively move sub¬ 
ject only to their mutual interaction. Find the expression for the acceleration 
of C relative to B in terms of the acceleration of C in the reference frame. Find 
the relative fractional acceleration of C. What are its maximum and minimum 
possible values? 

What will be the effective relative mass., i.e., the mass of a particle which, 
moving with the relative acceleration, has the same unbalanced force acting on 
it as acts on B and C themselves? 

j ^Vi 

pdV, where p is the excess pressure and V the volume, 
Fo 

represents the work required to compress a fluid from volume Fo to volume.Fi* 
If the fluid is an ideal gas and the compression is adiabatic, calculate the work. 
If the fluid is a liquid, obtain an expression for the work by the use of the bulk 
modulus. 

53. The energy of a single molecule of a fluid when in a state of compression 
from volume Fo to volume V may be expressed in terms of the series 


E 


+ (F - 



(V^V,)2 /d2E\ 

2 VdFVo 



the derivative referring to equilibrium conditions. If equilibrium corresponds 
to minimum molecular energy, what value must be assigned to the second term 
on the right? Derive the following expression for the bulk modulus of the fluid 


k » 



where N is the number of molecules in volume Fo. Discuss the physical sig^ 


nificance of the requirement which the positive nature of k places on 




SUPPLEMENTARY PROBLEMS 417 

54. If in Problem 52 the change in volume from Fo to F is that involved in 
the change from liquid to solid state, the work done may be expected to be 
approximately equal to the heat of fusion. Test this hypothesis by application 
to the following substances: lead, bismuth, ethyl alcohol, and tin. 

55. The critical temperature of a substance may plausibly be defined from 
the kinetic theory point of view as the temperature for which the average 
energy per molecule equals the energy required to separate the molecules com¬ 
pletely. The latter may be calculated from the result of Problems 52 and 53. 
Thus get an estimate of the order of magnitude of the critical temperature of 
water on this hypothesis. 

56. A possible equation of state of a liquid has been given in the form 

p(F - Fo) = ZNkT, 

where Fo is the minimum possible volume for the closest packing of the mole¬ 
cules. The other symbols have their usual significance as in Chapter VI. 
How does the pressure vary with depth for such a liquid under isothermal 
conditions? 

57. From the standpoint of the quantum theory light is looked upon as 
being corpuscular in nature and composed of particles called “ photons,*' 
which have no mass but carry energy hv and momentum hv/c, where v is the 
frequency of the light, c is the velocity of light and h is Planck's constant 
(see Sec. 12-4). Thus any change in the energy and momentum of a photon 
involves an alteration in the frequency of the corresponding light. Suppose 
that a photon of frequency pq moving along the positive x axis collides with an 
electron at rest with respect to a certain set of rectangular axes. After collision 
the electron moves off with velocity v in a direction making angle $ with the 
positive X axis, while the photon travels in a direction making angle <i> with the 
same axis. The mass of the electron at rest is mo, while the mass in motion 
with velocity v is m = mo/Vl — v^/c^ (from the theory of relativity. See 
Sec. 12-4). The kinetic energy of the electron, which in this case is its total 
energy, on the theory of relativity is (m — mo)c2. Set up the equation which 
expresses the conservation of energy for the system consisting of the photon and 
electron, and the two equations expressing the conservation of momentum of the 
system along and perpendicular to the x axis. Solve the three equations for p, 
v, and $ in terms of vo^ m©, and 4>. In particular find 

Vo 

1 -j- hvo/m(tC^ • (1 — cos <i>) 

Hence find for the change in wave length of the photon (X * c/v) due to tlie 
collision: 

c c ^ . 

AX -- — (1 — cos 

p PQ moc 


The so-called Compton effect in the scattering of X-rays by light elements is 
described by the theory here indicated (see Ruark and Urey, Atoms, Mole- 



418 


SUPPLEMENTARY PROBLEMS 


cules and Quanta,” p. 84 ff.). It is interesting to observe that in this collision 
problem we invoke the conservation of energy as well as of momentum, in 
contrast to the assumption used in the study of collision problems in classical 
mechanics. 


58. Discuss the motion of the bob of a simple pendulum in a medium which 
resists the motion with a force varying directly as the velocity. Also discuss 
the case where the resisting force varies as the square of the velocity. 

59. A bead moves on a smooth circular wire of radius a; the plane of the 
wire is inclined at an angle <f> to the vertical. Find the frequency of the small 
oscillations of the bead about the lowest point of the wire. 

60. The motion of the bob of a simple pendulum when first observed has 
an amplitude of 6 cm. Eight minutes thereafter the amplitude of swing has 
decreased to 4 cm. Find the decay modulus. How long a time must elapse 
before the amplitude has diminished to 2 mm? If the length of the pendulum 
is 50 cm, calculate its natural frequency and compute the error involved in 
neglecting the effect of the dissipation. What is the logarithmic decrement? 

61. In a special arrangement of Atwood’s machine both particles have the 
same mass, so that the system is originally in equilibrium. One of the particles 
is then pulled aside a short distance in the original plane of the system and 
allowed to swing in this plane as a simple pendulum. Discuss its motion. 

62. A perfectly flexible string of length I and line density p is stretched with 
tension r. Show that when it is displaced transversely, the total kinetic 
energy and total potential energy (neglecting dissipation) may be expressed 
in the following way 



Here $ represents the displacement at distance x along the string from one 
end chosen as origin. Taking the solution for a progressive wave along the 
string, i.e., ^ — A cos (cot — kx) (from Sec. 10-5), evaluate T and V. 

63. Consider a perfectly flexible circular membrane of radius a which is 
fixed at the periphery. Imagine it depressed by a uniform pressure p. If the 
superficial tension, i.e., force per unit length (Sec. 11-8), is t (assumed to 
remain constant under the displacement), show that the displacement of a 
point on the membrane distant r from the center is given approximately by 



Hint: Discuss the static equilibrium of the ring element 2irr dr. What is the 
maximum displacement $o and what is the shape of the deformed membrane? 
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64. Find the expression for the total kinetic energy of the membrane in 
the previous problem (Problem 63) if it is depressed and let go, assuming that 
^ is always given by the expression above, and that the instantaneous velocity 
of the center is $o. In this way prove that the effective mass of the membrane 
is one-third of the actual mass. N.B. The effective mass, nie, is that for which 

is equal to the total kinetic energy. 

65. Referring again to Problem 63 show that the potential energy of the 
circular membrane to the approximation there assumed is 


V = 


Sttt / a ^\ ^ 0 ^ 


so that the effective stiffness coefficient of the membrane is / = 27rr. (N.B. 

The effective stiffness coefficient is that such that is equal to the total 
potential energy.) Hence show that the natural frequency of vibration of the 


membrane is pq = 


2Tr \ pa' 


where p = density of membrane material. It 


should be noted that the last three problems refer to an approximate theory 
of the circular membrane. According to the more exact theory, the membrane 
lias a whole set of natural frequencies (recall the stretched string) of which Po 
is a first approximation to the fundamental. (See Stewart and Lindsay, 
Acoustics, p. 202.) 


66. A perfectly flexible string of length I is stretched in a horizontal line with 
tension r and loaded at equal intervals a with n particles of mass m, so that 
(n + l)a — 1. One of the masses is displaced sfightly in the vertical plane. 
Using the general method of Sec. 9-8 write the equations of motion of the sys¬ 
tem, assuming that the mass of the string itself is negligible. Show that if the 
vertical displacements of the particles are denoted by gi . . . respectively, 


Qj 


= 2 ^ 
4:=1 


(J — l)kTr 
n + 1 


cos {ojkt 4- €*), 


Cl 


where j runs 
provided that 


from 1 to n, satisfies the equations, 


\ mi 


, k-K 

sin —--' 

ma 2(n -h 1) 


The latter are known as the characteristic frequencies of 
the loaded string. Compare with the special case of 
Sec. 9-8. Take a special case and calculate numerical 
values. 


>/ 


Wa 


67. In the diagram mi and m 2 are masses joined to the 
rigid supports Ci and €% respectively by the two springs 
with stiffness fi and /2 respectively. Moreover, the 
masses are joined with a spring of stiffness /. Assum¬ 
ing that the motion of the masses is confiined to the vertical direction, write 
the equations of motion of the system when it is given a slight displacement 
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from equilibrium. Neglect the mass of the springs. Determine the fre¬ 
quencies of the motion. 

68. The diagram indicates a massless, inflexible rod, 1 meter in length, 
hinged at one end and carrying a mass m = 500 grams at the other end. The 
rod is supported by a vertical spring of stiffness 1 kilogram wt per cm attached 




m 


25 cm from the hinge. When the mass m is displaced vertically a small dis¬ 
tance and let go, the amplitude of motion is found to be reduced to 1/eth of its 
original value in 10 sec. 

(a) What is the natural frequency of the vibrations of m? 

(b) What is the logarithmic decrement of the motion of m? 

(c) If the system were to be driven at its resonance frequency by a periodic 
force with a maximum value of 100 grams wt, at what rate would it dissipate 
energy? 

69. Consider a pair of coupled oscillators hke those described in Sec. 9-8 
and for which the displacements are given by 

= A cos (wii -j- €i) B cos (<*> 2 ^ "f* * 2 )^ 

^2 = A cos (wit € 1 ) — -5 cos (<*> 2 ^ + € 2 )* 


Suppose the system is started from rest by giving the first component the initial 
displacement ^10 while the second has zero displacement. Show that the 
resultant motion can be expressed in the form 


„ ^ («*>!+ «2) (wi — 0)2) 

= ^10 cos-r- 1 • cos--- 


„ „ . (wi + « 2 ) . . («1 Wt) 

^2 = —^0 sm--- 1 • sm--- t 


Discuss the physical significance of this result. 

70. The point of suspension of a simple pendulum moves with constant 
velocity in a circle in the plane of the pendulum’s motion. Write the equa¬ 
tions of motion and solve them for the case in which the circle is very small. 

71. A condenser of capacitance C is charged through a resistance R by & 
constant source of e.m.f. E, Find the relaxation time, i.e., the time require 
for the charge on the condenser to rise to within 1/e of the static value. 

72. Write the relaxation equation (Cf. eq. 9-2-47) corresponding to the 
imposition of a constant excess pressure p« on a fluid of mean density po. This 
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is the differential equation for the excess density Find the expression for 
the relaxation time. 

Do the same problem when the excess pressure is a harmonic function of the 
time and solve to find p«/p« in terms of the relaxation time. What physical 
significance can be associated with this ratio? (Cf. eq. 11-6-37.) 

73. A uniform steel cylindrical rod of length k and radius a is suspended 
horizontally at its mid-point from a steel wire of length U and radius 6. Find 
the ratio of the number of oscillations per second of the bar (eq. 10-2-18) 
at temperature Ti to the number at temperature T 2 . Consult physical 
tables for necessary numerical data. 


74. Given two homogeneous media separated by a plane boundary. Let 
us suppose that all particles move in the first medium in straight line paths 
with constant velocity Vi and in the second medium with constant velocity F 2 . 
Find the path of a particle between point A of the first medium and point B 
of the second medium satisfying the condition that it shall be traversed in the 
minimum time. (Note: This is the famous principle of Fermat for the propa¬ 
gation of light. It should be shown that Snell’s law of refraction follows from 
the condition cited.) 

75. A cubical box of side a is supposed to be filled with electromagnetic 
radiation in the form of plane harmonic waves which, however, must satisfy 
the boundary condition that the displacement is zero on all faces of the box. 
Show that the allowed frequencies are given by 

where c = velocity of the waves, and ni, 712 , Uz form a set of any three 
integers. Hint: Use the expression for the characteristic frequencies of a 
stretched string (Sec. 10-5). 

76. Referring to the previous problem (Problem 75) prove that the number 

of possible modes of oscillation inside the cubical space having frequencies 
included in the frequency region i' to v -f Ai/ is given by 47raVc* • Hint: 

Represent each possible frequency by a point in a three-dimensional lattice 
space with coordinates the integers ni, 712 , nz. The number of such points 
lying in any given volume of this space will be numerically equal to the volume, 
approximately. If each mode of oscillation has attached to it the amount of 
energy kT (where T is the absolute temperature and k is Boltzmann’s gas 
constant), show that the energy density of the radiation in the frequency inter- 

val y to V 4 - Av IS AEp = —~— Ay, Express this m terms of wave length. 

This gives the Rayleigh-Jeans law for the frequency distribution of energy in 
the radiation from a perfect radiator of electromagnetic radiation (i.e., a black 
body). Unfortunately the result does not agree with experiment. This dis¬ 
crepancy was instrumental in the introduction of the quantum theory by 
Planck in 1900. 
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77. The displacement in a plane harmonic acoustic wave progressing in 
the X direction may be written in complex form as ^ = ^^Osai-Kx) where A is 
the amplitude, w = 2Trvy where v is the frequency and k = w/c, where c is the 
wave velocity. Find the expression for the ratio where p is the excess 
pressure in the wave and ^ (the so-called volume current) = S being the 
area of cross-section of the wave front. This ratio is called the acoustic impedr 
ance of the wave. Hint: Use the definitions and theory in Sec. 11*6. 


78. A plane harmonic acoustic wave ^ = ^ei((at-Kx) progresses through a 
cylindrical tube of cross-sectional area Si in the x direction (i.e., from left to 
right). At a certain point there is an abrupt change in the area of cross-section 
from Si to S 2 . Show that the fraction of the incident energy at the boundary 


which is reflected is 



For this purpose utihze the boundary con¬ 


ditions that at the boundary there exists continuity in pressure p as well as in 
volume current A . Assume that there is no wave in the negative x direction 
in the tube to the right of the boundary. 


79. Show that the wave equation for spherical acoustical waves diverging 
from or converging to a point may be written in the form 


(r</>) = c2 


dr^ 


where 4> is the velocity potential and r the distance from the point in question. 
Hence show that the general solution has the form 

- r) ■}-f 2 (ct -f r)]. 
r 

Considering the velocity potential for spherical harmonic waves in the form 

r 

deduce the expression for p/A (see problem 77), i.e., the acoustic imped¬ 
ance, and compare with that for a plane wave. What is the limiting value 
of the acoustic impedance of the spherical wave as r —> 00 ? 

80. A torsional wave travels along an infinitely long uniform cylindrical 
solid rod. Show that the velocity of propagation is \/iii7p, where fx is the shear 
modulus and p is the density. 

81. A conical horn is in the form of the frustum of a right circular cone with 
slant height h. If both ends of the horn are open, show that its characteristic 
or resonance frequencies for spherical acoustic waves are given by v = nc/2h 
where n is any integer. Compare with the case of the stretched transversely 
vibrating string and with the cylindrical organ pipe. 

82. Harmonic acoustic waves pass through a tube with rigid walls and of 
varying cross-section S (i.e., a horn). The diameter is supposed to be every¬ 
where smaller than the wave length. Show by setting up the equation of 
motion and the equation of continuity for the fluid (e.g., air) in the tube and 
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by making the usual acoustic approximations (Sec. 11*6) that the approxi¬ 
mately valid differential equation for the acoustic excess pressure in the tube is 


1 dS ^ 
dx^ S dx dx 


0, 


where k = 27r/X = 2Try/c in the usual notation. Solve this equation for the 
special case of a conical tube. This differential equation is basic for much of 
modern acoustical horn theory. 

83. A semi-infinite solid rod of cross-sectional area S is traversed by har¬ 
monic compressional elastic waves of frequency v in both directions. Show 
that the complex volume current (i.e., product of particle velocity k and 
area S) and the complex excess stress T (due to the waves) at any point may 
be represented by 

^ r T?' 1 • 1 Uat 

X = I Xi cos KX H-sin KX e f 

L POC J 

T = Ti cos -f sin icx J 

where and Ti are the complex volume current and excess stress at a; = 0 
respectively, po = mean density of the material of the rod and c = velocity 
of the waves. As usual, k = 27r/X = w/c = 2Tru/c. 

84. The solid rod in the preceding problem (Problem 83) is loaded at equal 
intervals of length 21 v/ith concentrated weights of mass m. By setting up the 
usual boundary conditions (see Problem 78 above) involving continuity of 
pressure and volume current, and making use of the recurrent nature of the 
structure show that, if and Tn are the volume current and excess stress 
halfway between the (n — 1 )st and »th loads, we have the relations 

in+l = 

Tn+I = 
mo) 

where cos W = cos 2kI -;; sin 2kL Hence show that the structure be- 

2pocS 

haves like a low frequency pass filter for compressional waves, allowing the 
free transmission only of those waves whose frequencies satisfy the condition 

— 1 ^ cos TT ^1. 


86. The accompanying schematic diagram represents an infinite succession 
of cylindrical tubes of cross-sectional area Si and S» respectively and lengths 


“5 


Si 


-h- 


-I 2 


h and It respectively. If plane harmonic vraves travel along this structure in 
both directions, show by the use of boundary conditions as in Problem 78 that 
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the structure is a low pass filter and find the conditions for transmission and 
attenuation bands. 

86. The accompanying figure represents a section of an elastic fluid medium 
extending in the x direction. Consider the two elements of length AB and BC 
both equal to Ax. If the medium is given a small displacement so that the 


A A' B B' C C' 

-T—I r 1—I-r“ 



Aa; Aa: 


layer at A moves through show that there is a change in density such that, 
in the displaced element A'B', the density is to a first approximation 


p 


Po 





where po is the mean equilibrium density. Find dp and (by the use of Hookers 
law for longitudinal extension) deduce the equation of motion in the x direction 
in the form 


V = r/po- 



3^ 

To what form does this reduce when — 1? Discuss the physical signif- 

dx 

icance of this. 


87. Two waves of intensity h and /© respectively are said to differ by D 
decibels if 


D = 10 logio/i//o. 


When the intensity of a wave diminishes through absorption by the medium, 
the intensity I at distance r from the place where the intensity is /o is given by 

I 


Find the loss in decibels per cm (db/cm) in terms of a. Apply to Problem 29 
of Chapter XI. 


88. The surface of a liquid is in the form of a cylinder of length h and radius 
12. Show that the internal pressure necessary to keep the liquid cylinder in 
equilibrium is T»/R, where T» is the surface tension. 
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89. An air bubble is formed in water by forcing air through a vertical tube 
whose open end is 2.91 cm below the water surface. The radius of the tube 
orifice is 0.025 cm. If the excess pr^ure in the bubble at the moment of its 
breaking away, as measured by a manometer, is 9.15 cm. of water, find the 
surface tension of the water. 

90. A thin circular disk of radius a is suspended so that its lower surface 
touches a liquid which wets it. Show that the force with which it is necessary 
to pull upward to remove the disk from the liquid is given by 2 x 0 ^\/pgT\y 
where p is the density of the liquid, g is the acceleration of gravity and T» is the 
surface tension. Carry out the numerical calculation in the case of water for 
a disk of radius 10 cm. 

91. According to Rayleigh Theory of Sound,par. 353) the velocity of 
surface waves of moderate amplitude in an ideal, incompressible fluid under 
gravity and surface tension is given by 


c — V {g/k + Tak/p) tanh H, 


where I = depth of fluid, T, * surface tension, p = fluid density; k = 27r/X, 
where X = wave length, and g = acceleration of gravity. 

If the fluid is water, find the expression for the group velocity for the follow¬ 
ing special cases: kl<^ 1; and ^ 1. Specialize the second case to both large 
and small X. Introduce numerical values where possible. Comment on the 
physical significance of the results. 


92. Show that the differential equations of the stream lines of a fluid in 
steady flow are 

dx dy dz 
u V w 


where u, v, w are the rectangular components of flow velocity. If one confines 
one^s attention to two-dimensional flow in the xy plane, find the stream lines 
corresponding to m = Cy and v = — Cx, where C is a constant. 

93. How will the Poiseuille formula for steady flow of a viscous fluid through 
a cylindrical tube (eq. 11-7-8) be modified if the viscosity is a linear function 
of the flow velocity, i.e., i; = i;o -f Cw, where C is a constant? 


94. Starting with the Newtonian equation of motion for the case of one 
degree of freedom and assuming that the force is conservative, derive Hamil¬ 
ton's principle, i.e., show that 

« T' (r - F) (ft = 0, 

Jh 

the variation having the meaning of Sec. 12-1. 
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95. Show that Hamilton's principle for a conservative system may be 
stated in the following form: A conservative dynamical system moves in such 
a way that the time average of the potential energy over any time interval 
differs least (or most) from the time average of the kinetic energy over the 
same interval. Find the expressions for T — F in the special cases of the 
harmonic oscillator, motion in a uniform field and motion in a central inverse 
square field. 


96. The Hamiltonian for a simple harmonic oscillator of mass m and stiff¬ 
ness h is (see Sec. 12*2 and Problems 8 and 9 at the end of Chapter XII) 




where q is the coordinate and p the conjugate momentum. Introduce the 
transformation from the coordinates p, qio Py Q where 





VP sin Qy 


p == V2ma) VP^cos Q. 


Here « is a parameter. Find the form of the Hamiltonian in the new co¬ 
ordinates, and show that the canonical equations of motion 


now become 


m 

dq 



P = a, Q = 


where a and are arbitrary constants and « = \/k/m. 
solution to the problem is 


= J—sin(J-e -hA 

\ mu3 \ \ m / 


Hence show that the 


The transformation here considered is called a canonical transformation and is 
of much importance in problems of atomic mechanics. 


97. From the theory of relativity show that the total energy E of a, free 
particle can be written in the form 

E^ =* p^c* -}- Wo*c*, 

where p * the momentum nw, and m is the variable mass. What is the 
momentum of an electron with 2 X 10* electron volts energy? (The electron 
volt is the energy gained by an electron in falling through a potential difference 
of 1 volt.) 


98. Write and solve Lagrange’s equations for a particle which moves in a 
plane subject only to a constant force in the x direction. 
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99. Mass particles mi, m 2 , m 3 are attached to a vertical flexible string as 
indicated in the diagram. If the particles are displaced arbitrarily from the 


vertical equilibrium position (in the same plane) and 
released, write Lagrange's equations for the sub¬ 
sequent motion. 

100 . Show from the discussion in Sec. 12*4 that 
the wave mechanical Schrodinger equation for a 
particle moving along the x axis in a constant poten¬ 
tial field (i.e., no resultant force) is of the form 


dx^ 


+ - V)^ 

tv 


0 , 


where V = constant potential energy and E = total 
energy. Solve this equation and find the values of 



E which are allowed by the condition that ^ = 0 at x = 0 and x = 1. 




ANSWERS TO SELECTED PROBLEMS 


CHAPTER I 

1 . (a) V {Xi — gi)^ + (2/2 — ViY) (b) V+ ra^ — 2riri cos {Oi — dj ); 
(c) V (x2 — xi)“ + (2/2 — 2/1)'“ + 2(3:2 — 3:1) (2/2 — 2/1) COB 60 °. 

2. x' = X cos 6 + 2 / sin y' = y cos d — x sin 9. 

5. iir^ 0 +^) meters/sec^, approximately. 

7. Angle with the north is 27®41'. 

10. 50 cm/sec; 100/\/2 cm/sec. 

12 . 4.1 X IQi® rad/sec. 

15. Velocity after collision = cm/sec in direction making angle 

o 

d = arc tan ^ with y axis. Initial kinetic energy = 10® ergs. 

Final kinetic energy = f X 10® ergs. 

16. Acceleration of mi relative to m 2 = ai(l + mifm^)^ where ai is 
acceleration of mi in the fixed reference system. 

CHAPTER II 

3. Y ^^9^] 4,605m/fc. 

fC 

6. If particle starts from rest at the origin, 

X = V F/k log cosh t; v = \f¥Jh tanh t, 
if A; = resisting force coefficient. 

8 . Simple harmonic; V3/4ir{jp; where p is the density of the sphere 
and G the constant of gravitation. 

10. 

12 . 4.8 \/iV X 10® cm/sec. 

15. Time is Vm/k, 

CHAPTER III 

1 . 78 sec; 1.7 X 10® ft. 

Total length of path 

=. [«vT+^+log («+ 

3. vo/2g sin a. 
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5. Mass of sun: 2 X 10^ grams (approximately); mass of earth: 
6 X 10^^ grams (approximately). 

6. Ellipse with center at force center. 

7. Inverse cube. 

10 . 2 X 10 ^*^ grams. 

15. Inverse 5th power attraction. 

CHAPTER IV 

1 . |(M + pl/S)^M^, where (m is the velocity of the particle. 

3. a^max = 20 cm; Xmax — 200 VTo cm/sec. 

Curve is an ellipse with center at origin. 

e! zr _ 1 1 

where k = area constant = ac{\ — €^)/m, where a = semi-major 
axis and e = eccentricity, c — Ne^ for electron moving about 
nucleus with charge iVe, or GmM for gravitational attraction to 
mass M. 

6 . 54 electron volts (it is assumed that the atom is in its lowest energy 
state to begin with). 

Energy states corresponding to principal quantum numbers 6 and 
4 respectively. 

7. 1.3m X 10 ^^ ergs; 3.1m X 10 ^^ ergs. 

Potential at P = —5.1 X 10“ ergs. 

Potential at center of earth = —9.5 X 10“ ergs. 

9. (b) Foe“"“’^(l — 2ar^)\ (c) It will not reach the origin; (d) zero; 
(e) simple harmonic motion. 

10 . 2 GM log r/a + Vaj where Va is the potential at the surface. 

12 . (aV4 at cos 6)~^ — (aV4 + — ar cos B)~^ = C/e 

where C is a constant, and polar coordinates r and 6 are employed 
with the origin taken mid-way between the charges. These are 
the traces of the family on any plane through the line joining the 
charges. The surfaces are obtained by revolving these traces about 
the line. 

16 . F= [l + i]-^; 

M — total mass = Sttpo/o*. 

CHAPTER V 

1 . Infinite. 

3. mg sin 6] mg cos 6. 

5. Approximately 0.9. 

7. cos ^1 — cos ^2 — C = constant. The angle 6i is the angle which 
the line from any point on the line of force to the north pole of the 
magnet makes with the magnet. Similarly for 62^ 

9. Approximately 2.62 cm. 
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12. If ai is the angle which Dmi makes with CA and a 2 the angle which 
Dm 2 makes with CR, equilibrium holds for the values of ai and a 2 
satisfying the relations 

mx sin 6 x/ cos ai = m 2 sin ^ 2 /cos a 2 , 

sin <#>i/sin ai + sin (/> 2 /sin ^2 = l/h, 


where I = total length of string and <^i == ZDCAj 02 = ZDCB, 

C 

14. p =-) where C = constant horizontal tension and a is 

gVa^ + x'^ 

parameter of parabola, i.e., y = x^/2a is equation of parabola. 

17. Approximately 1 ft. 


CHAPTER VI 


2. The distance of the center of mass of the system at time t is given 
by ^ = (vx — V 2 )t /2 + {xx + X 2 )/ 2 . The particles will come to 
rest when their separation is 

_ ^ _ 

m{v 2 + Vx)^/2 + Sey{x 2 — xx) 


They will thereafter separate. 

4. Distance of the center of mass from the pulley at time t is 
mxXxo + m2X2Q 1 


mx + ^2 


, 1 /m2 — miY ,2 


where a^io and X 20 are initial distances from the pulley of mi and 
m 2 respectively. 


Kinetic energy of mi 


— ^mi ^ 


m2 — miY 
m 2 + mi/ 




Kinetic energy of m 2 = ^m 2 ( ^- . gV; 

\m2 + mi/ 

Potential energy of mi = mi^ + 

Potential energy of m 2 = m 2 g 


m 2 + mi> 

m2 — mi gt^l 


mi + m 2 
m 2 — mi gt’ 
mi + m 2 2 




It is here assumed that m 2 > mi. _ 

5. Parabola with projection speed v4tJM-vi® and projection angle 
with horizontal arc tan vx/2Vf where v == speed of shell at moment 
of explosion and vx = initial downward speed of piece falling 
vertically. 

8. 4:ir'^a^lG{mx + m 2 ), where a is the semi-major axis of the elliptical 
orbit. 

10. Time is very close ly 2 VlOO/g • log« 10. 

Velocity is VlOO^. 
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12. cos ^ = 
15. 21.3 cm. 
18. Un = 




; cos ^ = dbl. 


2nan, 

I 

I where M = reduced mass = 


with nie = mass of electron, m« == mass of nucleus. 


CHAPTER VII 

1. Vp = v + <oXr; circular helix. 

2. 1.6 X 109 ergs. 

3. Frequency = 0,7 vib/sec; torque = 2.1 X 10® cm dyne. 

4. 12.6 rad/sec. 

5. En = nW/47r2m2^ 

7. sin if ^ is the angle of inclination of the plane. 

17. On axis of symmetry at distance 4 \/2r/97r from center of disc. 

34. x^/a^ + 2/V^^ + + 1/6^) = C, where C is constant. 

20. On axis of symmetry of octant 3 \/3R/S from the center of the 
sphere. 

29. 0.1 ft. 

32. + 2/^ = A 9 cos^ ojtj if the motion takes place in the xy plane, and 

Xf y are coordinates with reference to axes fixed in turn table. The 
frequency of the pendulum is c*j/27r, and the amplitude of its motion 
is A. 


CHAPTER VIII 

1. IMbVWg. _ 

4, Time for descent = x V a/g. 

5. If 0 is angle which radius vector to point where particle leaves 
circle, makes with the vertical, then 

cos ^ = f. 


10. ax = acceleration of mi = 


(migR — in2gr)R 


R^{ffii Hh M/2) -f* r^{m 2 4" m/2) 

(N.B. This assumes that the wheel and axle are homogeneous 
solid discs.) 


CHAPTER IX 

4. 14 cycles/sec; 3.92 X 10® dynes/cm; 20 dyne sec/cm; 1.4 X 10“**. 


j ® _ /AV3, = /Ayo, where / == stiffness. 

A. V 



6. Decay modulus = 23 sec; log-decrement = 1.7X 10~^; w/wo = 
1 dfc 2.5 X 10“^. For air resonator w/cao = 1 d= 4.8 X lOi^. 

7. 3.26 cm. 
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9. Vtm — 400/2ir cycles/sec; 

I'nM = (400 — 12.5 X 10”^) cycles/sec. 

Zir 

13. V = 4- V2^) db — P2^)^ + 4)LI^ 

where _ _ 

_ 1 jc Cl _ 1 /c' + ^2 

“ 2x \ CCiLi ’ " 2x \ CC 2 L 2 ' 

= 1 - /mu. 

^ StVc-VLiLj* 


15. Amplitudes of mi and m 2 respectively in steady state are 

. _ _ 1 — m2a?7/2 _ . 

(1 -- m20>Vf2) (1 + /2//1 - co^mi/Zi) ~ /2//1 ^ 



_ 1 _ 

(1 — 17120)^1/2)(I +/2//1 — o)^ini/fi) - /2//1 

g2 

-j number of periods = dmc^/l^T^ve^, 


CHAPTER X 

2. 3 X 10» dynes. 

4. Torque == 19.2 X 10^ cm dynes. 

Frequency = 0.75 vib/sec. 

6. ^ZVF. 

8. If 5 = 0 at ^ = tof we have 

*T~ <0 < f < < 1 : 

15. Fundamental = 256 cycles/sec. 

4 . 

== ~2~2 
W TT 

18. $ = • cos (cjf — A;x), where A; = w/c; xp = 2 c/ff. 

19. (1) p = nc/2i, where n = 1, 2, 3 • • •, c == VY/p; where Y = 
Young^s modulus; 

(2) V == (2n — l)c/2/, where n = 1, 2, 3 • • • ; 

(3) V = nc/2i, where n = 1, 3, 5, 7 • • • (or all odd integers). 


CHAPTER XI 


vIP 

3. —where p = density of water; — pp, upward thrust; 


firiPpp, downward thrust. 
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5. f of density of water. 

7. p = where z measures height above the earth^s surface, 

and po, Po denote pressure and density respectively at the surface. 
9. p = Po + pop(2 + kz^) y if p = po(l + hz). 

13. Velocity of efl9.ux = y/2gxl (1 ~ _ 

Rate of descent of free surface = 'V2gx/ {Sa^/Sb^ — 1). 

15. 9.13 X 10^ gallons/day. 

17. = Co Vl + ^/273, where Ct is velocity at fC and co the velocity 
at 0°C; independent of the pressure. 

18. Ar = Ai f—= 2A</(ri2+ 1), where A,-, A„ At are 

\ri2 -+*1/ 

incident, reflected and transmitted displacement amplitudes re¬ 
spectively and 

^12 = P 02 C 2 / poiCi, 

where ci and C 2 are sound velocities in the two media respectively 
and poi and po 2 are the mean densities. 

24 ^ - i ^ 

dt pdx* 

26. (^ = — Ac cos {o)t — kx); 

8 = condensation = —Ak s.n {o)t — kx); 

Pe == excess pressure = — pot^Ak(o)t — kx), where po = mean den¬ 
sity. 

CHAPTER xn 

4. Rectangular: p^ — mx, py = my, pz = mz. 

Spherical: Pr = mr, pe = mr^, p^ = sin^ d(}>. 

Cylindrical: pr = mr, pe = mr^, pz = mz, 

5. mA^aj/4; mA^wfA -f- -J^TrmcoX^A^. 

6. The mass 4m rises with acceleration ^^g. 



INDEX 


Absolute value of a complex number, 
263 

Absorption of acoustic waves by the 
medium, 368 

—, of light by oscillators, 287 
Acceleration, definition, 12 
—, angular, 14, 178, 179, 192 
—, average, 12 
—, centripetal, 14, 71, 222 
—, component, 59, 60, 62, 64, 70 
—, Coriolis, 222, 224, 238 
—, instantaneous, 12 
—, of a particle, 12 
—, of gravity, determination of, 37, 
190 

—, relative to moving axes, 222 
—, tangential, 14 

—, uniform, along straight line, 33 
—, vector, resolution of, 58 
Acoustic resonator, 281 
—, effective mass in, 281 
—, kinetic reaction in, 282 
—, radiation of sound energy by, 283 
—, resonance frequency of, 283 
—, stiffness of, 282 
Acoustic waves in fluids, 360 
Action and reaction, 19, 21 
Action, mutual, of two particles in 
definition of mass, 15 
Addition of vectors, 7 
Additive property of masses, 16 
Adiabatic gas law, 357, 365 
Adiabatic invariant, 296 
Adsoiption, 382 

Aggregate of material particles, 141, 
175; see System of particles. 

Alpha particles, 87 
—, angular deviation of, 89 
—deflection by atomic nuclei, 87 
—, velocity of approach, 89 


Amplitude, of a complex number, 263 
—, of simple harmonic motion, 39, 
265 

—, of simple harmonic motion, in 
plane, 64 

—, of simple harmonic wave, 320 
Amplitude angle, 240 
Analytical conditions for equilibrium 
of a particle, 120 

Analytical expression for condition of 
equilibrium of rigid body, 213 
Angle, solid, 109 
Angle of contact, 374 » 

Angle of repose, 131 
Angular acceleration, 14, 178, 179, 
192 

Angular deviation of alpha particle, 
89 

Angular momentum, 179, 193, 216, 
218, 225, 228, 230 
Angular motion, 11 
—, measure of angular displacement, 
12 

Angular velocity, 11, 221 
—, average, 11 
—, uniform, 40 
—, vector representation, 12 
Anomaly, eccentric, 81 
—, mean, 82 

Aphelion in elliptical motion, 78 
Apparent velocity of relative motion, 
220 

Archimedes^ Principle, 341 
Area constant, 71 
Areas, law of, 71, 396 
Argument of complex number, 263 
Atom of hydrogen, 82 
—, Bohr model of, 82, 101, 148, 152, 
171, 286 

—, excited state of, 102 
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Atom of hydrogen, mass of, 83 
Atomic oscillations, 286 f. 

Atomic structure, 289 
—, Bohr-Rutherford theory, 82 f., 399 
—, wave mechanics theory, 399 
Atomic theory, simple harmonic oscil¬ 
lator in, 285 
Atoms, 2 

Attraction in inverse square field, 73 
—, gravitational, 45, 145 
Attractive forces, 46 
Atwood machine, 36, 252, 254 
Auxiliary circle, 81 
Average angular velocity, 11 
Average velocity of displacement, 9 
Averages of kinetic and potential 
energy, time, 271, 322 
—, space, 273, 323 
Avogadro’s h 3 q)othesis, 163, 170 
Axes, coordinate, 4 
—, moving, 216, 219, 225 
Axis, energy of rotation about an, 180 
—, major and minor of ellipse, 64, 67, 
78, 81 

—, rotation about a fixed, 176 

Balance, 208 
—, torsion, 49, 310 
Ballistic pendulum, 415 
Balmer series, 102 

Bernoulli's principle of virtual work, 
132 

Bernoulli's theorem, 352, 355 ff. 
Bohr-Rutherford theory of atom, 399 
Bohr-Sommerfeld quantum condi¬ 
tions, 83 

Bohr’s postulates, 82, 83 
Bohr’s theory of the hydrogen atom, 
see Atomic Structure 
Boltzmaim gas constant, 163 
Boundiuy conditions, 29 
Boundary conditions in atomic struc¬ 
ture, 84, 406 

—, in particle dynamics, 34, 113 
—, in wave motion, 328 
Boundary value problem, 113, 405 
Boyle’s law, 161, 357, 365 


Bulk modulus, 282, 305 
Buoyancy, 342 
—, center of, 344 

Canonical equations of motion, 407 
Capillarity, 370 ff. 

Capillary, depression, 373, 375 
, rise, 373, 374 
—, tube, 374 
Catenary, 44, 127 
Cathode ray oscillograph, 68 
Cathode rays, 68 
Cavendish experiment, 50 
Celestial mechanics, 82 
Center, of buoyancy, 344 
—, of force, 73 
—, of gravity, 202, 207 
—, of population, 207 
—, of pressure, 202, 382 
Center of mass, 141, 142, 147, 152, 
207 

-, of homogeneous bodies, 196 

-, of non-homogeneous bodies, 

199 

-, of plane figures, 197 

-, of solids, 201 

-, of surfaces, 200 

-, rotational motion about, in 

rigid bodies, 195 

-, translational motion of, in 

rigid bodies, 176, 195 
Center, 

—, of oscillation of a physical pen¬ 
dulum, 189 

—, of suspension of a physical pen¬ 
dulum, 189 

Central force field, 69 ff. 

—, energy integral in, 98 
—, energy relations in, 97 
—f general theorems about motion 
in, 69 ff, 

—f inverse square, 73 ff. 

—, Lagrange’s equations for, 394 
—, potential in, 103 ff. 

—, time equation in, 72, 76 
Centripetal acceleration, 14, 71, 222 
—, force, 71 
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Centroid, 197 

Characteristic, frequencies, 292 
—, values, 405 
Circuit, see Electric circuit 
Circular motion, 11 
—, uniform, 13 
Coefficient, damping, 262 
—, of compressibility, 305 
Coefficient of friction, 130 
—, determination of, 131 
—, table of values, 130 
Coefficient, of restitution, 144, 145, 
156 

—, of stiffness, 261 
—, of viscosity, 167, 366 

-, determination of, for liquids, 

368 

Collisions, 96, 143 ff., 156 
Comets, 80 

Commutative law for vectors, 25 
Complex displacement, 273 
Complex numbers used in oscillation 
analysis, 263 

Component, acceleration, 59 f., 62, 
64, 70 

—, forces, 59 

—, method of, in solving equilibrium 
problems, 117, 214 
—, rectangular, of a vector, 5 
—, velocity, 9 f. 

Compressibility, 305 
Compressional waves in a fluid, 358, 
360 

Compressive stress, 301 
Concentration of a fluid, effect on 
surface tension, 382 
Condensation, 362, 372 
Conditions, boundary, see Boundary 
conditions 

—, of equilibrium of a particle, 116, 
119 

—f of rotational equilibrium of a 
rigid body, 203 

—, of translational equilibrium of a 
rigid body, 203 
Conic sections, 65, 73 
—, eccentricity of, 74 


Conservation of mechanical energy, 
94, 155, 192 

—, of energy in general, 96, 155 
—, of momentum, 141 ff., 155 
—, of moment of momentum, 152, 
155 

Conservative forces, 92, 94 
—, system, 94, 98 

Constrained motion, 35, 239 ff., 259 
Constraints, 239 ff. 

—, connection with mechanical prin¬ 
ciples, 250 

—, Gauss’ principle of least con¬ 
straint, 253 ff. 

Continuity, 289, 345 
—, equation of, 345 ff. 

Continuous media, 298, 345 
—, motions of, 345 
Coordinates, 4 
—, generalized, 391 ff. 

—, polar, 4, 263 

—, rectangular, 4 

—, spherical, 5, 249, 394 

—, transformation of, 4, 249, 394 

Coplanar forces, 118, 119, 204, 209 

Coriolis acceleration, 222, 224, 238 

Coulomb’s law, 51 

Couple, 204, 212 

—, arm of a, 204 

—, moment of a, 204 

—, resultant of a force and, 209 

—, theorems about, 204 

Creep, 312 

Crests, 320 

Cross-product of vectors, 149 
Current, see Electric current 
Curvilinear motion in a plane, 58 ff. 
Cycloid, 257 

D’Alembert’s Principle, 250, 253, 
255 f., 386 

Damped oscillations, 262, 265 
—, kinetic energy of, 270 
—f potential energy of, 270 
—, total energy of, 270 
Damping factor, 262, 279, 293 
Damping force, 43, 262 
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DeBroglie waves, 402 
Decay modulus, 265, 418 
Deformable bodies, 298 ff. 

—, collisions of, 144 
Degree of freedom, 386 
Density, 106, 112 

—, effect of variation of, on center 
of mass, 199 

—, excess, in fluid and solid media, 
362 

—, mean, 361 

Differential equations, additive prop¬ 
erty of solutions of linear, 318 
—, linear, 37, 316, 318 
—, solution of, 37, 316 
Differential operator, 290, 404 
Dilatational strain, 300 
Dimensions, theory of, 409 
Discreteness, 6 

—, in problem of medium motion, 328 
Displacement, 6 ff. 

—, angular, 11 
—, complex, 273 
—, velocity of, 9 
—, virtual, 132 
Dissipation, 260 ff. 

—, function, 270 
Dissipative system, 260, 271 
—, forced oscillations of, 273 ff. 

—, free oscillations of, 260, 270, 273 
—, mechanical impedance of, 280 
—, mechanical oscillations of, 260 ff. 
—f mechanical reactance of, 280 
—, mechanical resistance of, 280 
—, power of, 277 
Distance, 5 
—, units of, 5 

Distributive law for vectors, 26 
Divergence, of gravitational field in¬ 
tensity, 112 

—, theorem of, 343, 347 
Dot product of vectors, 25 
Drag, tangential, 167 
Dulong and Petit, law of, 166 
Dynamical erystems, 386 
Dynamical theory of tides, 360 
I^rne, 20, 28 


Earth, motion of a particle relative 
to, 221 

—, rectilinear motion of a particle 
near surface of, 34, 48 
Eccentric anomaly, 81 
Eccentricity of central orbits, 74, 75 
Effective forces, 252 ff. 

Eigen-values, 405 
Elastic, after effect, 312 
—, bodies, 303 
—, constants, 304 
—j impact, 144 
—, lag, 312 
—, limit, 311 

—, medium theory of light, 333 
—, moduli, table of, 304 
—, restoring force, 42, 262 
—, waves, 315 ff. 

Elasticity, 303 
—, moduli of, 305 ff. 

Electric circuit, 284 
—, effective mass of, 284 
—, impedance of, 285 
—, resistance or damping factor of, 
285 

Electric current, 284 
Electric oscillations, 284, 285 
Electromotive force, 284 
Electron, 82 ff., 285 ff. 

—, charge on, 82, 286 
—, energies in Bohr theory, 100 ff. 

—, energies in De Broglie theory, 
402 

—, free, 400 

—, mass of, 83, 102, 148 
—, measurement of charge on, 369 
—, oscillator, 285 
—, volt, 102 

—, wave mechanics view of, 400 ff. 
Electron motion, 82 ff., 100, 152 
—, Bohr^s postulates for, 83 
—f Bohr theory of, 82 ff., 287, 289 
—, in the hydrogen atom, 82 ff. 

—, orbits in, 83 
—, period of, 87 

—, quantum conditions for, 84 ff. 

—, relation to planetary motion, 83 
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Electron motion, wave mechanics 
view of, 289, 400 ff. 

Electrostatic unit of potential, 102 

Element, of arc, 198 

—, of area, 197 

—, of surface, 200 

—, of volume, 201 

irJementary displacement, 9 

Ellipsoid, center of mass of, 201 

—, moment of inertia of, 180 

—, momental, 227 

—, of Poinsot, 227 

Elliptic integrals, 242 

Elliptical motion, 65, 74, 77, 83, 100 

—, energy in, 101 

Energy, 

—, average kinetic, for a system of 
particles, 159 

—, concept and potential energy, 92 
—, concept, in solution of mechanical 
problems, 386 

—, connection with work, 28 
—, conservation of, 94, 96, 155, 352 
—, density, in wave motion, 322 
—, dissipation in oscillating systems, 
270 

—, electron, in Bohr theory, 100 
—, —, in De Broglie theory, 402 
—, equation of, 92 
—, flow in wave motion, 324 
—, in particle dynamics, 92 ff. 

—, integral, 98, 100 
—, kinetic, for a particle, 92, 159, 395 
—, kinetic, for a rigid body, rotational 
and translational, 180, 192 ff. 

—, kinetic, of system of particles, 
153 ff. 

—, loss of on impact, 157 
—, mechanical, for particle, 93 
—, molecular in a gas, 164 
—, of damped oscillations, 270 
—, of elastic wave in rod, 322 
—, of gas, 164 

—, of ground state of atom, 102 
—, of particle in inverse square field, 
101 

—, of transverse wave in a string, 418 


—, of vibrating membrane, 419 
—, of wave motion in fluids, 422 
—, potential, 92 ff.; see also Potential 
energy 

—, quantum of, 288 
—, radiation by atoms, 102 
—, frequency distribution of, 421 
Energy relations in central force field, 
97 

—, in oscillatory motion, 270 ff. 

—, in two particle problem, 155 ff. 

—, in uniform field, 96 
Energy, surface, in a liquid, 373 
—, total, 93 

—, transfer across boundary, 422 
Epoch, 40 

Equation, general gas, 163 
—, Kepler’s, 82 
—, Laplace’s, 112, 412 
—, of continuity in fluid motion, 345, 
363 

—, of equilibrium of a fluid, 340 
—, of equilibrium of a particle, 119 
—, of wave motion, see Wave 
—, of state of a gas, 163 
—, Poisson’s, 112, 413 
—, Schrodinger’s, in wave mechanics, 
405 

Equations, of motion, 29, 59, 141 ff. 
—, canonical, of Hamilton, 407 
—, component, for particle motion in 
a plane, 59 

—, Euler’s for rigid body, 228 ff. 

—, Euler’s hydrodynamic, 350 
—, Lagrange’s, 253, 393 
—, of elastic medium, 316 ff. 

—, of fluid medium, 349, 361 
—, of motion of rig^d body, 193 ff., 
228 ff. 

Equilibrium, 116 ff., 202 ff., 209 ff. 
—, analytic conditions for, 120 
—, analytic expressions of, for rigid 
bodies, 213 

—, angle of repose for, 131 
—, coplanar forces, 119, 213 
—, general theorems, 120, 213 
—, neutral, 345 
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Equilibrium, non-coplanar forces, 120 
—, of a couple, 209 ff. 

—, of a flexible string, 125 
—, of a fluid, 339 
—, of a force and a couple, 210 ff. 

—, of a ladder, 214 
—, of a particle, 116 ff. 

—, of a particle on a rough surface, 
129 

—, of a particle on a smooth surface, 
127 

—, of a rigid body, 202 ff. 

—, —, conditions of, p. 213 
—, of a system of particles, 121 
—, principle of separate, 121 
—, rotational, 203, 214, 219 
—, stable, 137, 344 
—, state of, for gas, 160 
—, translational, 203, 214 
—, under coplanar forces, 209 
—, unstable, 137, 344 
Equipotential surface, 115 
Erg, unit of work and energy, 28 
Euler^s equations of motion for rigid 
body, 228 

Euler^s hydrodynamic equations, 350 
Euler^s theorem, use of, 406 
Eulerian angles, 230 
Evaporation, 372 
Excess density, 362 
Excess pressure, 362 

Fatigue, 313 

Field of force, central, 66, 69 ff. 

—, conservative, 94 
—, first power, 37 ff. 

—, inverse cube, 51 
— , inverse square, 44 ff. 

—, inverse square attractive, 45 
—, inverse square repulsive, 44 
—, uniform, 33 ff. 

Ftexible string, equilibrium of, 126 
Flow velocity gradient, 167 
Fluid, 338 
—> at rest, 338 
—, buoyancy of a, 342 
—, equilibrium of a, 339 


—, homogeneous, 346 
—, incompressible, 341, 346 
—, perfect, 338 
—, surface phenomena, 370 ff. 

—, viscous, 365 ff. 

—, waves in a, 358 ff. 

Fluid motion, 345 ff. 

—, acceleration, 349 
—, Bernoulli's theorem, 352 ff. 

—, equation of continuity, 346, 363 
—, equations of motion, 349 
—, Euler’s equations, 350 
—, steady flow in, 352 
—, Torricelli’s theorem, 356 
—, velocity measurement in, 355 
Flux, gravitational, 110 
Foot, 5 

Foot pound, 28 
Foot poundal, 28 
Force, 17 ff. 

—, buoyant, of a liquid, 342 
Force, centripetal, 71 
—, damping, 43, 262 
—, definition of, 18 
—, dependent on time, 52 
—, elastic restoring force, 42, 262 
—, frictional, 43, 130 
—, periodic, 273 ff. 

—f static, 116 
—, units of, 20 
Force function, 99 

Forced oscillations of a dissipative 
system, 273 ff. 

Forces, central, 69 ff. 

—j component, 69 
—, conservative, 94 
—f constraint, 239, 252 
—, coplanar, 118, 119, 204, 209 
—, equilibrium of particle under 
action of, 116 ff. 

—, equilibrium of rigid body under 
action of, 202 ff. 

—, impressed, 251 
—, impulsive, 26, 62 
—, inverse square, 73 ff., 146 
—, non-conservative, 132 
—t n<m-coplanar, 120 



INDEX 


441 


Forces, polygon of, 119 
—, re-action, 128 
—, triangle of, 119 
Fourier series, 331 
Free motion, 33 ff. 

Free oscillations, 42 
Free oscillations of a dissipative 
system, 260 ff. 

Free space, 112 
Frequency, 39 

—, of simple harmonic wave, 321 
Friction, coefficient of, 130 
—, sliding, 129 
—, static, 131 
—, two laws of, 129 f. 

Frictional forces, 129 
Fundamental of vibrating string, 328 
Fundamental definitions of mechan¬ 
ics, 2 ff. 

Funicular polygon, 123 

Galileo and the laws of motion, 17,21 
Gas, Boyle’s law for, 161 
—, constant, 163 
—, density, 162, 164 
—, equation of state, 159 ff., 163 
—, ideal, 160 
—, kinetic energy of, 162 
—, kinetic theory of ideal, 159 ff., 163 
—, kinetic theory of real, 171 
—, mean free path in, 166 
—, molecular collisions in, 166, 170 
—, molecular velocity of, 162 
—molecular weight of, 164, 166 
—f perfect, see Ideal gas 
—f pressure, 160 

—j root mean square velocity of 
molecules in, 162 
—, size of molecules of, 170 
—, specific heat of, 163, 165 
—t specific heat of, at constant pres¬ 
sure, 367 

—f specific heat of, at constant 
volume, 166 

—, velocity of gas stream, 367 
—f virial for ideal, 160 
—viscosity of, 166 ff. 


Gauss’ law of normal flux, 109 ff. 
Gauss’ principle of least constraint, 
253 ff., 386 

Gay-Lussac’s law, 164 
Generalized coordinates, 391 
—, Lagrange’s equations of motion 
in, 393 

Generahzed momentum, 393 
Geometry of motion, 15 
Gold, scattering of a-particles by 
nuclei of, 89 
Gradient, velocity, 167 
Gram, 17 

Gravitation, universal, 45, 79 
Gravitational attraction, 46 ff., 99 

-, in two-particle problem, 145 

Gravitational constant, 20, 49 f. 
Gravitational field, 46 
Gravitational field intensity, 106, 110 
—, divergence of, 112 
Gravitational flux, 110 
Gravitational potential, 103 ff., 110 
Gravity, acceleration of, 20, 190, 223 
—, center of, 207 
Gravity waves, 358 
Green’s theorem, 343, 347 
Ground state of hydrogen atom, 102 
Group velocity, 402, 408 
Gyration, radius of, 182 
Gyroscope, 231 
—, nutation of, 233 
—, precession of, 233 

Hamiltonian, 407 

Hamilton, canonical equations of 
motion, 407 
—, principle of, 386 ff. 

—, principle of, Lagrange’s equations 
derived from, 392 ff. 

Harmonic motion, see Simple har¬ 
monic motion 

Harmonics of stretched string, 328 
—j spherical, 116, 412 
Heat of a gas, on kinetic theory, Ifil, 
163 

Height, metacentric, 344 
—, of rise in a capillary tube, 374 
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Helium nucleus, 87 
Helmholtz resonator, 281, 295 
Hereditary elasticity, 314, 315 
Heredity, 314 
—, coeflficierit of, 315 
Herpolhode, 228 

Homogeneous bodies, center of mass 
of, 196 ff. 

Hooke’s law, 42, 269, 282, 298, 303 flf., 
311, 314, 316 
Horsepower, 29 
—, hour, 29 

Hydrodynamics, equations of, 350 
Hydrogen atom, 82 
—, Bohr-Rutherford model of, 82, 
148 

—, emission of radiation from, 102 
—, energy values in Bohr model of, 
101 

—, excited state of, 102 
—, ionization potential of, 102 
—, mass of, 83, 148 
—, size of, in ground state, 102 
Hydrogen molecule, collisions of, 166, 
170 

—, mean free path of, 170 
—, size of, 170 
Hydrostatic stress, 302 
Hydrostatics, 338 fif, 

—, fundamental equations of, 340 
Hyperbolic, functions, 44, 269 
—, motion, 65, 74, 88 

Impact, elastic, 144 
—, plastic, 144 

Impedance, mechanical, of oscillating 
system, 280 

—, mechanical, resistance and react¬ 
ance components, 280 
—, of awjoustic resonator, 282 
—, of electric circuit, 286 
Impressed forces, 251, 256 
Impulse, 24 

Inclined plane, 35, 97, 131 
Incompressible fluid, 341, 346 
Inductance, 284 
Inertia, 2, 15 


—, concept of and connection with 
mass, 15 

—, moments of, 179, 194 
—, —, calculation of, 180 
—, products of, 194 
Inertial system, 3, 216 
Initial conditions, importance of, 34, 
38 

—, in inverse square field motion, 
76 

Instantaneous acceleration, 12 
Instantaneous angular velocity, 11 
Instantaneous angular velocity of 
rigid body, 177 

Instantaneous velocity of a particle, 
9, 35 

Integral equations, 315 
Internal viscosity, 313 
Intensity of a wave, 324 f. 

Invariants, adiabatic, 296 
Inverse square field, 73 ff., 100 
—, attractive, 73 
—, energy integral for, 100 
—, motion in, 73, 87, 146 ff. 

—, potential for, 100 
—, repulsive, 87 ff. 

—, ^‘time” equation, 76 
Ionization potential of hydrogen, 102 
Irrotational motion, 361 
Isotropic medium, 316, 332 
—, elastic waves in, 332 

Joule, 28, 29 
Jurin’s law, 376 

Kater’s pendulum, 191 
Kepler’s equation, 82 
Kepler’s laws of planetary motion, 
77 ff. 

Kilogram, cozmection with pound, 17 
Kilowatt, 29 
Kilowatt hour, 29 
Kinematics, 15 f. 

Kinetic energy, 28, 154 ff.; sm also 
Energy 

—f in collisions of spherical particles, 
157 
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Kinetic energy, in terms of general¬ 
ized coordinates, 391 
—, of rigid body, 225 ff., 229 
—, of system of particles, 153 ff. 
Kinetic potential, 388 
Kinetic reaction, 19 
Kinetic theory, of ideal gas, 159 ff. 
—, of real gas, 171 

Lag, elastic, 312 

Lagrange’s equations of motion, 
391 ff. 

—, advantages of, 394 
—, application of, 394 ff. 

Lagrange’s equations in hydrody¬ 
namics, 350 

Lagrangian function, 388 
—, for central force field, 395 
Laplaca’s equation, 112, 412 
Larmor’s, precession, 237 
—, theorem, 237 
Law of areas, 71 
—, of Boyle, 161 
—, of Coulomb, 51, 83 
—, of Dulong and Petit, 166 
—, of Fermat, 421 
—, of Gauss, 107 ff. 

—, of Gay-Lussac, 164 
—, of Hooke, 42, 269, 282, 298, 303 
ff., 311, 314, 316 
—, of Jurin, 375 

—, of Newton, for universal gravita¬ 
tion, 45, 79, 223 
of Snell, 421 

—, of Stokes, for viscous fluids, 369 
—, of transmissibility of pressure, 
340 

Laws, Kepler’s, 77 
—, of friction, 131 

—, of motion, Newton’s, 19, 254, 386 
Least constraint, Gauss’ principle of, 
253 ff., 386 

Light, corpuscular theory of, 333 
—, elastic medium theory of, 333 
—, electromagnetic theory of, 334 
—, propagation of, 333 
—, law of refraction of, 421 


Line of application of parallel forces, 
205 

Line of force, 139 

Linear differential equations, 37, 316, 
318 

Linear strain, 299 
Lines of flow in a fluid, 348 
Liquids, see Fluids 
Lissajous figures, 68 
Loaded string, 289 ff., 419 
Logarithmic decrement, 265 
Lorentz-Einstein transformation 
equations, 401 
Lost forces, 251 

Magnet, 61, 139, 414 
Mass, 2, 15 ff. 

—, additive property of, 16 
—, center of, 141 f., 147, 152, 207 
—, definition of, 16 
—, measurement of, by balance, 208 
—, of electron, 83, 148 
—, of planets, 79 
—, reduced, 146 
—, units of, 16 

—, variation of, with velocity, 403 
Material particle, definition of, 2 
Mean anomaly, 82 
Mean free path in gas, 166 
Mean solar second, 5 
Mechanical energy, 93, 96, 155 
—, conservation of, 94, 96, 155, 192; 
see Energy 

Mechanical equivalent of heat, 165 
Mechanics, definition of, 1 
—, elementary concepts of, 1 
—, fundamental principles of, 2, 19, 
250 

—, of a rigid body, 175 ff. 

—, of fluids, 338 ff. 

—, wave, 289, 399 ff. 

Membrane, motion of, 418 f. 
Metacenter, 344 
Metacentric height, 344 
Meter, 5 

Method of components for equilib¬ 
rium problems, 214, 216 
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Minimum principle in mechanics, 387 
Moduli, elastic, 305 ff.* 

—, elastic, experimental determina¬ 
tion of, 308 

—, elastic, relations among, 305 
—, elastic, table of, 304 
Modulus, of complex number, 263 
—, of volume elasticity, 305 
—, shear, 305 

—, Young^s, 305, 307, 316, 323 f. 
Molecular weights, 164 
Molecules, 159 f., 286 
Moment, 150 
—, of a couple, 204 
—, of a magnet, 414 
—, of acceleration vector, 150 
—, of momentum, 149, 151, 193; see 
Angular momentum. 

Moment of inertia, 179, 194 
—, calculation of, for homogeneous 
elliptical disc, 183 

—, calculation of, for homogeneous 
solid rod, 181 

—, calculation of, for sphere, 184 
—, components of, 194 
—, table of, 186 
Momenta! ellipsoid, 227 
Momentary forces, 25 
Momentum, 19 

—, angular, 179, 193, 216, 218, 225, 
228, 230 

—, connection with force and im¬ 
pulse, 24 

—, conservation of, 143 
—, moment of, 149, 151, 193 
—, resultant, 143 
Motion, angular, 11 
—, along an inclined plane, 35 
—, central field, 66, 69 ff. 

—, circular, 11 
—, components of, 58 
—, components of, in a plane, 58 
—constrained, 35, 239 ff., 259 
—curvilinear in a plane, 58 ff. 

—, definition of, 2 

—, equations of, see Equations of 
motion 


free, 33 

—, in a field directly proportional to 
the distance, 37 ff. 

—, in a repulsive inverse square field, 
44, 87 ff. 

—, in a straight line, 33 
—, in a uniform field, 33 
—, in an attractive field, 45 
—, in an inverse square field, 44, 73, 
145 

—, independence of translational and 
rotational, 191, 195 
—, laws of (Newton), 19, 254, 386 
—, linear, 11 

—, of a conservative system, 261, 270 
—, of a fluid, 345 ff. 

—, of a freely falling particle, 34 
—, of a particle on earth’s surface, 
221 

—, of a particle on a smooth inclined 
plane, 252 

—, of a pendulum, 187, 239, 269 
—, of a rigid body, 153, 175 ff., 216 
—, of a spring, 41 ff. 

—, of a string, 325 
—, of a system of particles, 141 ff., 
386 ff. 

—, of a top, 229 ff. 

—, of electrons, 82 ff., 152 
—, of elastic medium, 315 ff. 

—, plane curvilinear, 58 ff. 

—, planetary, 77 ff., 100, 145, 152 
—, rectilinear in resisting medium, 
53 ff. 

—, relative to moving axes, 216 ff., 
219 ff. 

—, rotational, 175 
—, steady, of a fluid, 352 ff. 

—, translational, 175 
—, turbulent, of a fluid, 366 
—, with constant acceleration, 33 

Neutrid equilibrium, 345 
Neutron, 286 
Newton meter, 29 

Newton’s law of universal gravita¬ 
tion, 45, 79, 223 



INDEX 


445 


Newton's laws of motion, 19, 254, 386 
Nodes, 329 

Non-conservative forces, 132 
Non-conservative systems, 96; see 
Dissipative system 
Non-coplanar forces, equilibrium of, 
120 

—, parallel, 206 
Non-homogeneous bodies, 199 
—, center of mass of, 199 ff. 
Non-uniform strain, 299 
Normal thrust, 128 
Nuclear physics, 153 
Nucleus, atomic, 82 
—, charge on, 82, 87 
—, helium, 87 
—, mass of, 148 
Nutation, 233 

One-to-one correspondence, 5 
Operational calculus, 290, 294 
Operators, 290, 404 
Oscillations, 259 ff. 

—, acoustic, 281 
—, atomic, 286 f. 

—, damped, 262, 265 ff. 

—, electrical, 284 f. 

—, energy of, 270 
—, forced, 273, 275 
—, free, 42, 260 ff., 270 ff,, 273 
—, natural, 273 
—, of a resonator, 281 
—, of a spring, 42, 260 
—, of a string, 325 
—, of a system with one degree of 
freedom, 260 ff. 

—, of a system with several degrees 
of freedom, 289 ff. 

—, of charged particles, 286 

—, periodic, 293 

—, undamped, 37 ff., 259, 271 

Oscillograph, 68 

Oscillator in atomic theory, 285 

Parallel axes, theorem of, 182 
Parallel forces, 204 ff. 

-, line of application of, 205, 206 


Parametric equations of motion, 61 
Particle, 2 

—, acceleration of, 12 
—, energy of, 28, 92 ff. 

Particle equilibrium, 116 ff. 

-, on rough surface, 129 

-, on smooth surface, 127 

-, principle of virtual work in, 132 

Particle, motion of, on earth's sur¬ 
face, 221 

Particle, motion of, see Motion 
—, position in time and space, 3 
—, rectilinear motion of, 33 ff. 

—, velocity of, 9 
Particles, system of, 141 ff. 

—, energy of system of, 153 ff. 

—, motion of system of, 141 ff. 
Pascal’s principle, 339, 340 
Pendulum motion, 187; 239, 269 
—, physical significance of, 190 
Perception, modes of, 3 
Perfect fluid, 338; see also Fluid 
Perfect gas equation, 163 
Perihelion in elliptical motion, 78 
—, motion of, in relativity, 410 
Period of planetary motion, 77, 79 
—f of simple harmonic motion, 39 
—, of simple harmonic wave, 321 
Periodic motion, see Oscillations 
Permanent set, 312 
Phase, 40, 322 
—, difference, 274, 366 
Physical pendulum, 187 ff. 

—, center of oscillation of, 189 
—, equation of motion of, 187 
—, frequency of, 188 
—, use of, in determination of g, 190 
Physical theory, nature of, 1 
Pitot tube, 365 

Planck’s constant, 84, 101 f., 288, 402 
Plane, curvilinear motion in, 58 ff. 

—, equilibrium of forces in a, 118, 
119, 215 

—, harmonic waves, 319, 363 ff. 

—, motion in a, 58 ff. 

—, waves in a fluid, 363 
—f waves in a rod, 319 
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Planetary motion, 77 £F., 100 f., 145 f., 
152 

—, Kepler’s laws of, 77 
—, period of, 77, 79 
—, ''time” equation in, 80 
Planets, determination of mass of, 
79 

Plastic bodies, 303 
—, impact, 144 
Plasticity, 304 
Poinsot’s ellipsoid, 227 
Poiseuille's formula, 368 
Poisson’s equation, 112, 115, 413 
Poisson’s ratio, 300, 307 
Polhode, 228 
Polygon of forces, 119 
Position, concept of, 3 
—, coordinate representation of, 4 
—, relativity of, 3 
—, vector, 4, 8 

Potential, as solution of Laplace’s 
equation, 113, 115 
—, calculation of, 103 ff. 

—, definition of, 99 
—, due to charge distribution, 412 f. 
—, due to spherical shell, 103 ff. 

—, electrostatic, 99 
—, gravitational, 99 
—, ionization, of hydrogen, 102 
—, magnetostatic, 99 
Potential energy, 92 ff. 

—, associated with elastic wave, 
323 f. 

—, in central force field, 98 
—, in uniform field, 96 
—, of a particle, 93, 98 
—, of a system of particles, 137,154 f. 
—, of fluid, due to pressure, 352 
—, of fluid, due to external forces, 
351 

—, of simple harmonic oscillator, 270 

—, of vibrating string, 418 

Pound, of force, 20, 29 

—, unit of mass, 17 

—, weight, 20 

Poundal, 20 

Power, ^ 


—, equation, 245 
—, units of, 29 

Power factor of an electrical circuit, 
295 

Precession, Larmor, 237 
—, of a gyroscope, 230 f. 

—, of a top, 233 
Precessional velocity, 230, 231 
Pressure, 160, 302, 339 f. 

—, dependence on depth in a fluid, 
341 

—, excess in a fluid, 362 
—, inside liquid in shape of sphere, 
381 

—, inside soap bubble, 381 
—, of a gas, on kinetic theory, 160 ff. 
—, Pascal’s principle concerning, 339 
—, transmissibility of, 340 
Primary inertial system, 3, 216 
Principal axis, 227 
Principle, Archimedes’, 341 f. 

—, D’Alembert’s, 250 ff., 386 
—, energy, 94 
—, Fermat’s, 421 

—, Gauss’ (of least constraint), 

253 ff. 

—, Hamilton’s, 386 ff. 

—, of conservation of momentum, 
141 ff., 143, 417 

—, of independence of translational 
and rotational motions of a rigid 
body, 191, 195 
—, Pascal’s, 339 f. 

—, of superposition, 293 
—, of virtual work, 132 
Principles, of hydrostatics, 338 ff. 

—of mechanics, connection with 
constraints, 250 
—, of relativity, 400 
Products of inertia, 194 
Projectile motion, 60 
—, component velocities in, 61 
—, in a resisting medium, 62 
—, parametric equations of, 61 
—, range, 61 
Proton, 286 

Public space and time, 3 
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Quadric surface, 227 
Quantization, of electron motions in 
hydrogen atom, 84 
—, of electron motions in oscillator, 
287, 289 

—, Schrodinger^s method of, 404 
Quantum, conditions, 84, 288, 400 
—, numbers, 84, 101 
—, of energy, 288 

—, theory of atomic structure, 82 ff. 
—, theory of radiation, 102 
Quantum theory equation, 402 

Radian, 11 

Radiation, absorption of, by oscilla¬ 
tors, 287 
—, acoustic, 283 

—, distribution of energy in electro¬ 
magnetic, 421 

—, from an atom, quantum theory, 
102 

—, resistance, 283 
Radium C, 89 
Radius, of gyration, 182 
—, vector, 69 
Range, 61 
Rarefaction, 364 
Reaction, kinetic, 19 
—, of a surface, 128 
Recoil (of a gun), 21 
Rectilinear motion in a resisting 
medium, 53 

Reduced mass for system of particles, 
146 

Reference system, 3, 30 
Reflection of sound, 422 
Relative motion, 216, 219 
Relativity, theory of, in wave me¬ 
chanics, 400 

—, motion of perihelion of Mercury, 
410 

Relaxation time, 269, 312 
Repose, angle of, 131 
Resistance, acoustic, see Impedance 
—, electrical of a circuit, 285 
—j of a plane, 131 

—, of medium to motion of a body, 57 


—, passive, 132 
Resonance, 276 ff., 287 
—, effect of damping on, 276 ff., 287 
—, frequency, 276 
—, maximum dissipation at, 277 
—, of electrical circuit, 285 
—, of mechanical oscillator, 276 
—, sharpness of, 279 
Restitution, coefficient of, 144, 145, 
156 

Restoring force, 262, 290 
Resultant, magnitude of, for vectors 
in general, 7 
—, moment, 203, 213 
—, momentum, 143 
—, of forces in a plane, 209 ff. 

—, of parallel forces, 205 
—, of parallel non-coplanar forces, 
205 

Reversible pendulum, 191 
Rigid body, acted on by parallel 
forces, 204 ff. 

Rigid body, angular acceleration of, 
178 

—, angular momentum of, 179, 193 
—, angular velocity of, 177 
—, axes fixed in, 216 ff., 219 ff., 228 
—, center of mass of, 196 ff. 

—, center of gravity, 202 ff. 

—, conditions for equilibrium of, 203, 
213 

—, definition of, 175 
—, displacement of, 175 f. 

—, equilibrium of, 202, 209 
—, general equations of motion of, 
193 

—, kinetic energy of, 180, 226 
—, mechanics of, 115 ff. 

—, moment of inertia of, 179 ff., 194 
—, motion of, 175 ff., 216 ff. 

—, motion of center of mass of, 195 ff. 
—, moving axes and, 216, 219, 228 
—, plane motion of, 191 ff. 

—, rotation of, 175 ff., 225 
—, rotation of, about fixed axis, 
178 ff. 

—, rotational equilibrium of, 203, 219 
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Rigid body, translation of, 175 f. 

—, translational equilibrium of, 203 
—f work-kinetic energy relation for 
rigid body with one point fixed, 226 
Rigidity, 305; see Shear modulus 
Rotation, and angular velocity, 
176 ff. 

—, equilibrium of rigid body with 
respect to, 203, 219 
—, kinetic energy of, 180, 192, 225 ff. 
—, of axes, 216 

—, of rigid body about a fixed axis, 
178 ff. 

—, of rigid body about a fixed point, 
175, 225 

—, of a top or gyroscope, 229 ff. 

—, work-kinetic energy theorem for, 
180 

—, simple harmonic motion of, 187 f., 
310 

Rough surface, equilibrium of a 
particle on, 129 ff. 

—, resistance of, 131 

Satellite, mass of planet determined 
by motion of, 79 

Scalar product of two vectors, 26 
Schrodinger treatment of electron 
motion, 403 ff. 

—, wave equation, 405 
Second, mean solar, 5 
Series, expansion for period of pen¬ 
dulum, 242 
—, Fourier, 331 
Shear, measurement of, 300 
—, modulus of, 305 
—, finding of modulus of, 308 ff. 
Shearing, strain, 300 ff. 

—, in liquids, 301 

—, stress, 303 

Ship stability, 344 

Simple harmonic motion, 39 ff., 240 

—, amplitude, 39, 265 

—, composition of, in a plane, 64 ff. 

—, damping force, 43, 262 

—, energy equation for, 95 

—, epoch, 40 


—, frequency, 39, 265 
—, kinetic energy in, 270 
—, of an electron, 287 f. 

—, of a spring, 42, 260 
—, parametric equations of motion, 64 
—, period, 39 
—, phase, 40, 265 
—, potential energy in, 270 
—, quantization of, 287, 403 
Simple pendulum, 189, 239, 260, 269 
Sleeping top, 233 

Smooth surface, equilibrium on, 127 
—, motion of particle on, 243 
—, normal thrust on, 128 
Soap bubble, pressure inside, 381 
Solid angle, 109 
Solutions, adsorption, 382 
—, surface tension, 382 
Sound waves, see Acoustic waves 
Space, 3 

Specific heat of gas, 163, 165 
—, connection with sound velocity, 
365 

—, constant pressure, 357 
—, constant volume, 165 
—, definition, 165 
—, law of Dulong and Petit, 166 
Spectrum of radiation from hydrogen 
gas, 102 
Speed, 9 

Sphere, moment of inertia of, 184 
—, potential of, 106 
—, pressure inside liquid in shape of, 
381 

Spherical, coordinates, 394 
—, harmonics, 115 
Spherical shell, potential due to, 
103 ff. 

Spherical particles, 144, 156 
Spherical waves, 363, 422 
Stable equilibrium, 137, 344 
State of a dynamical system, 386 
Static forces, 116 ff. 

—, equilibrium of, 116 ff., 202 ff. 
Static friction, 129 
Statics of a particle, 116 ff. 

—, of a rigid body, 202 ff. 
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Steady flow of a fluid, 362 
Steady state solution of oscillation 
problems, 273 
Stiffness, coefl&cient, 261 
—, of a spring, 42 
Stokes* law, 369 
Strain, 298 ff. 

—, dilatational, 300 
—, lateral, 300 
—, linear, 299, 305 
—, non-uniform, 299 
—, shearing, 300 
—, uniform, 299 
—, volume, 298, 304 
Stream lines, 348, 353, 366 
Stress, compressive, 301 
—, hydrostatic, 302 
—, shearing, 303 
—, tensile, 303, 305 
String, transverse vibrations in, 
325 ff. 

Subtraction of vectors, 7 
Superposition principle, 10, 16, 293 
Surface, energy, 373 
—, equipotential, 115 
—, integral, 109, 342, 343, 347 
—, phenomena, 370 
—, rough, 129 
—, smooth, 127, 243 
Surface tension, definition of, 371 
—, measurement of, 371, 373, 375, 
381 f. 

Surface waves in a liquid, 358 
Suspension bridge, 124 
System, conservative, 94, 98, 271 
—, coordinate, 4 
—, dissipative, 260, 271, 273 
—, mechanical, 386 
—, reference, 3, 30 
System of particles, 141 ff. 

—, center of mass of, 142, 162 ff. 

—, conservation of energy in, 155 
—, conservation of momentum in, 
143 ff. 

—, conservation of moment of mo¬ 
mentum in, 152 
—, energy of, 153 ff. 


—j equations of motion of, 141 ff., 
149, 163 

—, equilibrium of, 121 
—, kinetic energy of, 153 ff. 

—f potential energy of, 137, 154 ff. 
—, motion of, 141 ff., 153, 387 
—, moment of momentum of, 151 
—, resultant momentum of, 143 
—f virtual work as applied to, 186 
—, work-energy theorem for, 154 

Tangential viscous drag, 167 
Tensile stress, 303 

Tension in a string, 117, 125, 126, 326 
Theorem of parallel axes, 182 
Thrust, normal, 128 
Tides, dynamical theory of, 360 
Time, 3 
—, absolute, 6 

—, average of kinetic and potential 
energy, 271 
—, continuity of, 6 
—, public, 5 
—, relativity of, 6 
—, unit of, 5 

Time equation, 72, 76, 244 
Top, 229 ff. 

—, energy equation of, 231 
—, equation of motion of, 231 
—, motion of, 229, 233 
—, nutation of, 233 
—, processional velocity, 231 f. 

—, spin velocity, 231, 233 
Torque, 149 ff. 

Torricelli's theorem, 356 
Torsion, balance, 49 
—, of a cylinder, 309 
—, of a wire, 314 
Transfer of momentum, 168 
Transient oscillation, 273 
Translation, motion of, for rigid body, 
175, 191 

Translational equilibrium of rigid 
body, 203 

Transmissibility of pressure, law of, 
340 

Transverse waves, 325, 332 
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Triangle of forces, 119 
Trough in wave motion, 320 
Tubes of flow, 348 

Tuning fork, as dissipative system, 
265 

Turbulent motion of a fluid, 366 
Two particle problem, 145 ff. 

—, atomic structure, 148 
—, center of mass, 147 
—, energy relations, 155 ff. 

—, equations of motion, 145 
—, planetary motion, 145 
—, reduced mass, 146 
—, with gravitational attraction, 145 
—, virtual work and, 135 

Undamped oscillator, 271, 288 
Uniform field, 33 ff. 

—, energy relations in, 96 
—, motion in, 33 
Uniform motion, 19 
Unit vector, 26, 150 
Units, dimensions of, 409 
—, English, 5, 17, 20 
—, metric, 5, 17, 20 
—, of angular displacement, 11 
—, of energy, 28 
—, of force, 20 
—, of length, 5 
—, of mass, 16 
—, of power, 29 
—, of time, 5 
—, of velocity, 9 
—, of work, 28 

Unstable equilibrium, 137, 344 

Van der Waals’ equation of state, 172 
Variation of integral in Hamilton's 
principle, 387 
Vector, 4 

—, acceleration, 59 
—, analysis, 10 
—, difference, 7 
—, equation, 7 
—I p^ygon, 7 
—, resolution, 8 
Vectors, addition of, 7 


—, commutative law for, 25 
—, cross product of, 149, 219 
—, definition of, 4 

—, distributive law for vector cross 
product, 149 

—, distributive law for vector dot 
product, 26 

—, physical significance of, 4 

—, position, 4 

—, dot product of, 25 

—, rectangular components of, 5 

—, resultant, 7 

—, subtraction of, 7 

—, unit, 150 

Velocity, angular, 11, 221 
—, average angular, 11 
—, components of, 9 
—, critical, in viscous fluid, 366 
—, displacement, 6 
—, gradient, 167 
—f group, 402, 408 
—, instantaneous, 9 
—, of waves, 318 
—f potential, 361 
—, precessional, 230 f. 

—, relative to moving axes, 216 ff. 

—, root mean square, 162 
—, uniform angular, 40 
—, uniform for a particle, 33 
—, units of, 9 

—, vector representation of uniform 
angular, 12 

Velocity potential, 361 
Vena Contracta, 356 
Venturi water meter, 354 
Vibrations, see Oscillations 
Virial, of Clausius, 157 ff. 

—j for ideal gas, 160 
—, for interaction forces, 171 ff. 

—, theorem, 159 
Virtual displacement, 132 
—, work, 132 ff., 135, 138 
Viscosity, coefficient of, 167, 366 
—f determination of, for liquids, 368 
Viscosity of gas, 166 
Viscous fluids, 301, 304, 313, 365 ff. 
—, critical velocity in, 366 
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Volume, elasticity, 282, 305 
—, strain, 298 
—, stress, 302 

Water meter, Venturi, 354 
Watt, 29 

Wave, equation, 360, 363, 405 
—, group, 402 
—, mechanics, 289, 399 ff. 

motion, 315 ff., 319, 363 
Waves, acoustic, 360, 363, 368 
—, compressional, 358, 360 
—, DeBroglie, 402 
—, elastic, 319 
—, elastic in a solid rod, 322 
—, gravity, 358 
—, in fluids, 358 ff. 

—, intensity of, 324 
—, longitudinal, 319, 331 
—, plane, 319, 363 
—, plane harmonic, 363 f. 

—, simple harmonic, 320 ff. 

—, space average of kinetic energy 
density, 323 


—, space average of potential energy 
density, 323 
—, spherical, 363 

—, stationary in stretched string, 
327 

—, surface, 358 
—, surface tension, 358 
—, time average of kinetic energy 
density, 322 

—, transverse in a string, 325, 332 
—, types of elastic waves in solids, 
331 ff. 

—, velocity of, 318 
Weight, 20, 205 f., 208 
Work, 27, 92 

—, connection with energy, 28, 92 
—, unit of, 28 
—, virtual, 132 ff., 135, 138 
Work-energy theorem, 28, 92, 154, 
180 

Yield point, 311 

Young^s modulus, 305, 307, 316, 323 
—, evaluation of, 308 





